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PREFACE 


Tus volume deals with the Theory of Structures and its application 
to Practical Design. It is intended for the use of students taking 
their University Degrees in Engineering, for those entering for the 
Membership Examinations of the Engineering Institutions, and 
also for the use of those engaged in the practical design of Engineer- 
ing Structures. I[t has, therefore, been planned on a comprehensive 
basis. As far as space has permitted, reference has been made to 
the more impor‘ant results of modern research; a section on 
Electric Arc-Weiding will be found in Chapter VIII. The book 
also contains much data which should be of service to the practising 
Engineer. It is intended to help bridge the gap between abstract 
theory and its practical application. With this end in view, the 
text has been illustrated not only with worked examples, but with 
practical designs, carried out step by step, so that they may easily 
be followed. Care has been taken that these designs, with their 
details of construction, while satisfying the theoretical requirements. 
are such that the practical man will approve. 

A word of explanation is desirable with regard to Chapters V 
and VI. The author has often found that the student associates 
the principle of least work and its variations with a maximum 
output of cerebral strain-energy—a state of affairs largely due, he 
believes, to the forbidding systems of notation frequently adopted. 
In Chapter V an attempt has been made to render this part of the 
subject more palatable to the majority. More than one line of 
approach leads up to the general theory, and if the student finds 
that he arrives finally at the same point, he is nevertheless advised 
to render himself familiar with them all, for different problems call 
for different methods of treatment. 

In Chapter VI two systems of notation are used. Where a 
problem is treated graphically or semi-graphically, the standard 
conventions used throughout the book (see §§ 30 and 51, Vol. I) are 
adhered to, namely that +- bending tends to make the beam convex 
upward. In tabular calculations, and secondary stress considera- 
tions. a clockwise moment is called positive. To distinguish between 
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the two conventions, the first is designated by a single suffix M,, 
the second by a double suffix Map. 

A Classified Bibliography will be found at the end of each chapter. 
As in Vol. I, no attempt has been made to be exhaustive, but rather 
to indicate from whence further information may be obtained. 
A selected series of examples is also given, with answers; and 
suggestions for practical designs to be worked out. 

The examples have been taken, in part, fiom the questions set 
for the B.Sc. (Eng.) examinations, Lonéon, and the author would 
like to record his best thanks to the University of London for 
permitting this. 

With the kind permission of th:: British Standards Institution, 
reference has been made in the text t . the following British Standard 
Specifications :— 

B.S.8. No. 12—-1931/32 : Portland Cement ; 

B.S.S. No. 153—1923/33 : Gider Bridges, Parts 3, 4, and 5 ; 

Appendix I~ -i925;30: Tables of Unit Loadings 
for Railways and Highways ; 


B.S. No. 538—~1934: Metal Arc-Welding as applied to Steel 
Structures ; 


official cupses of which can be obtained from the British Standards 
Institution. 28 Victoria Street, London, 8.W. 1, price 2s. 2d. net per 
copy, post free. 

The author’s grateful thanks are due to Messrs. Dorman Long 
& Co., Ltd., for permitting the reproduction in the Appendix ot 
certain pages of their Handbook, giving the properties of the rolled 
steel sections, and also to the British Standards Institution for their 
kind consent. 

.n attempt has been made to give due credit to the many 
authors to whose work reference has been made in the text, par- 


ticularly in respect to modern research. 
E. H. Sartmon. 
November, 1937. 
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VOL. 11.—THE THEORY AND DESIGN OF 
STRUCTURES 


CHAPTER I 
THE FORCES IN FRAMiLD STRUCTURES 


1. Co-planar Forces—Preliminary.—The methods employed for the 
graphical determination of the forces in plane framework are based on 
the following propositions, proved in books on statics. 

Parallelogram of Forces.—If two forces in the same plane, acting at 
the point O, (i) Fig. 1, be represented in magnitude and direction by the 
lines OF,, OF,, then their resultant, that is to say the single force pro- 
ducing effects equivalent to those produced by the two, is represented in 
magnitude and direction by the line OR, which is the diagonal of the 
parailelogram OF ,RF,. The sense of the resultant OR, in this case, will 
be away from O, as shown by the arrow head. A force RO, equal in 
magnitude to OR, but of opposite sense, that is to say acting towards O, 
would exactly balance the two given forces and neutralise their effects. 
Such a force is called the equilibrant of the two forces. The convention 
that ‘a force OR’ means a force acting from O to R, and ‘a force RO’ 
means a force acting from R to O, should be observed. 

Triangle of Forces.—It is not necessary to draw the complete parallelo- 
gram, for the triangle OF,R, (ii) Fig. 1, gives all the information which 
can be obtained from the parallelo- 


gram in (i). In this triangle F,R = 0 F, F, 

OF. As the arrow heads are ar- i O 

ranged in (ii), OR represents the . 

resultant. If the direction of the [Os R ci) 

arrow head on OR were reversed, fF R 

RO would be the equilibrant, and 2 ae 

the three forces would be in equili- _ 

brium. In this case the arrows would follow each other round the 

triangle. It follows that three co-planar forces in equilibrium, acting 

at a point, may be represented in magnitude and direction by the 
B 
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sides of a triangle drawn parallel to the forces, and of which the lengths 
represent the magnitudes of the forces to scale. The arrow heads 
representing the sense of the forces will all indicate the same direction 
round the triangle. Such a_ triangle 
is called the triangle of forces for the 
point. 

Polygon of Forces.—-By extension, if 
any number of co-planar forces in equili- 
brium act at a point, (i) Fig. 2, their 
resultant or their equilibrant can be de- F, 
termined, in magnitude and direction, by 
drawing a polygon, (ii), of which the 
sides are respectively parallel to the force’. 
and in length represent the magnitude u! = 
these forces to scale. The closing li:.e Equilibrant 





(vy 





[ea, (ii) Fig. 2] is the equilibrant of the E 
given forces ; or, if its sense br reversed, F4 
[a-. (ii) Fig. 2}, it represents thcir re Fra. 2. 


sult.-nt. Even if the forces do not meet 

in a point, (i) Fig. 3, the magnitude and direction of their resultant, or 
ot thei: equilibrant, can be found by the polygon of forces, (ii) Fig. 3. 
Its position, relative to the given forces, must be obtained by other means, 
such as the funicular or link polygon 
(i) Fig. 3, (see below). 

Bow’s Notation.—Iv will be ob- 
served that in Figs. 2 and 3, instead 
of lettering the forces, the spaces be- 
tween them have been lettered. Thus 
the force F,, Fig. 2, is called the 
force AB, and is represented in the 
polygon cf forces by the line ab. 
This device 1s commonly known as 
Bow s notation, though it appears to 
have been aue originally to Henrici. 

The Funicular or Link Polygon.— 
As shown above, the magnitude and 
direction, but not the position, of 
the resuitant of a number of forces 
acting on a body can be determined 
by means of the polygon of forces. 
To obtain the position of the resul- 
tant, the funicular or link polygon 
may be employed. Let abcde, Fig. 3, Fia. 3. 
be the force polygon. Take a pole O, 
und draw the pencil of rays Oa, Ob, Oc, ete. In the space A, draw a 
line 1.2 parallel to Oa; in the space B, a line 2.3 parallel to Ob: in 
the space C, a line 3.4 parallcl to Oc; and so on. Suppose that 
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the line 1.2, in the space A, produced if necessary, meet the line 5.6 in 
the space E, produced if necessary, in the point 7. Then 7 is a 
point on the line of action of the force ea, that is to say on the line 
of action of the equilibrant 
or of the resultant, which is 
thereby determined in posi- 
tion. If the forces are all 
parallel, the polygon of 
forces becomes a straight 
line, ae, Fig. 4, of which the 
length is the magnitude of 
the resultant. The fnricular 
polygon, 1.2.5.4.5.6, takes Fic, 4. 

the form shown in the 

figure, and as before, the point 7 fixes the position of the resultant 
or equilibrant. 

2. Reciprocal Ficures.—Let ABC, (i) Fig. 5, be a triangle, and D any 
point therein. Join DA, DB, and DC. Bisect all the lines in this figure, 
and draw lines at right angles to them passing through the points of 
bisection. Then the three lines at right angles to the sides of the triangle 


© 





A 





(iif) 


ADB will meet in the point <, which is the centre of the circle circum- 
scribing the triangle ADB, and similarly for the other triangles ADC, 
BDC. Further, the lines zw, yw, and zw will all meet at the point w. 
If the figure wxyz, so formed, be compared with the original figure 
DABC, it will be found that any three lines in one figure forming a 
triangle are at right angles to three lines in the other figure which meet 
in a point. Such figures are said to be reciprocal. The dotted figure 
wxyz of (i) Fig. 5 can also be obtained by drawing lines parallel to the 
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lines of DABC as shown in (ii) Fig. 5. The triangles of (ii) are lettered to 
correspond with the nodes of (i). 

Suppose now that ABC,*(iii) Fig. 5, be a triangular frame subjected 
to three applied forces DA, DB, and DC, which forces are in equilibrium. 
These forces may then be represented, in magnitude and direction, by 
the sides of a triangle. If vy, (ii) Fig. 5, drawn parallel to DA, represent 
the force DA to scale, then yz, parallel to DC, will represent the force 
DC, and zx the force DB; the triangle xyz will, in fact, be the triangle 
of forces for the three applied forces DA, DB, DC, acting on the frame. 

Consider next the point A. There are three forces acting at this 
point, the applied force DA, and the tensions in the bars AB and AC. 
Since the point A is at rest, these three forces must be in equilibrium, 
and can be represented by the sides of a triangle. If the line zy, (ii) Fig. 5, 
parallel to DA, represent the applied ‘ .rce, the lines wr and yw will 
represent the forces in the bars AB and .\C respectively ; and similarly 
for the other node points B and C. Hence the lines xy, yz, zx in (ii) 
represent to scale the external forces in (ii:!. and the lines wz, wy, wz 
represent to scale the corresponding interna! forces in the bars. 

Given therefore a triangular framework acted on by external forces 
in its own plane, the forces in the bars forming the framework can be 
determined by drawing a reciprocal tigure as defined above. By ex- 
tension, it is possible to draw a reciprocal figure representing the forces 
in the members of any plane framework under the action of co-planar 
forces acting at the nodes, provided that certain conditions set forth 
below are satisfied. Such a reciprocal figure is called a stress diagram, 
the term ‘stress’ in this connectiou denoting the total internal force in 
a member. As in (ii) above, every such diagram will consist of (a) a 
polygon representing the external forces applied to the framework, and 
(5) lines representing the internal forces in the bars of the framework 
resulting from the action of the applied forces. 

3. Stress Diagrams for Plane Frames.—In order that a complete stress 
diagram for a plane framework may be drawn the following conditions 
must be fulfilled : 

(1) The framework must be composed of just sufficient bars to divide 
it into triangles, no more, no less, and the bars must be so arranged that, 
starting with a triangle as a nucleus, the framework may be built up 
by the addition of two bars at a time to form a fresh triangle. In such 
a frame the number of bars will be equal to twice the number of nodes 
minus three. Frames with less than the requisite number of bars are 
called sncomplete or umperfect frames, § 251 ; frames with more than the 
requisite number of bars are called redundant frames, § 71. In neither 
of these cases can a complete reciprocal figure forming a stress diagram 
be drawn. 

(2) The conditions at the points of support must be statically deter- 
minate. No forces or moments must exist which cannot be determined 
from statical considerations. 

* Tne similarity between the figures ABCD in (i) and (iii) should be observed. 
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(3) Where three or more bars meet, their central axes must intersect 
in the same point. The joints are supposed to be frictionless, and to be 
incapable of resisting a bending moment. 

(4) The external or applied forces, together with any external re- 
actions they produce, must be in equilibrium ; and they must be applied 
at the nodes of the framework. In 
drawing the polygon of external forces 
for the stress diagram, these forces 
must be taken in order (cyclically) 


round the framework. If the ex- W W W W q 4 
ternal forces are not applied at the 
panel points, the Joads which they | 


produce at the nodes must first be 


Ww 
determined. (i) Fig. 6 shows the ela bel 
method of finding the concentrated 
loads at the pane! points equivalent to i 


a uniform load. For the particular Ww W 
case each load W will evidently be : 7 

one quarter the total uniform load, 

and the loads at the end panel points Fic. 6 

will be W/2. 7 

In (ii) Fig. 6 the equivalent loads W, and W, at the panel points can 
be found by taking moments, W, = Wb/(a+ 6); W,= Wa/(a-+ b).* 

Method of Procedure——As an example of the method of drawing a 
stress diagram, the case of the plane frame 
shown in Fig. 7, loaded with two loads W, 
and W,, will be considered. 

First find the reactions R, and R,. 
In a case like this, where all the loads 
and also the reactions themselves are 
vertical, the reactions should be found by 
the principle of the lever, by taking 
moments about one of the points of sup- 
port. If the loads or reactions are not 
vertical, the methods of § 4 should be 
used. Having found the reactions, choose 
a force scale and draw the polygon for 
the external forces. In this case it is a 
straight line, ac, (ii) Fig. 7; ab=W,, 
bc = W,, cd= R, and da=R,. Since the 
external forces must be in equilibrium, 
this polygon must be closed, i.e. it must 
start and finish ata. Remember that the 








* These panel point loads are only approximations. Strictly speaking the 
continuity, if any, at the panel ;-oints should be taken into account. The stress 
due to local bending must be combined with the direct stress to find the muximum 
stress in the top flange. : 


~*~ 
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forces must be taken cyclically, that is, in order round the frame. Draw 
next ae parallel to AE, and de parallel to DE. Their intersection fixes 
the point e. The triangle dae is the triangle of forces for the point of 
application of R,. Now the three forces which act at this point must be 
in equilibrium, and therefore the arrow heads, indicating the sense of 
these forces, will follow each other round the triangle. This, for clearness, 
has been shown separately at (iii). It is evident that the force in DE 
acts away from the joint under consideration, which signifies that the 
force in DE is a tension. The force in AE acts towards the joint, which 
signifies that the force in AE is a compression Having determined the 
point e, (ii) Fig. 7, draw ef parallel to EF aud Of parallel to BF, meeting 
at f. Then fg parallel to FG, and dg parallel :o DG, will fix the point g. 
If the drawing be accurate, a line through g, parallel to GC, should pass 
through c. If this last or closing line does not complete the figure, the 
work is incorrect or inaccurate. The ragnitude of the forces in the 
members can be found by scaling or calcilating the length of the lines 
of the stress diagram. Their sense can be determined by examining the 
triangle (or polygon) of forces for each joint in turn, as was done above 
for the triangle dae. If the force in the bar act away from the joint under 
consideration, the force in 
the bar is tensile, if to- i 
wards the joint, the force 
in the bar is compressive. 
A consideration as to the 
probable way in which 
the structure will deform is 
often of servive as a rough 
check on the accuracy 
of this determination. 

4. Stress Diagrams for 
PlaneFrames. The General 
Case.--(a) Given a plane 
frame STUV, Fig. 8, 
and applied forces W,, 5s 
W,.. ., to draw the 
stress diagram, having 
given the direction, and /R, 4 
point of application S, of 
one reaction (R,), and 
only the point of applica- 
tion U of the second (R,). 
First tind the resultant R R 
of the given forces W,, 
W, . . . Its magni- 
tude and direction can be obtained from a force polygon abc, (ii), R = ac. 
If there be only two applied forces, W, and W,, the resultant I.5 will 
pass through their puint of intersection I. If there be more than two, 
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or if the point of intersection be inaccessible, then the position of R may 
be found by drawing the link polygon 1.2.3.4.5, using the pole O in (ii). 
In any case I.5 will be parallel to ac. Thus the resultant of the applied 
forces is completely determined. It is evident that this resultant will be 
the equilibrant of the two reactions R, and R,. Of these reactions, the 
points of application S and U are known, and also the direction of one 
(R,). Since R, R,, and R, are in equilibrium, their lines of application 
must meet in a point. Produce the known line of application of R, to 
meet the resultant R in J. Join JU, then JU is the line of application 
of R,. Knowing the directions of R, and Ry, their magnitudes and sense 
can be obtained from the force polygon. The line cd, parallel to JU, 
gives the magnitude of R,; and da, parallel to SJ, gives the r:agnitude 
of R,. Since the three forces R, R, and R, are in equilibrium, the arrows 
in the triangle ucd will follow each other round. In this manner the two 
unknown reactions may be determined. If R, does not intersect R in 
some accessible puint, it is necessary to take moments. Take moments 
about U, the point of application of the reaction R,, of which the magni- 
tude and direction are both unknown. The moment of R, is then zero. 
(This is often a very useful device when dealing with unknown forces, 
for otherwise the moment of the unknown force would likewise be un- 
known.) If 7, be the perpendicular distance of the reaction R, from U, 
and r be the distance of the resultant R from U, R,r,=Rr; from 
which the magnitude of R, can be found. Knowing the magnitude and 
direction of R,, the line da in the force polygon, (ii), can be drawn, and 
hence cd or R, is known, both in direction and magnitude. Alternatively, 
the moment Rr can be obtained by finding &(W,27,+- W.or.+ . . .), 
i.e. the sum of the moments of all the applied forces about U. Then 
Ryr, = 2(W r+ »Weret+ . . .). 

Having found R, and Rg, start afresh with a new force polygon, about 
which everything is now known. Take the forces in cyclic order, and 
complete the stress diagram in the usual way, Fig. 9. For clearness, the 
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force scale is made slightly larger in Fig. 9 than in Fig. 8. The above 
methods will enable cases such as a roof truss with one end resting on 
rollers and the other end bolted down to be dealt with, see § 209. 
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(6) Given a plane frame, and applied forces in equilibrium, to draw 
the stress diagram if there be three of these forces whose points of appli- 
cation and directions are given, but whose magnitudes are unknown. 


Let Fig. 10 represent the frame, and 
R the resultant of those applied forces 
which are completely known. R is 
found by the methods of Case (a). Take 
moments about I, the intersection of 
R, and R,, any two of the unknown 
forces. Then the moments of R, and 
of R, about this point will be zero. 
If r, be the distance of R,, the third 
unknown force, from I, and r the dis- 
tance of the resultant R from I, then 
R,r, = Rr. - This equation determines 


a —f — +X 


| ia 





| / 


| 
in 
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the magnitude and sense of R,. The magnitude and sense of R, and R, 
can be found by drawing a polygon of the external forces. All the forces 
acting on the frame are then known and the stress diagram can be drawn 


in the usual way. 


(c) In a case like that shown in Fig. 11, it is possible to solve the 
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problem of Case (a) directly, by means of an application of the funicular 
polygon. The figure represents a roof truss, acted on by known loads. 
Of the reactions, GA is vertical, AB is unknown, except that its point of 
ayndication is B Draw bg, the load line for the given loads. Take a 
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pole O, join 0b, Oc, Od, etc. Draw the funicular polygon 1.2.3.4.5.6, 
starting at B the point of application of the unknown reaction AB. 1.2 is 
parallel to Oc; 2.3 is parallel to Od; and soon. This funicular polygon 
cuts the vertical reaction GA in 6. Since it passes through B it cuts the 
reaction AB in 1. Hence 6.1 is the closing line of the polygon. Draw 
Oa in the force polygon, parallel to 6.1. The vertical line ga represents 
the reaction GA, and the line ab represents the reaction AB, in magnitude 
and direction. Thus all the forces acting on the truss are known, and the 
stress diagram can be completed. 

5. Hints on Drawing Stress Diagrams.—lIt is of service, before starting 
to draw the stress diagram. to make a rough sketch showing approxi- 
mately its shape. This is often of assistance in planning the lay-out on 
the drawing paper, and may save the annoyance of finding out, halfway 
through, that part of the stress diagram is coming off the paper. 

The diagram representing the shape of the frame should be set out 
to the iargest scale which the paper will admit. In many cases a long 
line in the stress dias;ram has to be drawn parallel to a short line in the 
frame diagram, and a small error in the slope of the latter will make-a 
very large error i the stress diagram. In important work, when the 
lines in the stress diagram are very long, it is desirable to calculate the 
slope of the member and to set out the line in the stress diagram to the 
calculated slope. This is particularly necessary in the case of a girder 
with a curved flange when the radius of curvature is large and there are 
many panels. A little ingenuity, whereby the geometry of the figure is 
utilised to obtain the exact slope, will make all the difference to the 
accuracy of the diagram. If the work is correctly done, the last line 
should close the figure. 

An adjustable set square is of much service for drawing lines in one 
figure parallel to those in another. 

Special Devices—Special devices are sometimes necessary in order 
to complete the stress diagram. For example, in a roof truss of the type 
shown in (i) Fig. 12, the construction breaks down when the point B is 





Fia. 12. 


reached. This difficulty can be overcome by a device due to Professor 
Barr. Replace bars AD and DC by a single bar BC; the stress diagram 
can now be carried on. Having determined, by means of the interpolated 
bar, the forces in CE and BG, that bar may be removed, and AD and DC 
reinserted, when the complete diagram can be drawn. An alternative 
method is to calculate the force in the bar BG by the method of sections, 
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§8. Knowing this force the diagram can be completed, The geometrical 
symmetry of the stress diagram itself, see Fig. 13, is often a help. 

In many cases the outline of the frame itself may be used as its own 
stress diagram. A simple instance is shown at (ii) Fig. 12. The stress 
diagram (i.e. the triangle of forces for the point A) is a triangle of the 
same shape as the frame itself. The lengths of the sides of the frame are 


C 
D 
E 
F 
G 
H 
ge 
K 
L « 
M 
N 
C 
p 
Q 
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known, and these are evidently proportional to the forces in the bars, 
which may be found by means of a slide rule. 

One of the quickest and most accurate methods of determining the 
forces in a plane framework is to draw the stress diagram and then to 
calculate the length of the lines of which it is formed. In many cases 
the shape of the diagram facilitates this method. 

As a check on the graphical process it is well to calculate the force 
in some of the main members of the frame, even while the stress diagram 
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is being drawn. For this purpose the method of sections, § 8, should be 
used. In important frames the forces in all the bars should be checked 
by that method. 

6. Roof Truss.—The stress diagrams for the roof truss of an open 
shed are given in Figs. 13 and 14. This truss is designed in § 212. It is 
75 feet in span, and is supported on columns. Fig. 13 is the stress dia- 
gram for the dead loads, i.e. for the weight of the roof and of any snow 
upon it. Since all the panels of the rafters are of equal length, it is 
convenient to draw the diagram on the assumption that the loads at 





the panel points are of unit magnitude. Those at the two ends will 
each be } unit. All the loads will be vertical. Each reaction is vertical, 
and since there are twelve panels its magnitude will be six units. Starting 
from the right-hand end, the stress diagram, (ii), presents no difficulty 
until the point d is reached, when, in order to continue, the force in the 
bar Aj must be calculated by the method of sections, § 8. Cutting Aj, 
and taking moments about the apex, (iii) Fig. 153, 
L L . LL 

R, x 5 OW ze <a 
where F is the force in Aj. W =1 unit, R, = 6 units, hence F = 6 units. 
The point j in the stress diagram (ii) is thus determined, and the diagram 
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Foross In MemsBers or A Roor Truss. 
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1 — 7-25 
2 — 6-57 
3 — 7-25 
4 — 7-25 
5 — 6°57 
6 — 7-25 
7 -00| + 7-61 
8| Ad |+ 9-00] + 5-37 
9} je | + 3-00) + 3-35 
| 10) gh | + 6-00) + 5-59 
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1 13! ed | 4+ 2-00} + 2-24 
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15) ef | + 2-00] + 2-24 
16} fg {|— 1-07 
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109| jn | + 3-00 

108| Ao |+ 9-00 

107| As | + 11-00 

106| Kk | — 10-06 

105; Ll | — 9-91 

104; Mm | — 10-96 

103; Np | — 11-40 

102; Oq | —- 11-26 

101; Pe | — 12:30 
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It should be noted that all the points a, c, f, h, lie 


The forces in the members can be scaled from the diagram, using the 
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load scale, or may be calculated by trigonometrical methods. They 
are tabulated in col. 3 of the preceding table. Tensions are called +, 
compressions —. The actual dead load at a panel point, see J 4, 
§ 212, is 0:57 ton. Hence the actual forces due to the dead load 
are obtained by multiplying the figures in col. 3 by 0:57; they are 
tabulated in col. 6. In symmetrical frames, symmetrically loaded, 
as in the present case, only one half the stress diagram need be 
drawn. The method of numbering the bars in the Table should be 
noted ; the force in bar No. 101 will be the same as that in bar No. 1, 
and 80 on. 

The stress diagram for the wind on the right is given in Fig. 14. 
Since the roof covers an open shed, there will be no forces on the side 
opposite to that from which the wind blows, see § 50. The method 
of finding the reactions is set forth in § 209, (v) and (vi), Fig. 328. 
With unit loads at the panel points the resultant wind load R is 6 units ; 
the leverage r can be calculated or scaled, and is 46-1 ft. Hence 
V, = Rr/L=6 x 46-] + 75 = 3-69 units. @ = 26° 34’. V,+ V, = 
Rcos 6 = 6-37 units, and V,=1-68 units. The horizontal reactions 
H, = H, = 4Bsin 0: 1-34 units. These are represented in the force 
polygon, (ii) Fig. 14, by KL and BC; and LA and AB represent V, and 
V. respectively. KUABCK is the polygon of external forces, and the 
stress diagram can be drawn in the usual way, use being made of the 
method of sections to find the force in bar Aj. The forces in the bars due 
to the wind on the right, with unit load at each panel point, are given 
in col. 4 of the Table. The actual wind load at a panel point is 0-48 ton, 
4 5, § 212, hence the actual forces due to the wind on the right are obtained 
by multiplying the figures in col. 4 by 0-48; these forces are tabulated 
in col. 7. 

In this particular case, since the method of supporting the ends of 
the truss is exactly the same on both sides, the stress diagram for the 
wind on the left will be of exactly the same shape as that for the wind 
on the right, but reversed. The forces in the bars for the wind on the 
left, col. 5, can therefore be written down from those in col. 4, noticing 
that in col. 5 the force in bar No. I is equal to that in bar No. 101, col. 4, 
and soon. The actual forces for the wind on the left, col. 8, follow from 
col. 5 as before. 

Had the method of support at the two sides been different, as in (i) 
and (iii) Fig. 328, for example, separate stress diagrams for the wind on 
the right and for the wind on the left would have been required, and a 
separate determination of the forces in col. 5 necessary. 

The maximum force in any bar is the force in col. 6 plus that in col. 7, 
or the force in col. 6 plus that in col. 8, ie. (dead + wind on right) or 
(dead + wind on left) whichever be the greater. These maximum 
stresses are tabulated in col. 9, and are used to find the dimensions of 
the members, § 212. No impact factor need be used for wind loads. 
Should the wind reverse the stress in a bar, it must be designed to act 
both as a tie and a strut. 
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“". Separation of Frames.—It has been pointed out that when more 
bars exist in a frame than are necessary to divide it into triangles, the 
stress diagram cannot be drawn by the methods just considered, see 
§3. (i) Fig. 15, which represents 


part of a lattice girder in which the (ii) 
diagonals are doubled, 1s such a 
frame. One diagonal in each yw 


bay is redundant. (ii) and (iii) ‘zs ¢ W 
Fig. 15 are frames (N girders) 

without redundant members, fox Ry Ww W (ill) 

which stress diagrams can be 

drawn. If the girder of (ii) be BY 
superposed on that of (iii), the Fra. 16. 

girder of (i) is obtained. The 

forces in the bars of a lattice girlies such as (i) can therefore be 
found by dividing it into two component girders, as shown at (ii) 
and (iii), and finding the forces in these. When a bar exists in both 
component girders, the actual 

force in it will be the algebraic (ii) 

sum of the two component 


forces. 
In (i) Fig 16 two N girders 
of the type shown in (ii) Fig. 
15 are superposed one on the R, WWWWWWW 


other, but the second is shifted (i) extra panel 
half a panel along relatively iw ow Ww w 
to the first. This necessitates lie. 16. 


an extra half panel at each 
end of the girder as shown at (iii), The c:mbination, (i) Fig. 16, is 
called a Linville Truss. 

A double Warren girder, (i) Fig. 17, splits up into two single 
Warren girders, (ii) and (ii). In this case the angle which the diag- 
oncls make with the horizontal is 


usually 45°, instead of 60° as in (ii) 
the normal Warren girder, Fig. 
A Bollmann trugs, (i) Fig. 18, W 


can be split up into three com- 

ponent frames (ii), (ili) and (iv) ; w WwW WwW 

and a Fink truss, (i) Fig. 19, R, (i) (tii) 

also can be dissected into three Ww W 


component frames. In this form Fra. 17. 
of truss, frame (iv) has to carry 
the reactions at the centre of the span from frames (ii) and (iii), as well 
as its own share of the load. 

It should be pointed out that this method of treating frames with 
redundant bars is only an approximation, though it is often sufficiently 
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accurate for practical purposes. More exact methods of treatment will 
be found in Chapter V. 


w ow WwW Ww 
mS" mL —— | 


(in) 


WwW 

fiw . bs | 

Fie. 18. 
W W Ww W 
W 
(i) (sit) 
(i) at 

(iv) 

Fia. 19 





v6, Method of Sections.—Let (i) Fig. 20 represent a plane, framed’ 
structure, and suppose it cut by a section KK. Consider that portion of 
the frame to the left of KK, (ii) Fig. 20. In place of the three bars 
which are cut, introduce three forces F,, F,, and F;, of the same 
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magnitude and acting in the same direction as the stresses in the cut bars. 
Then the portion of the frame shown in (ii) will be in equilibrium under 
the forces acting upon it, just as when it formed part of the whole frame- 
work. This condition enables the unknown forces F,, F,, and F, to be 
determined, and these unknown forces are the forces in the cut bars. 
By successive applications of the method, the forces in all the bars of 
the frame can be found. To determine F,, F;, and Fy. three methods 
are usually available : 

(a) by taking moments ; 

(6) by equating components ; 

(c) graphically, by the polygon of forces. 
In the case under consideration it will be most convenient to take 
moments. To find F,, take moments about B, the point of intersection 
of F, and F;, the other two unknown furces. Their moment about B is 
zero, and the fact that their magnitude is at present unknown is im- 
material. Assume F, to act towards A, and call clockwise moments 
positive. Then, see (i), 


R,b— Wig— Fye=0: and F, = a0 Wi. 


If the numerical value of this fraction comes out negative, it signifies 
that the direction assumed for F, is incorrect, aud that the force acts in 
the reverse direction to that assumed. The sign of the fraction is not 
an indication that the force is essentially tensile or compressive. 
Similarly, to find F;, take moments about C, the point of intersection of 
F, and F,. If F; act away from A, 


R,c— W,(c— d)— F,f=0; and F,= 


All the forces except F, are now known. Moments can therefore be 
taken about any convenient point, say A, in order to determine F,. 


Then, 900 1s ap 0 -+ Wyd + Fy + Fx 0-Fb=0 
from which F, can be found. 

Iu many cases it is not necessary to cut more than one bar. Suppose, 
for example, it be desired to find the force in BH, (iii) Fig. 20. Cut this 
bar and replace it by the force F;. The tendency of F, is to rotate the 
shaded portion of the truss about the point C. The moment about C of. 
the forces acting on this shaded portion must evidently be zero, hence 

R,c— W,(c— d)=F,f; and F,= Seon 
which determines the magnitude of F,. This application of the method 
is very useful in checking the accuracy of a stress diagram. 

The weakness of the method of sections is that it is often more laborious 
acourately to discover the lever arms of the forces than to draw a stress 
diagram ; and if the lever arms be merely scaled from a diagram of the 
frame, this method of determining the forces in the bars is not necessarily 
move accurate than the stress diagram. 


Rc — W,(c— 4). 
f 
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In a caso like Fig. 21, where the majority of the members of a frame 
are either horizontal or vertical, and the loads also are vertical, the 


i 12 13 4 lO+n 





Fia. 21. 


method of sections leads to very simple means of determining the forces 
in tha bars. The method of numbering the bars should be observed. 
Forces in Flange..—Cut bar No. 4; the frame tends to swing about 
joint 13.14. Take moments about this joint, 
F,.b-= RB, x 3a -- W(a + 2a); 
and, generally, 


Fn .b6=R,(n— l)a— W{a + 2a 4- 3a ++ . . + (n— 2)a} 
= R,(n— l)a— Wa{l 4-2 }+-3-+ . . + (n—2)} 
whence, Fr = woe Ry: | ei 3 


by giving successive values 1, 2, 3, etc. to », this formula will give the 
force in each member of the lower flange. 
Cut bar No. 13; the frame will tend to swing about joint 3.4. Take 
moments about this joint, 
F,,-5=: R, x 3a— W(a + 2a) 
and, generally, 


Fi10 pay o= R, .na— Wa{l +2 +3 -+ 2 eo of (n — 1)} 
a na | n—1) 
whence, Foo +2) ay pacer > >} 


by giving successive values 1, 2, 3, etc., to n, this formula will give the 
forces in the bars forming the upper flange. 

Forces in Verticals—-Cut the 
frame by a diagonal section KK, as 
shown in Fig. 22. Then the alge- 
braic sum of the vertical forces on 
the part cut off must be zero; hence, 
R,— 3W — Fy4= 0, F.= R,— 3W, 
and, generally, 

Fs9 + ny = Ry — (wn — 1)W. Fia. 22. 

This is an application of method 

(5), p. 16, of applying the method of sections, namely by equatiny the 


components in any one direction of all the forces acting on the portion 
0 
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of the frame cut off by the section. By equating horizontal components, 
it follows that F,,= F, in magnitude, Fig. 22. 

Forces in the Diagonals.—-The force in bar No. 34 is evidently the 
vertical component of the force in bar No. 24, Fig. 21, since no external 
vertical force acts at joint 13.14. Therefore F,, = F,, cos @, 
and, generally, 


. 21 b2 
F294 ny = Fea + ny See 8 = {Ry — (m — 1) W} sec 6 ={R, —(n - nw} - ae 


Where, as in cases like the above, the +. pe of frame lends itself to 
such treatment, the forces in the bars may ve found very quickly by this 
method. 

Equating Components.—The method of equating components used in 
the above simple example can be extended to find the forces in the bars 
of any statically determinate plane framework. 
Let OF, (i) Fig. 23, represent a force F a ting at the 
point O, and making angles @ and ¢ with the two co- 
ordinate axes Ox and Oy. Then its components 
parallel to the axes of 1 and y are Fcos@ and F cos¢ 
respectively. If there be several] forces acting at O, 
the sum of their components, acting parallel to these 
axes, Will be 2 F cos@ and & Fcosd; due account 
must be taken of sign. Thus components acting in 
the directions Oz and Oy may be considered as posi- 
tive, and those acting in the reverse directions as 
negative. But the sum of the components in any 
one direction of all these forces must be equai to the 
component, acting in the same direction, of the 
resultant of the forces. If R be this resultant, and 
Op and dr be the angles which it makes wit: Ox Fic. 23. 
and Oy respectively, then its components parallel to 
these axes are Rcos 6p, and R cos gr; and Ros 6g = & F cos 6; 
Rceosdr= 2 Fcos¢. But 


R2 = (Rcos Op)? + (Ros dr)? = (Z F cos 6)? +- (X F cos d)? 


from which R can be determined, and hence 0g and ¢r. 

At any panel point of a plane frame, let R be the resultant of the 
external forces acting there, and suppose that not more than two bars 
meet at the panel point, the forces in which it is desired to determine. 
Then R will be the equilibrant of these two forces F, and Fy, (ii) Fig. 23, 
and since the panel point is in equilibrium, the sum of the components in 
any one direction of all the forces acting there must be zero. Hence, 
resolving parallel to Oz and Oy, 


F, cos 6, + F, cos 6, + R cos 6g =0 

F, cos ¢, + F, cos ¢, + Rcos dr=0; 
from these equations F, and F,, the unknown forces in the bars, can be 
found. The correct signs must be given to the terms Rosé, and 
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Rcos gr and also to cos 6,, cos ¢, . . .. when a + sign for F, or F, will 
indicate a force acting away from the joint O and therefore a tension, 
and conversely for a — sign. Note that +6 is always measured in an 
anticlockwise direction from Ox, and +¢ in a clockwise direction from 
Oy. If, in addition to F, and F,, there be other internal forces acting in 
bars mceting at O, which forces are known, the equations become 


F, cos 6, + F, cos 6, -+ & Fx cos 6% + R cos 6g=0 
F, cos ¢, + F, cos d, + & Fx cos dg + Ros dr=0, 


where Fx cos @j and Fx cos dk represent the components of the known 
internal forces. Again I’, and F, can be found. This process, ¢ pplied 
to every joint in turn of a statically determinate plane frame, will deter- 
mine the forces in all the bars. 

“9, Space Frames. Non-Coplanar Forces.—If the bars in a frame- 
zork do not all lie in one plane, the frame is called a space frame in contra- 
distinction to a plane frame. The methods 
of finding the forces in the bars of a 
space frame are essentially the same as 
those employed in the case of a plane 
frame, though the application is rather 
more complicated. 

Space Polygon of Forces.--- Given a 
number of forces acting at a point, but not 
necessarily all in the same plane, their 
resultant or equilibrant can be found by 
drawing a space polygon of forces, of 
which the sides are respectively parallel 
to the forces, and in length represent the 
magnitude of these forces to scale. The 
closing line is the equilibrant of the given Fra. 24. 
forces ; or, if its direction be reversed, it 
represents their resultant. Thus if F,, F,, and F;, (i) Fig. 24, be three 
forces acting at a point O, represented in magnitude and direction by 
the sides of the figure OABC drawn parallel to the forces, (ii) Fig. 24, the 
force F,, represented in magnitude and direction by the closing line CO, is 
the equilibrant of F,, F,, and F,. Conversely, a force OC, acting in the 
opposite direction to CO, will be the resultant of F,, F,, and F,;. An appli- 
cation of this theorem involves drawing the pian and elevation of the space 
polygon of forces, see (iii) and (iv) Fig. 27. The sides of the plan and eleva- 
tion of this polygon will be respectively parallel to the plan and elevation of 
the forces, and the closing line, in plan and elevation, will represent the 
plan and elevation of the equilibrant or resultant, as the case may he. 
A word of caution is necessary : in order to scale the length of a line, its 
true length must be found by the well-known geometrical construction. 
Only when this is done can the magnitude of the force which it represents 
be determined. 

Equating Components.—As in the case of co-planar forces, the resultant 
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of a number of forces acting at a point, but not all lying in the same 
plane, can be found by determining the components, parallel to the 
co-ordinate axes, of all the forces. The algebraic sum of all the com- 
ponents parallel to any one axis will be equal to the component of the 
resultant parallel to that axis. Let OF, (iii) Fig. 24, represent a force 
F acting at the point O, and let /, m, and n be the direction cosines of the 
force. That is to say, | is the cosine of the angle 2OF, m is the cosine of 
the angle yOF, and 2 the cosine of the angle zOV. where (xr, Oy, and Oz 
are the directions of three co-ordinate ax-.;. Then the component of 
the force F in the direction of the z axis 1s Fl; and if there be several 
forces acting at the point, the sum total of their components in the 
direction Ow is XFI, which is equal to R./ly, where R is the magnitude 
of the resultant and Jy its direction cosine. Thus R.lg-=ZFI; and 
similarly, R.mp=-2Fm; and R.xz=2Fn. Due account must be 
taken of the sign of each of the force: Knowing its three components, 
the magnitude of R is easily determined, for 

R@(lp? + my? -+ my®) = (LEI)? - (um)? + (LEn)? ; 
and : lp? + mp? + nr? — 1. 
Hence, R? == (NEI)? + (LF m)? + (2Fn)?. 


Having found R, the values of lg, mg, and mx follow at once (ly == XFI/R 
and so on), and R is completely determined. 

10. Forces in the Members of Space Frames.—Given a space frame 
acted or. by a series of external forces, it is possible. by means of the above 
propositions and their converses, to find the forces in all the members, 
provided, 

se (1) that the framework be composed of just sufficient bars to form 
tetrahedrons, no more, no less, and that it be so arranged that, starting 
'with a tetrahedron (6 bars, four joints) as a aureus, it might be built up 
ly the addition of three bars at a time to form a fresh tetrahedron. In 
isuch a framework the number of bars will be equal to three times the 
, num ber of joints minus six ; 

_2) that where three or more bars meet, their central axes must inter- 
sect in the same point, and that the joints are frictionless, and incapable 
of resisting a bending moment ; 

__3) that the external or applied forces, together with the external 
reactions which they produce, are in equilibrium, and that they are 
applied at joints of the framework. 

Graphical Methods—Suppose that a number of external forces act 
at a joint A, (i) Fig. 25, which is the point of intersection of the three 
bars Nos. 1, 2 and 3, and that it is required to find the forces F,, F, and 
F, in these bars. Find the resultant R, of the external forces, by either of 
the methods given in §9. Let AI be the line of intersection of the plane 
containing R and bar No. 1 with the plane containing bars Nos. 2 and 3 ; 
and, neglecting for a moment the forces in bars Nos. 2 and 3, suppose 
that a force F,, acts along AI, such that the forces R, F,, and F,., are 
in equilibrium. Since they lie in one plane they can be represented in 
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magnitude and direction by the sides of a triangle, (ii) Fig. 25. The 
magnitudes of F, and F,., are thus determined. But the forces R, F,, 
F,, and F, are in equilibrium ; therefore F,, must be the resultant of 
¥,and F;. A second triangle of forces, (iii), drawn in the plane containing 
F, and F;, will determine these two forces. Applications of this method 


% ELEVATION 
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will be found in § 11. By thus treating each node of a space frame in 
turn, the forces in all the bars ean be found. 

Alternatively, a complete stress diagram (drawn in plan and elevation) 
may be constructed, but the work is usually complicated. 

Equating Components.—Since the sum of the components in any one 
direction of all the forces acting at A, Fig. 25, must be zero, by resolving 
parallel to Ox, Oy, and Oz, 

Kyl, + Foleo -+- Fyl, 2- Ree = 

Bym, t Fim, {- gm. +- R.mp = 0 

Fyn, + Fong 1 Fyng + Reng = 07 
where Jy, mp and mp are the direction cosines of R, the resultant of the 
external forces at A, and l,m,n,, l,m,n,, smn, are the direction 
cosines of the bars. In these equations evervthing is known except 
F,, F,, and F;, the forces in the bars, and there are three equations to 
determine the three unknowns, which can be found in the usual way. 
The values are given by the determinants : 


(1) 


Ro wh Rg 
Mm, mR | | mM, mMsgma| | Mm, M2 mMp| | mM, MyM 





\ 
No Ns MR | | Ry Ny NR NM, Mg tpi «Wy Nyy 
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If, in addition to F,, F,, and F;, there be other internal forces acting 
in bars meeting at A, which forces are known, eq. (1) becomes 


Fim, + Fym, + Fym, + 2 Fame + Rima = 0}. - (3) 


where Fxlz, Femx, Fxnk, represent the components of the known internal 
forces. From these equations F,, F,, and F, can be- found as before. 
If the correct signs be given to Rig, Rmp and Rng, and also to the direc- 
tion cosines (-++ directions for the angles ::e indicated in (iii) Fig. 24) a 
+ sign for F,, F, or F, will indicate a force acting away from the joint A 
and therefore a tension, and conversely fur a -- sign. Provided that 
there be not more than three unknown forces at a node, these can always 
be determined, and by applying the »rocess to each joint in turn, the 
force in every member of a space fram. may be found. 

Tension Coefficients —A useful method of determining the forces in 
the bars of space frames has been suggested by Professor Southwell.” 
Let the magnitude of the torce F in a bar be expressed in the form F = 
+L, where L is the length of the bar and 7 is cailed the tension coefficient 
for the bar. If ineg. (1), Rdg =X, Rme=/Y, R.ng = Z, be the 
components of the resultant externul force R, measured parallel to the 
three co-ordinate axes, eq. (1) may be written, 


7,Lym, -}- Teligits +- Talis ~- Y = QO; 
7yLyn, + Toligts + Tylgnty + 4 = 0) 


(4) 


Now L,/, is the projection of the bar AB (bar No. 1) on to the z axis, 
i.e. (% — Xa), (iv) Fig. 25; Lym, the corresponding projection on to 
the y axis = (yb — yq) and soon. Hence eq (4) can be written 


T(%b — Xa) + T2(Xe -- Fa) + T3(%d — Fa) + X =O 
T1(Yb — Ya) + TolYe -~ Ya) + T3(Yd — ya) + Y = | - (5) 
7{2b — 2a) + T9(Ze -~ 2a) 41+ 73(2d -- 2a) + Z = 0, 


in which equations the lengths (7p — 4a) . . . (2d — 2a) can be measured 
directly off the plan and elevation of the frame—a great advantage. 
Solving eq. (5) for 7,, 7, and 73, the unknown forces in the bars ure at once 
obtained by multiplying by the lengths of the bars; F, =:7,L,, .. . 
In an ordinary space frame, three equations such as eq. (5) are written 
down for every node. These equations, treated as simultaneous, furnish 
values of 7, and hence of F, for every bar. The conventions as to sign 
are the same as for eq. (1). A worked example will be found in § 11. 
11. Sheer Legs and Tripods.—Consider the forces in a pair of sheer 
legs, (i) Fig. 26 The two legs or sheer poles AC, AD, are connected 
together at the point A, and supported at C and D in such a manner that 
they can swing about the line CD as an axis. The point A is supported 
by a back stay AB, which can be lengthened or shortened in order to vary 
the overhang GE, (ii). Alternatively, to effect the same purpose, the 
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point B may be moved in and out by means of a screw. Sheer legs are 
used for lifting heavy weights, which are slung from the point A. The 
forces in the members can be found as follows: The load W and the 
back stay lie in one plane, which intersects the plane of the legs in the 
line GA. Let F, be the force which, acting along GA, would maintain 
the load W and the force in the back stay in equilibrium. Then F,, 
must be the resultant of the forces in the legs. The magnitude of F,, 
the force in the back stay, and of F,;, can be obtained by drawing the 
triangle of forces (iv); F,, can afterwards be resolved along the two 





Fira. 26. 


legs, as shown at (iii), and the forces F, and F, determined. It will be 
noted that, in order to get the true length of the legs AC and AD, the end 
elevation (iii) must be projected at right angles to GA, otherwise the result 
will be incorrect. F, is a tension, F, and F; compressions. The magni- 
tude of F, might be found by taking moments about G, (ii), W x FG = 
¥F, x NG: or, F, = W (EG/NG). The horizontal pull H on the screw 
at B is the horizontal component of F,, 
EB EG EB EG . EB 


eh Sa gge e = Wea BG! 


NG AB 
The forces in the members of a tripod, (v) Fig. 26, can be found in 
exactly the same way as those in a pair of sheer legs; the fact that the 
bars AC, AD slope inwards instead of outwards makes no difference to 
the method; (v) is lettered to correspond with (i). If the feet of the 
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tripod are tied together. by the bars BD, DC, CB, (vi) Fig. 26, find the 
forces in the bars AB, AC, AD, as before. Then, at the point B, the 
force in the leg (AB) can be resolved into a vertical and a horizontal 
component, and similarly at C and D. The vertical components will be 
equal to the reactions R,, R,, R;, from the ground, the horizontal com- 
ponents H,, H,, H, must be carried by the triangular frame BCD as 
shown at (vii), for which the stress diagram can easily. be drawn. To 
obtain these vertical and horizontal components, views must be drawn 
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showing the true shape of each of the triangles AEB, AEC, AED, as at 
(viii), where AED, and the resolution of F, into H, and R,, are shown. 
Graphical Treatment.—Fig. 27 gives the complete geometrical construc- 
tion for finding the forces in three bars of a space framework which inter- 
sect at a point O, due to a number of forces acting at the point. (i) and 
(ii) are the plan and elevation of the bars, and of the forces acting at O ; 
(iii) and (iv) are the plan and elevation of the force polygon from which the 
resultant R is derived ; (v) is an elevation on a plane perpendicular to 
the plane OBC. Let m, m’ be the plan and elevation of any point M in 
the line of action of the force F, ; find the true length of OM by the usual 
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geometrical construction, shown with dot and dash lines in (i) and (ii). 
Mark off along o’M in (ii) the magnitude of F, to the force scale, and 
project back to find the plan and elevation of the length thus determined, 
which plan and elevation represent, both in magnitude and direction, the 
force F,. Treat the other forces F, and F, in a similar way. The plan 
and elevation of the force polygon in (iii) and (iv) can be set out by drawing 
lines parallel, and equal in length to the plan and elevation of the forces 
in (i) and (ii): The closing lines represent the plan and elevation of R, 
their resultant, which can now be shown in (i) and (ii). To resolve this 
resultant along the three directions AO, BO, and CO, draw an elevation 
(v), taken at right angles to the plane BOC, and show the resultant R in 
this elevation. Then whatever be the forces in BO and CO, their resultant 
will act along the line 6’0” in (v), and by drawing the elevation of the 
triangle of forces for the point O in (v), the elevation of F,, the force 
in AO is determined, and its plan can be obtained by projecting down- 
ward to (i). 

The resultant R will be the equilibrant of the forces F,, Fg and Fc, 
in the bars AO, BO, and CO; the plan of one of these F, is known, hence 
the plan of the other two can be obtained by completing the stress diagram 
for the point O.in plan, as shown in (iii), taking the forces in cyclic order. 
The elevation of the stress diagram can be found by projecting upward 
to (iv), and drawing lines parallel to the elevation of the bars in (ii). The 
plan and elevation of the forces in the three bars meeting at O are thus 
determined, and the magnitude of these forces can be found by deter- 
mining the true length of the lines. An example, that for Fs, is given in 
(iii) and (iv). The above process might be repeated for every node point 
of a statically determinate space frame ; or, in simple cases, a complete 
stress diagram can be drawn for the whole frame, in a manner analogous 
to that for a plane frame. 

Application of Tension Coefficients —The above problem may be solved 
very simply by means of tension coefficients, § 10. Resolving the external 
forces parallel to the three co-ordinate axes : 
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Components parallel to Ox Oy 
+ 0:70 — 1;40 
+ 1-80 + 0-60 
+ 1-20 -+ 2:80 
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Total (tons) X=+3:70 | Y = + 2-00 





Scaled from the plan and elevation, Fig. 27: 


ta -% =-+ 4°0 % —X% = — 6:0 Xe —-% = +.2°0 
Ya —Yo = — 6-0 Yb -Yo = — 2:4 Yo —Yo=+ 6-4 
Za —209 = —10°0 2h —2% = — 10:0 Zo -— Zo = — 10:0 


feet 
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Substitute in eq. (5), § 10: 
+ 4-07, = 6-0 T92 + 2-0 T3 +- 3°7 —= 
—6-O07r, —2:47, + 6°47, 4- 2:0 = 
— 10-07, — 10:07, — 10-07, — 0-3 =0. 
Solve as simultaneous,7, = — 0:1504; 7, = + 0:°4174; 7, = — 0:2970; 


this must be done accurately. 
Lengths of members : 


OA = Ly = V(ta ~ %)* + (ya — Yo)? + (Za — 29)? 
= 4/(4-0)? + (— 6-0)? + (— 10-0)? = 12-33 ft. 
OB = L, = V(— 6:0)? + (— 2-4)? 1 (— 10-0)? = 11-91 
OC = L, = V/(2-0)? + (6:4)? 4. ( — 10-0)? = 12-04. 
Then the force in OA =7,L, = — 0°1504 x 12-33 = — 1-85 tons. 
OB =7,L, = + 0°4:74 x 11-91 = + 4-97 
OC = 7,L, = — 0:2970 x 12-04 = — 3-58 
The corresponding values, scaled from the original of Fig. 27, were 
F, = — 1-84, Fg = + 4:94, Fo = — 3-62 tons. 


il 
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‘12. Deflection of Framework. Graphical Methods.—The deflection of 
framed structures may be determined by an application of the principle 
of work, §§ 69 and 70, or by one of the following graphical processes. 

Given a bar of length | and area a, stressed by a force F, the stress in 
the bar will be F/a, and the strain 6//l, where 5! is the alteration in length 


due to F. Since the stress = E x strain, z =. and 6f = - The 


ratio 1/a will be denoted by A; and 5/ = Ei i Consider a simple frame 


such as ABC, Fig. 28, attached to rigid supports at A and B and carrying 
a vertical load W at C. If, be the length of the bar AC, a, its area, and 
F’, the force it sustains due to W, the alteration in length of AC will be 
él, = a = 2 1),. Since the force in AC will be a tension, F, will be 
1 
considered as cilia 61, will be an elongation, i.e. a positive addition 
to the length of the bar. Owing to this elongation C will move to C’, 
where CC’ represents the alteration in length to a larger scale. The 
point C is capable of another movement, for the bar AC can swing about 
the point A as centre, when C will describe an arc struck from that centre. 
The actual movement, which will be determined by the other bars of 
the frame, will be very small, and the arc may be represented in Fig. 28 
by the line C’C, at right angles to CC’. Consider next the bar BC. The 
- force in this will be a compression — F,, arid the contraction in length is 
dl, = —F,A,/E. This is represented in Fig. 28 by the distance CC”. 
But the bar BC is capable of swinging about the point B, and C will 
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describe an arc about B as centre, represented by the line C’C,. It 
follows that the final position of C will lie on the line C’C, and also on 
the line C’C,, that is to say, its real position must be their intersection C,. 
The path of C, therefore, will be from 
Cto C,. Its vertical displacement is 
Ay = CC, and its horizontal displace- 
ment is Aq =C,C,. The method is 
due to Williot*®. 

Example.—Fig. 28 has been drawn 
accurately to scale for the frame shown 
in Fig. 105. For the -bar AC, J, = 80 
in., @, = 1-6 sq. in., A, = 50, F, = 8. 
tons, and §/, = 0:0308in. For the bar 
BC, 1, = 70 in., ag = 2°5 sq. in., A= 
28, F, = — 7 tons, and d/, = — 0:0151 
in. From the diagram Ay = 0-035 in., 
An = 0-008 in. (Compare the calcu- 
lated values given in the example §70.) Sf 
E = 13,000 tons/sq. in. Fic. 28. 

The method can be applied to more 
complicated cases, subject to the conditions that the structure is a perfect 
frame, and that the forces and alterations in length in all the bars can 
be found. It is necessary that the position in the distorted frame of one 
end of a bar be known before that of the other end can be determined. 

~~ Suppose ‘it. be required to 
find the displacements of the 0 
points C and D of the frame 
shown in (i) Fig. 29 when a load 
W is applied at D. A is a fixed 
point, B is only capable of verti- 
cal motion. Find first the 
forces in all the bars and the 
corresponding alterations in 
length. Start the displacement 
diagram, (ii) Fig. 29, at a pole 
O, which represents any fixed 
point on the frame. Since A is 
a fixed point it will be repre- 
sented in (ii) by a coincident 
with the pole. The bar AB will 
lengthen an amount ad = 41s, Fic. 29. 
plotted downward from a, since 
B moves in that direction. As B is only capable of movement in a vertical 
direction, 5 represents the final position, and Ob the total movement of B. 
Consider next the bar AC. The extension of AC is 6l, = ac’, drawn parallel 
to AC and downward from A, gince C will move in that direction. Cis also 
capable of moving about A as centre, which movement is represented 








(1) 
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by c’c at right angles to ac’. Similarly, dc’, drawn parallel to BC, repre- 
sents 51,, the contraction in length of BC, and is plotted in a direction 


corresponding with the movement of C towards B. The line o’c at 
right angles to bc” represents the motion of C about B as centre. Hence 
c is the final position, and Oc the total movement of C. In like manner, 


ad’ represents the extension of AD, and d’d the motion of D about A; 





Fria. 30. 


cd” represents the contraction of DC, and d’d the motion of D about C. 
Therefore d is the final position of D, and Od is its actual movement. 
_ Ay and Au, respectively, are the vertical and horizontal components of 
* that movement. (ii) Fig. 29 is called the displacement or Williot diagram 
for the frame. 

‘ Fig. 30 is an application of the method to a bridge truss, unsymmetri- 
cally loaded.. To find the displacements of the difforent node points of 
the teiews, ‘assume that C is a fixed point and CM a fixed direction. Find 
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the displacements of the node points as if each half of the truss were a 
cantilever projecting from CM, exactly as in the preyious case. The 
diagram for the left-hand cantilever is shown at (ii) “and for the right- 
hand cantilever at (iii).. In this instance, since there is no stress in CM, 
both c and m will coiffcide with the pole 0. Then Og, 07, Oa, Oh, Ob, 
‘and Ob represent the displacements of the points G, J, A, H, K, and B 
relative to the line CM. But under the conditions shown in Fig. 30, A is 
a fixed point and AB always remains a horizontal line. In order to 
obtain the displacements relative to AB, transfer the vertical com- 
ponents of all the displacements to a base line ab, (iv), which represents 
to scale the bottom flange. Thus aa, = Ay; 6b, = Ay’; 9, =9'9 
in (ii) is the vertical displacement of -G, and so on. Join aggacohgbo, 
and also a,b,. Then «,5, represents the real datum line AB, and g,9,, 
CC, hyh,, are the verticdl displacements of the node points G, C, H, 
beluw this line. Similarly, if 77, and kk, be the vertical displacements 
of J and K relative to the pole O, then 7,),, m,m,, and k,k, are the vertical 
displacements of the points J, M and \ below their original position. 
To obtain the horizontal displacements of the node points relative to the 
fixed point A, plot on a base line aO8, (v), the horizontal displacements 
relative to the pole O, taken from (ii) and (iii); Oa = An; Ob = An’: 
and c coincides with 0; Og in (v) == Og’ in (ii); Of in (v) = Oh’ in (iii) 
and so on. Then, in this diagram, ca is the relative movement of A to C. 
But A is a fixed point and C moves, therefore ac is the movement of C 
relative to A, and similarly for the other points G, H, and B; ab is the 
horizontal movement of B. To find the displacements of J and K 
relative to A, consideration must be given to the fact that the conditions 
are unsymmetrical, and that Ay is not equal to Ay’, so that the line a,b, 
in (iv) is not parallel to AB. In other words, if CM retained the vertical 
position assumed when drawing the displacement diagram, B would 
have to deflect downward a distance (Ay — Ay’). Since this cannot 
happen, it is necessary to impose on the truss as a whole an anticlockwise 
rotation about A, to bring b, back to the horizontal. The effect of this 
is to move M a distance 6 to the left, such that 8 = (Ay — Ay’)D/L, see 
(vi) Fig. 30. The real position of m will then be as shown in (v), displaced 
a distance § from the centre line, Plot from the point m, along the upper 
line in (v), the horizontal displacements mk, mj, of K and J, from (ii) 
and (iii). Then the distances of &, m, and 7, from the vertical through 
the fixed point a, give the true horizontai displacements of K, M, and J. 

The vertical and horizontal displacements of every point on the 
trusg‘are now known. 

Mohr’s Method.—An elegant solution of the above problem, due to 
Mohr,*! is given in Fig. 31, in which use is made of the Instantaneous 
Centre theory. If the truss in (i) Fig. 31 be in motion as a rigid body, 
every node point will move about an instantaneous centre I, and the 
relative displacement ef each point will be proportional to its distance 
from I. Further, if a pole o be taken, (ii), and a pencil of rays be plotted, 
representing to scale the displacements of the node points in (i), such 
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that a,o represents the displacement of A, m,o the displacement of M, 
b,o the displacement of B, and so on, then the outer ends of these rays 
will coincide with the node points of an outline of the. truss, drawn to.a 
different scale and turned through a right angle, as shown at (ii) Fig. 31. 
'Phis will‘ be evident from the similarity of the two figures (i) and (ii). 
. It will also be evident that every line in (ii) is perpendicular to the corre- 
sponding line in (i). Thus ago is perpendicular to AI, kyo to KI, mgc, to 
_MC;, aby to AB, and so on. Hence, if any line in (ii) can be determined, 
SAY Ado, the whole figure can be drawn. The application of the above 
will be seen in what follows. 

Suppose it be desired to find the displacements of the node { oints of 
the truss in question when supported and loaded as shown in (i) Fig. 30. 
Treat A as a fixed point and AJ as a fixed direction, and using the pole 
O, (ii), draw the Williot displacement diagram for the truss. With 
these assumed conditions, the new position of the point B will be repre- 
sented by b, and Od, is the apparent vertical upward displacement of B. 
But in the actual conditions, (i) Fig. 30, the vertical displacement of B 
must be zero. Hence the truss as a whole must be given a clockwise 
rotation about the fixed point A, which becomes the instantaneous 
centre, to bring B back to the horizontal. Set out on Ob, as a base an 
outline of the truss, shown in broken lines at (iv). From the theory 
given above [compare (i) and (ii)] it follows that 6,0 represents the 
vertical displacement of B due to the rotation about A which brings B 
back to the horizontal, and c,O, gO, £0, and so on, represent the corre- 
sponding displacements of the other node points due to the same rotation ; 
the coincident points a, O represent the pole o in (ii). 

Consider any node point H. It will have a displacement Oh due to 
the deformation of the truss, plus a displacement h,O due to the rotation 
about A. The resultant of these two displacements is hyh, and this 
resultant displacement is the actual displacement of H relative to the 
fixed point A. It can be resolved into two component displacements hoq 
downward, and gh to the right. The same reasoning is true for every 
node point, and it follows that the line joining a node point in the broken 
line figure (iv), to the corresponding node point in the Williot displacement 
diagram (iii), gives the true displacement of the node in question, in both 
magnitude and direction, relative to the fixed point A. Thus 0,6 is the 
horizontal displacement of B, mgm is the displacement of M, and so on. 

The deflection polygon (v) for the lower flange is obtained by direct 
projection from (i), (iii), and (iv); hh, = hg? represents the vertical 
displacement of H, and so on. It will be found that h,h, in (w Fig. 31 
is exactly equal to h,h, in (iv) Fig. 30; and qh in (iii) Fig. 31 is exactly 
equal to ah in (v) Fig. 30, and similarly for the other node points. 

Except in the case of composite frames it is convenient to leave E 
out of account until the end of the calculation, in order to avoid decimal 
places. Assume in the first place that E = unity, so that 82 = FA, and 
proceed as before to find the displacements. The results thus obtained 
must be divided by the real value of E, to get the true magnitudes of the 
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roi ya An example worked in this way will be found in § 118, 
ig. 188. 

13. Temperature Effects.—The Williot diagram can be used to find 
the displacements due to alterations in temperature. The extension of a 
bar of length J, due to a rise in temperature ¢°, is atl, where a is the co- 
efficient of expansion per degree. If the temperature fall, ¢ is negative, 
and the alteration in length is a contraction, — atl. These alterations in 
length due to temperature enter into the construction of the Williot 
displacement diagram in exactly the same way as those due to stress. 
In a bar subjected to a force + F and a temperature alteration + ¢°, the 
total alteration in length is ri 


=7 tol 2... 


It is worth noticing that this equation may be written 
_ fl , (at&)l 
él = E + + (2) 
so that the expression atE may be regarded as a stress intensity = 0-15 
tons/sq. in. per degree C. in mild steel. 


(In the two following articles some knowledge of the contents of 
Chapters V and VI is presumed.) 
¥'14, Deflection Polygons. 
‘Elastic Weight ’ Method. 
—This method of finding 
the deflection polygon of 
a braced girder is due to 
Mobr.24 It is analogous to 
that of § 54, p. 95, Vol. I, 
for beams. Given a plane 
frame, (i) Fig. 32, loaded 
in any manner, to find the 
deflection polygon for the 
flanges. Suppose, for the 
moment, that the shaded 
portions of the frame, (ii), 
are rigid; then the de- 
flection of the point m 
will be entirely due to the 
alteration in length of the 
bar pg. ‘To find the verti- 
cal displacement of m, 
apply a unit vertical load 
there. From Mohr’s work 


uation, 8), § 81, 
“t ea. (8), § lxym=F .al sn ‘ j (1) 
where: ‘4m = m,m in (iii) is the vertical deflection of m, F” the force in the 
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bar pq due to the unit load, and I the alteration in length of pq due to 
the actual loads on the frame. The deflection curve for the partially 
rigid frame of (ii) will be a,mb,, (iii) Fig. 32. But this diagram might 
have been obtained by applying a load Wm of a certain magnitude at m, 
and drawing a bending moment diagram for this load, using the force 
polygon (iv), in which case the ordinate msm = ym represents the moment 
at the point m due to a force Wm applied there. But this moment is 
equal to Fm x r, where Fy, is the force in the bar pg due to Wm ; hence, 


Ym = Fm x 'r . . . (2) 


If aload W = 1, applied at m, produce a force F” in the bas pq, and a load 
Wm produce a force Fy, in that bar; then, 


EK’ : Fun = ] : Wm; and Fm = WmF’ 
Fron eq. (1) ym = EF’ . 81; therefore, from eq. (2), 
ym = Fm xr = WmF'’r =F . 5; 


whence, Wm = ra ‘ ; ; : . (3) 


If then a load Wm = 51/r be applied to the frame in (ii) at the point m, 
and the moment diagram a,mb, be found in the usual way, using the force 
polygon (iv), this diagram will be the deflection polygon for the frame. 
The load Wm is called an ‘elastic load.’ If F be the actual force and f 
the actual stress in the bar pq, / and a the length and area of that bar, 
dl = = : .fl; and from eq. (3), Wm = 5 A 

It is convenient to call the value of E unity, and to take its real value 
into account at the end of the calculation, when 

Wm = fl /r é e ° - ‘ (+4) 
Knowing then the actual stress f in the bar and the dimensions of the 
frame, the elastic load can be found and the moment diagram a,mb,, (iii), 
for the semi-rigid frame (ii) can be drawn. 

Scales.—Suppose that the length scale be 1 inch = a, inches of span, 
and the load scale be 1 inch = a, units of elastic load. Then if ym” be the 
deflection measured from (iii) in inches, and H” be the polar distance 
rheasured from (iv) in inches, the actual deflection, allowing for the value 
of E, is 1 
Ym = y- ym’ H” xX aya, inches . : : (5) 

Similarly, assuming the rest of the frame to be rigid, and considering 
the bar kp; if a load Wn = dl/r =fl/Er, be applied at the point n 
(SI, r, f, and J have reference to the bar Xp), the moment diagram a,nb, 
in (iii) will give the deflection produced by the alteration in length of kp. 
If this process be repeated for every panel point, top and bottom, and the 
ordinates at any one panel point of all the diagrams so obtained be added 
together, the total deflection of this panel point due to the alteration in 
length of all the bars in both flanges will be obtained. It ig simplest to 
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set off the elastic loads Wm,Wn, ... =fl/r on a load line (v), and to 
draw the funicular polygon as shown in (iii). The deflection polygon 
for the top flange is obtained by joining the points a,k,p,.q,>,; that for 
the bottom flange is obtained by joining a,n,m,b,, (vi). The argument 
given above as to scales applies equally well to the complete funicular 
polygon; the total deflection at any panel point can be obtained from 
the scaled dimension in (iii) by using eq. (5). — 

Signs.—The sign of the stress in the bar must be taken into account 





Fig. 33. 


in eq. (4). If the stress in pg be compressive and negative, the bar will 
shorten, ¥m will be a downward and positive deflection, and Wm must be 
a downward load. If the stress in nm be tensile and positive, the bar 
will lengthen; yp will be a downward and positive deflection, and Wp 
must be a downward load. A negative value for f in the upper flange, or 
a positive value for f in the lower flange, implies therefore a downward 
load, and vice versa. 

Kffect of Web Members.—The deflection produced by the extensions 
‘and contractions of the web members, which is not taken into account 
' dn'thie‘above analysis, can also be found by applying a system of ‘ elastic 
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loads ’ to the panel points, and drawing the deflection polygon for these 
loads exactly as in (vi) Fig. 32. In (i) Fig. 33, cut the bars pq, gm, and 
mb by a section as shown, and produce pq and mb to meet ins. Take 
moments about +; the moments of the forces in pg and mb are then zero, 
and the effect of the force in gm can be studied separately. Let the 
perpendicular distance from 4 to gm be r. 

If yn = 7,n, (iv), be the vertical deflection of any point n due to the 
extension 5/ produced in gm by the actual loads on the girder, from Mohr’s 
work equation, eq. (8), § 81, ' 
lxyn=F’.8l . ; : (6) 
where, as in the case of the flanges, F’ is the force in gm due to a unit 
vertical load applied at ». If R,’ and R,’ be the reactions at a and b 
(both upward) due to this unit load, R,’ = L,/L; and, taking moments 
about i, IF’r=R,’r5, whence F’ =1roL,/rL, and 
_ 8b rol, | 
=e f : : : (7) 

By analogy with the analysis for the flanges, if an elastic load 51/r be 
applied at +, the centre of moments for the bar gm under consideration, 
the moment at the point 7 due to this load will represent the deflection 
yn. Since + lies outside the girder, in order to conform to the conven- 
tions as to signs used in (iii) Fig. 32, the elastic load at + must act up- 
wards, when the reaction at a will also act upwards, and the upward 
moment at n will represent the downward deflection yn. This may be 
proved as follows: Let R,” and R,” (ii) be the reactions at a and 6 due 
to the elastic load 51/r acting upwards at?. Then R,” = a 18 and the 


r L’ 
4 dl rol, : ; 
upward moment at n = R,”L, = on which from eq. (7) is equal 


1 xyn 


to yn. But the member qm is a tie, and if the deformation of the panel 
pqom be considered, it will be seen that due to the extension of gm the 
point m will move downwards and the point g upwards.* 

To obtain, therefore, a complete deflection polygon corresponding to 
the extension of gm, two elastic loads must be applied to the girder, Wm 
downwards at m, and Wg upwards at q, (i and iii). The magnitude of 
these must be such that they produce the same moment at n as does Sl /r 
applied at t,in other words, the values of R,” and R,” must be the same 


in both cases, or SI 
R,’ + R,” “> = Wm + We 


and the sum of the moments of Wm and Wg about any point must equal 
that of 5//r. Taking moments about q,, (iu), 
81 sl gt 8 1 fl 
S x qyt= W. - and Wm =—.2- = See. 
, x at Wm x m49,; and Wm = - mg. Br, (8) 
* This can be verified by a direct application of Mohrs work equation (eq. 6), 
by applying a downward load W -: 1 first at m, for which the value of F’ in gm will 
be positive ; and secondly at q, for which the value of F’ will be negative, or opposed 
to that of 81, showing that the deflection at ¢ will be negative, i.e. upwards. 
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for ¢,¢/m,q, = 1/r,, and 6l = fl/E. Taking moments about m,, (iii), 

dl eo _ 8 ms 8 1 fl 

: x mi = Wg x mg,; and Wg = — oe (9) 
for m,t,/myq, =1r/r,; 1, and r, are indicated in (i). If, therefore, 
two elastic loads, Wm =: fl/r, downwards, and Wg = fi/r, upwards, be 
applied at m and q respectively, the corresponding moment diagram 
amg, (iv), drawn by means of (v), will be the deflection polygon for the 
extension of bar gm. The value of E must be taken into account at the 
end of the calculation. If similar elastic loads for each web member be 
determined, the total elastic load at each panel point is obtained by addi- 
tion, and from these a complete web deflection polygon may be drawn. 
Alternatively, the web elastic loads may be added to the flange elastic 
loads, and a combined deflection polygon constructed. The treatment 
as to scales is as set forth for the flange polygon. Mohr’s rule for the 
direction of the web elastic loads is: when the stresses in the flange and 
the web member are like in sign, the elastic load at their intersection acts 
downwards (+), and upwards (—) when they are unlike. In a girder 
with vertical web members, (vi), it is best to ignore the deformation of the 
verticals when calculating the web elastic loads, and to construct a dia- 
gram, anmsb, (viii), showing the deflection polygon for the lower panel 
points. If these panel points be lowered (or raised) an amount 6/, equal 
to the alteration in length of the verticals, the deflection polygon fkpgqh 
for the upper panel points is obtained. 

Worked Example.—To draw the deflection polygon for the upper and 
lower flanges of the braced girder shown in (i) Fig. 34, when loaded with 
12 tons at the point m. Considering first the effect of the deformation 
of the flanges, the calculations are set forth in tabuJar form below, the 
units being tons and inches. The,values for the length and area of each 
bar are given in cols. 2 and 3 of the table ; the radius r is 60 inches, and 
since the flanges are parallel, this is constant. The force F in each bar 
is found from a stress diagram in the usual way and tabulated in col. 5. 





ee ate ag at tee ee Re rer rem wm retiree eres ert et rr ES EIT A 





| Elastic | 
— l a r F f | 
| fijr | 

_ a cece eee ee ee ae ie aed 

1 120 3-66 60 4 | 41:10 | + 2-20 (%) | 
2 120 3-66 60 +12 | 43-28 | 4+ 6-56 (p) | 
3 120 3-66 60 + 8 | +219 | + 4-38 (g) | 
4 120 4-98 60 — 8 | —1-61 | + 3-22 (n) | 
5 120 4:98 60 = 16 | — 3-21 | + 6-42(m) | 





Pheer = epee en a nS Pg PAE NS AE I 


Units : tons, inches. 


The stress f is found by dividing F by a; and the magnitude of the elastic 
load. = fl/r is obtained from cols. 6, 2, and 4. Since all the forces in the 
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upper flange are compressive, and all in the lower flange are tensile, all 
the elastic loads are positive (downward loads). 
The elastic loads on the frame are then as shown in (ii). The elastic 







RS] ow 8 
Deflection Potygon 
Web Deformation 
Fia. 34. 
load due to the deformation of bar No. 1 acts at &, that due to the deforma- 
tion of bar No. 4 acts at n, and so on. The reactions are found in the 
usual way. Taking the loads in order on the beam as shown in (iii), the 
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force polygon (iv) is set out, whence the funicular polygon (v), repre- 
senting the deflection polygon for flange deformation, is obtained. The 
deflection polygon for the upper flange is obtained by joining k,pqq, 
in (v), and that for the lower flange by joining a,n,m,b,, see (vi). In 
Fig. 34 the length scale is 1” = 120 inches, hence a, = 120; (iv) has 
been set out to a scale 1” = 20 units of elastic load, hence a, = 20; the 
polar distance H” = 1 inch. The maximum ordinate of the funicular 
polygon occurs at p and scales 0-57” in (v). Therefore, from eq. (5), 
the deflection at p is, 
¥p = 5 Ye" x H’ x aja, = a x 0:57 x 1 x 120 x 20 = 0:105inch, 
which determines the scale of the diagram. 

To obtain the deflection polygon for the web members, find in a similar 
way the elastic loads for each end of each web member from eqs. (8) and 
(9), as set forth in the following table. The radii r, and r, are indicated 












| Elastic Loads. 

bE gpeeetpein 

| fiir, its 
— 5-66)—1-55| —- (a 4+ 3-10 (k) 
as 6| +1-85| —3-10(k) | + 3-10(n) 
= 6| — 2-28| —4-56(n) | -+- 4-56 (p) 
+ 6| + 2:28: — 4-56 (p) + 4-56 (m) 
+ 1| + 3-09; + 6-18(m) | — 6-18 (q) 
= 1 ~ 3-09 | + 6:18 (q) — (b) 





Units : tons, inches. 

in (vii). The force in bar No. 7* is +, that in bar No. 4 is —, hence the 
elastic load at k for bar No. 7 is —, or upward. The force in bar No. 1 
is +, and since that in bar No. 7 is +, the elastic load at n for bar No. 7 
is +, or downward, and soon. ‘The elastic loads at a and 6 do not affect 
the deflection, and may be ignored. The total elastic load at kis + 3-10 
from bar Ne. 6 and — 3:10 from bar No. 7, or zero. The total elastic 
load at nis + 3-10 from bar No. 7 and — 4-56 from bar No. 8, or — 1:46. 
The complete system of web elastic loads is shown at (vii), from which 
the force polygon (viii) and the deflection polygon (ix) are set out. The 
ordinates at » and m, scaled in inches, are given. The same scales as 
before have been used, hence the actual web deflection at p is 


Yp = 5 UP" x H” x a,a, = oe x 0-23 x 1 x 120 x 20 -= 0-042 inch, 


and similarly ym = 0-061 inch. 
To obtain the complete deflection polygon for the girder the ordinates 
of (ix) must be added to those of (v) ; alternatively, the elastic loads of (ii) 
may be combined with those of (vii), and a complete deflection polygon 
constructed. These combined elastic loads will be found to be identical 
with thoge of (v) Fig. 37, thus establishing the identity of the two methods. 
* See Fig. 36. 
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15. Deflection Polygons. Kinematic Chain Method.—Suppose jkmn, 
(i) Fig. 35, to be a series of bars forming part of a plane framework ; 
jkmn might, for example, be the upper flange of a braced girder, or the 
lower flange of an arch. Such’a series of bars, separately considered, is 
sometimes called a kinematic chain, or a bar chain. Let the ordinates 
of the points k, m, n, measured from a base line Oz, be ym — 1) Ym Ym + 1° 
As in other deflection problems, distances measured to the right and 
downward will be considered as positive. Let 6 be the inclination of any 
bar to Oz, considered as positive when the bar slopes downward from 
left to right. Suppose that (ii) be the deflection polygon for the chain 





Fra. 35. 


under consideration, 7,7, being the closing line, and mm, = dym the 
deflection of the point m. This diagram is obtained from the elastic 
weights Wm, using the force polygon (iii) as in § 14. 

Consider panel mn; produce kgm, in (ii) to g, and ‘draw mp parallel 
to m,n,; then from the geometry of the figure, 


PY = (89m a 54m — %m + 1/%m > Pry = (Ym +3 Sym) ) 


Um 41 
Len, 





hence, Nd = PJ — pn, = (Yn aa 8Ym — ) = (SY: ; 1 59m): 


But the shaded triangles in (ii) and (iii) are similar. Therefore, 
mq _ Wm, 
Pgs H ’ 
Wy, = He — Pens — bes — Oe on 
im m+} 


and 
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From (i) Fig. 35, km = ly,.and Xm = 1, cos Oy; also, 
Ym — Ym—1 = bn Sin Om ; 
from which, by differentiation, 
SY m — SY m— 1 = bg COS Oy, - 50m + Slm - 811 Oy 
and, dividing through by J, cos 6, = 2; 


OYm — SYm— 1 = §0,, + Sly . tan On 
a Ln 
similarly, ts = O59 n +1 aoe = _ tan On +4 
mr m+. 


Substituting in eq. (1), 
lm tan 9, sa ae * tan 6,4 | ] 


W, = | (86, ahaa ea 
m+i1 


But 54m /lm is the strain in the bar km and is equal to fm/E, where fm is 
the stress in the bar km. Hence, 


Won = H| (80 ~ BOs} + 55 Um tam Om ~ Sin 1 ta Om +3 


Further, from (i), if the angle kmn = ®m, 
Dn + On +1 — Im = 180°; and, 6®,, = 56, _ere 
and from eq. (2), eee a value H = unity, 


W, = | 8m + 5 + 5 (Sn tan Om — fin x tan Om +3} | - . (3) 


an equation giving the elastic loads Wm, in tarms of the stresses in the 
bars and the angles of the chain. The correct sign must be given to the 
stresses, to the angles, and to the tangents. The magnitude of 50m 
must be determined by finding the increases (co: decreases) in the angles 
of all the triangles which compose the frame from the changes in the 
lengths of the bars; these can be found from §116. Then, for any panel 
point, 5Dm = the sum of the changes in all the angles meeting at the 


point, i.e. SO -= + DSA : c ‘ - (4) 


where 5A represents the change in any one angle. When the bars of the 
frame are on the same side of the chain as the angle ®, (iv), the + sign 
in eq. (4) is to be used ; when they are on the reverse side, (v), the — sign 
is to be used. Thus the + sign is taken for the upper flange of a braced 
girder, and the — sign for the lower. This sign is to be given to the 
summation &, irrespective of the sign of the components 8A. A positive 
value for Wm implies a downward load. 
For a chain of horizontal bars @ = 0, and 


Wm = 69m = 4-ZX6A . . . ty (5) 
When a bar is parallel to the direction of the displacements, 9 = 90°, 


and eq. (3) cannot be used. It is then best to omit the particular bar 
from.thé chain, and to allow separately for the displacement which it 
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produces. This displacement is evidently equal to the alteration in 
length of the bar. 

Worked Example.-—In this example, Fig. 36, the above method is 
applied to the frame of the worked example of § 14, Fig. 34. The initial 
stages of the procedure follow the same course as in § 14, except that all 
the bars are now included, and the radii r are not required. The results 


Pen =a ay ae aT. 7 


(4) (5) 
LB © 


m 






b 


Fia. 36. 


are embodied in the table below. The angle @ and tan @ for each bar 
are also given, from which the values of f tan 0 are calculated. @ is the 
angle which a bar makes with the horizontal, (i) Fig. 35, and a downward 
slope from left to right is positive. 


OR cece 
rrp eee na nenenrrentenenaneentbe sot Ree re eee eee eam re RL ce 





| Bar 








No. l a F f g° tan @ | f tan @ | 
1 120 3-66 |+ 4-0 | +1-10 0 0 0 
2 120 | 3-66 | +12-0 | + 3-28 0 0 0 
| 3 120 3-66 |+ 8-0 | +2-19 0 0 oO - 
| 4 120 4-98 |— 8-0 | —1-61 0 0 0 
| 5 120 4-98 |—16-0 | — 3-21 0 0 0 
/ 6 84-8 3-66 |— 6-66| —1-55 | — 45 —1 | +1-55 
7 84-8 | 3:66 | + 5-66| +1-55 | + 45 +1 | 41-55 
8 84-8 2-48 |— 6-66| —2-28 | — 45 —1 | +2-28 
9 84-8 | 2-48 | + 5-66] +2-28 | + 45 +1 |+2-28 
10 84-8 3-66 |+11-31| +3-09 | — 45 —1 |—3-09 
| | 3-66 | —11-31} —3-09 | + 45 +1 |—3-09 





on we 








Units: tons, inches. 


To obtain the values of 5®, the values of 5A must be calculated by 
means of eq. (2),§ 116. Consider the triangle akn, (ii) Fig. 36, relettered 


42 | MATERIALS AND STRUCTURES 


ABC to agree with § 116. From eq. (2), § 116, assuming for the moment 
that E = unity, 


BA=Tifa—f)ctB  +(fa—fe)cotC } 
(Us focotdse Ur eotasr 


lt 


{(+ 1-10 + 1-55) x 1 + (+ 1-10 — 1-55) x 1} = + 2-20 
5B = alli se fa) cot C + (fo — fe) cot ui \ 
=" {(f2 —f,) cot 45° + (fz — fg) cot 90° 
= {(+ 1-55 — 1-10) x 1 + (+ 1-55 + 1-58) x 0} = + 0-45 
BC = 7 {lf — fe) cot A Pipes. 4 
= {(fe — fr) cot 90° + (fe ~ fr) cot 45° 
= {(— 1-55 — 1-56) x O + (— 1-55 — 1-10) x Ll} = — 2-65 
== 0-00 


Observe that 5A + 3B + 5C = 0, so that eq. (3), § 116, is satisfied, as 
must always be the case. 

Again, consider the triangle knp, rclettered ABC, (iii). From eq. (2), 
§ 116, if E = 1, 


dA = {(fa — fc) cot B + (fa — fo} cot C } 
{(f, — fz) cot 45° + (f, — fg) cot 45° 
{(— 1-61 — 1-55) x 1 + (— 1-61 + 2-28) x I}=— 2-49 
8B = {(fo — fa) cot C + (fp — fc) cot A } 
ifs — fa) cot 45° + (fg— fz) cot 90° 
{(— 2-28 + 1-61) x 1 + (-- 2-28 -- 1-55) x 0} = — 0-67 
dC = {(fe — fo) cot A + (fe — fa) cot B } 
Uf —fe) cot 0° +. fy, — fy cot 45°} 
{(1-55 + 2-28) xO + (1-:5541-61) «1 }=4- 3-16 
a= 0:00 


Kvery triangle in the frame must be similarly treated ; the results 
are given in (iv) Fig. 36 

Any chain of bars in the frame may be taken as the kinematic chain. 
Consider first the bottom flange, (viii), Fig. 37; for this @ = 0 every- 
where, and eq. (5) can be used for the elastic loads, Wm = — XSA: 
the negative sign is taken since it is the lower flange. From (iv) Fig. 36, 


Wa = — (+ 0:45) = — 0-45 

Wn = — (— 2-65 — 2-49 — 1-0) = + 6-14 
Wm = — (— 5-56 — 11-79 — 5:28) = + 22°63 
We = — (+ 0-90) = — 0-90 


Wa and Woe merely increase the elastic reactions without affecting the 
funicular polygon, and need not be further regarded. The elastic loads 
and reactions are then as shown at (viii), from which the funicular polygon 
(x), Tepeesenting the deflection curve, has’ been set out. The length 
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scale is 1” = 120 inches, hence a, = 120; the load scale is 1” = 20 units 
of elastic load, hence a, = 20; the polar distance H” = 1 inch.* The 


+2-20| +1-76 | +6561 +17-16 


12-74 r "(vy P 7 
| | 





Fia. 37. 


* It is to be observed that in setting out the funicular polygon it will seldom be 
convenient to make H = 1 unit of elastic load, as assumed in deducing eq. (3). 
This is immaterial, since from eq. (2) the loads themselves are proportional to H. 
A trial with two different polar distances will demonstrate this. As shown above, 
the scale of the force polygon must be taken into account in the usual way. 
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maximum ordinate of the funicular polygon occurs at m, and scales 
0-86”. Hence, allowing for E, the deflection at m is 


x 0-86 x 1 x 120 x 20 = 0-158inch, 


— 
. 


1 
13000 
which gives the scale of the diagram. 

Next, consider the top flange; to get the total deflection of each 
point the flange must be prolonged by means of two bars shown in broken 
lines in (i) Fig. 37. The values of 5A for the triangles thus formed are 
found in the usual way; the forces in th: added bars are zero. Then 
the values of the elastic loads are given by eq. (5), the + sign being taken, 


Wm = + XbA 


From this equation, WE = + 3:08; Wy» = + 16-02; Wg = + 12-96; 
these elastic loads and the corresponding reactions are set out in 
(i) Fig. 37, (iii) is the corresponding funicular polygon. ‘The scales are 
as before a, = 120; a, = 20; H” = 1 inch; the maximum ordinate yp 
scales 0:80”; hence, 


l 
Ym = nym x H” X Q,4, =; 


1 ; 
ieee stan “()- == UY ° 
13000 * 0-80 x 1 x 120 x 20 = 0-148 inch 

Lhe two deflection polygons found above might have been obtained 
by considering the chain of diagonals shown in (iv). This is only possible 
when there are no vertical bars. The clastic loads are found from eqs. (3) 
and (4), 


1 w <n 
y = BYP x H” xa,a, = 


W,, = | + EBA + 5 { fn tan Om — fn tan Ons} | - (6) 


The values of 5A are reproduced from Fig. 36, the + sign is taken for 
the upper panel points, and the — sign for thc lower. The values for 
fm tan 0m are given in the table p. 41 with their correct sign. Take 
E = unity. Wa and Wo need not be considered. 


Wk =[+ XdA + {(f tan 4), — (f tan 4),}] 

= + 2-20 + {1-55 — 1-55} = + 2-20. 
Wn =[— Z8A + {(f tan 4), — (f tan 4),}] 
+ 2-49 + {1-55 — 2-28} = + 1-76. 


Wp = + 6-56 + 2-28 — 2-28 = + 6-56. 
Wm = — (— 11-79) + 2-28 — (— 3-09) = + 17-16. 
Wq = + 4:38 + (— 3-09) + 3-09 = + 4-38. 


The elastic loads and reactions are then as shown in (v), from which 
the funicular polygon (vii) has been set out to the same scales as before, 
a, = 120; a, = 20; H” =1 inch. The deflection curve for the upper 
flange is got by joining the points a,k,p.9.0,; that for the lower flange 
by joining the points a,n,m,b,. The ordinate ym scales 0-86”, hence the 
deflection at m is 





x 0-86 x 1 x 120 x 20 = 0-158 inch. 


«l 
Ym = 5 Ym" x H’” X ais = canny 
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The ordinate yp scales 0-80", hence 


Up = ao x 0-80 x 1 x 120 x 20 = 0-148 inch. 
These values agree exactly with those obtained from the deflection 
polygons (iii) and (x). 

If the values for the deflections found by the elastic weight method, 
§ 14, be compared with those found by the kinematic chain method, § 15, 
they will be found to be identical. .  . 

The effect of differences in temperature on the values of 5A can be 
taken into account by using eq. (1), § 13, otherwise the procedure follows 
the normal course. 

Had the frame of Fig. 36 been sup- 
ported at b and m, as shown in (i) 
Fig. 38, and cantilevered out to a, the 
deflection of a could be found by an 
exactly similar process, excepting that, 
since all the external loads are reversed 
in direction, the eiastic loads will all 
be negative. In the example shown in 
(i) Fig. 38 the magnitudes of the loads 
are the same as in Fig. 36. The de- 
flection polygon a,n,m,b., (x) Fig. 37, 
turned upside down, will therefore be the deflection polygon for the 
frame in Fig. 38, but the base line must pass through 6, and m, since 
the deflection at these points is zero. Hence a,a, represents the vertical 
deflection of the point a. The scale of the deflection curve is determined 
exactly as before. 
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QUESTIONS ON CHAPTER I 


In the following examples, unless otherwise directed, draw the stress 
diagram, measure and tabulate the forces in the members of the frame, 
indicating in all cases which are ties (-+-) and which are struts (—). See 
Fig. 39 for the outline of the frames. 

1. Simple truss, loaded with 10 tons at the centre. 

Ans. Forces: AC = — 10; AD = + 11:18; CD = — 10 tons. 

2. Braced cantilever, built into a wall at A and B, carrying a load of 
10 tons at C. The members of the top chord are equal and each is the 
base of an isosceles triangle. (U.L.) 


Ans. Forces: BE = — 32°73; AD = + 30-63; AE = + 3-42 tons. 
3. Roof truss, 30 ft. span, loaded as shown. 
Ans. Forees; AF = FD=+3:0; AE =— 3-35; EC = — 2-24; 


EF = 0: ED = + 2:24; CD = + 1-0 tons. 

4. Roof truss, 36 ft. span, trusses 8 ft. apart. AD = DC = CE = EB 
and AF = FG = GC. Find the forces in the bars due to the weight of the 
roof which is 16 lb./sq. ft. of area covered. (U.L.) < 

Ans. Forces: AF = — 1:91; FG = — 1-53; GC = — 1-56; AD = 
-+ 1-64; DE = + 9°93; DC = + 0:76; GD = FD = — 0-36 ton. 

5. Roof truss, subjected to wind loads shown in the figure. Assume that 
the end A is fixed, and B is supported on a pier which permits movement in a 
horizontal direction. (U.L.) : 


Ans. Forces: AG = — 13-7: GH =—11-4; HC=—8-9; CB= 
— 12-3; AD=DE=+4+19°3; EF =+15:3; FB =+10'7; CF = 
+ 5-4; HF =—7°-1; HE = + 2:3; GE = — 4:6 tons; rest zero. 


6. Wall crane, upper bearing at A, footstep bearing at B. Load 3 tons. 
Chain passes over pulley at C. : 

Ans. Forces: AB =AC=+46; BD=DC=—8-2; AD= 
— 6-5 tons. 

7. Foundry crane, upper bearing at A, footstep bearing at B. Load 10 
tons at E. Find the stresses in all the members, and draw the bending 
moment and shearing force diagrams for AB and CE. 

Ans. “CD = + 16-7; FD = — 26; CF = + 10 tons; S, = Sg = 13} 
tons ; My = 320 in.-tons ; Sp = 10 tons; Mp = 1200 in.-tons. 

8. Forces of 10, 9, and 12 lb. act on the rod AB as shown. The rod is 
kept in equilibrium by two forces, one acting at A, the other at B in the 
direction CB. Find the magnitude and direction of the force at A, and the 
magnitude of the force at B. (U.L. Dimensions added.) 

Ans. Ra = 11-99 lb. at 72° 36’ with horizontal ; Ry = 14:97 Ib. 


9. The part of a pin jointed frame shown in the figure is loaded with a 
vertical dead load of 10,000 lb., and a normal wind pressure of 15,000 lb., 
both uniformly distributed along AB. Find the supporting forces P, Q, 
and R, and the forces in the bars which meet at C, indicating the struts and 


ties. (U.L.) 
Ans. P = 12,310; Q = 1200 (reversed); R = 14,290; AC = + 20,100; 
CD = CE = — 9710; CB = + 18,980 lb. 


10. The principals of a workshop roof, which are 15 ft. apart, are shown 
in the figure; AF = FG =GC. A normal wind pressure of 30 Ib. per sq. ft. 
acts on AC. Determine the forces in all the members of the roof, stating the 
assumptions made in determining them. (U.L.) 

Ans. Forces: AF = — 3:93; AD = + 4:29; DC = + 3-05; DE = 
+ 1-31; FD = — 1-45 tons. Reactions assumed parallel to loads. - 
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11. The figure shows the outline of a roof truss, span 28 ft., height 7 ft. 
Find graphically the stress in each member. (U.L.) 

Ans. Forces: AB = + 5760; AD = — 4120; DC = — 1780; AE = 
BD os — 2120 Ib. 
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12. The span of the frame shown in the figure is 57 ft., LM = 7 ft., 
NO = 1-8 ft. There are loads of 2 tons at P, 4 tons at O,.and 2 tons at M. 
Find the stresses in the members. (U.L.) 

Ans. Forces: AtoM =-+ 7°23;MtoB = + 3-64; CtoL = — 13-33; 
LtoD = — 8-51; AC = — 8-98; CN = + 6-95; NM = + 3-75; BD = 
— 4°51; DQ = + 5:55; QM = + 7°38 tons. 

13. The double cantilever roof shown in the figure has a span of 20 ft. 
and a rise of 6 ft. Total dead load 7500 lb. Total normal wind pressure 
4500 lb. Find the forces in the members (a) due to the dead load, and 
(6) due to the wind pressure when acting on the left-hand side of the roof. 
(U.L.) 

Ans. Forces: Rafter, (a) + 1820, + 3640; (b) + 1880, + 3070; 
Horizontal, (a) — 1560, (b) — 2190; verticals, (a2) 0, — 5630; (b) 0, — 2550; 
diagonal, (a) — 1820; (b) — 2550 lb. 

14. The double warren girder is-supported at the ends and loaded as 
shown. Find the forces in the members. State the assumptions made. 


(U.L.). 
Ans. See §7;  Forees: AB=—14-4; AC=49°6; CE = 
+ 26:4; EG = + 33-6; BD = — 14-4; DF = — 33-6; FH = — 38-4; 


AD =— 13-6; BC = +20-4; DE =-+13-6; CF =—3-4; EH = 
FG = + 3-4 tons. 

15. The two frames, (i) and (ii), are alike in all respects excepting that 
(ii) has a vertical bar at the middle. Find the forces in all the members of 
both frames. State clearly any assumptions made, and justify them. 
(U.L.) 

Ans. Forces: (i) AC = BD = — 1:0; CF = FD = + 1-41; 
CD = — 1-0; (ii) Gl = HJ =—0°5; IL=LJ =+0:°71; GK = KH 
= — 0-71; IK = KJ = — 0-5; GL = LH = + 0:5 tons. 

16. Find graphically the stresses in all the members of the Bollman truss 


shown. (U.L.) 
Ans. Forces: AB=—9-°8; AKE=+6°7; EB=+5°7; AF = 
+47; FB = +5:°:6; CE = — 6; DF = — 5 tons. 


17. In the frame shown in Fig. 40, AB = BC = CD = DE = 16 ft.: 
F bisects AB and G bisects DE. BA and DE are continuous. The weight 
per foot run on AB, BC, CD and DE is 200 lb., and there is a normal wind 
pressure of 300 lb. per ft. run on CD and 450 lb. per ft. run on DE. The 
reaction at A is vertical. Estimate the direct stresses in the members, all 
the joints being pins. Name the struts and ties. Find also the maximum 
bending moment in DE. (U.L.) 

Ans. Reactions V, = 9486; V, = 9787; Hg = 8095 lb. Forces in 
FD = + 10,810, BG = + 21,060 lb. and so on; B.M. at G = 47,520 ft. lb. 

18. The trestle shown in Fig. 40 has a top pull of 14 tons exerted upon 
it in the direction shown. Draw a diagram of the stresses in the members. 
The diagonal bracing may be assumed to be only capable of withstanding 
tensile forces. (U.L.) 

Ans. Use the methods of § 7. 

19. The N girder shown, with six panels each 10 ft. long by 12 ft. high, 
carries a load of 5 tons at each of the lower panel points. Find by the method 
of sections the stresses in all the members. 

Ans. Forces: AD=0; DF = 410-42; FH = + 16°67; CE = 


— 10-42; EG = — 16°67;° GJ =— 18:8; CD=+16-:26; EF = 
+976; GH=+3-25; AO=—12:'5; DE=—7:5; FG = — 2:5; 


20. Each top joint in the truss shown carries a load W. The top boom 
is divided into equal segments, and the length of the horizontal tie rod is 
one-half the span. Determine the ratio of depth to span so that the tension 

B 
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in all the tie-rods shall be the same, and verify your results by drawing a stress 
diagram. -) 

Ans. 4/11/20. 

21. Show that for a Bollman truss, if n be the number of equal panels, 
d the depth, / the span, and w het intensity of the uniform load, the horizontal 


stress in the top member is = : (2— 1). (U.L) 


(17) 30° 
B 


C 





I'1c. 40. 


22. Find by the method of sections the stresses in the roof truss shown, 
and draw also the stress diagram. 

Ans. V, = 0, Vg = 8:. Forces: CF = GA = + 2°24; FG = + 4°47; 
CR = — 2-83; EB = — 5-66; DE=—2; EF=+2; FB = — 3; 
CUS ae — 2-24 ; AB = — 2. 
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23. The figure represents one arm of a cantilever bridge. For the 
purpose of calculation the load on this frame may be taken aa 1 ton per ft. 
run uniformly spread, together with a concentrated load from the suspended 
span of 50 tons, acting at B. Find the forces in the four members of the 
frame meeting in the point J. (1.C.E.) 

Ans. Forces: KJ = + 198-9; JH = + 256-4; JM = + 95:2; JL = 
— 100-9 tons. 

24. A lattice girder, 160 ft. span, is made ini 10 panels of 16 ft. each. 
It weighs 40 tons, and the weight per ft. run may be considered as uniform. 
To float it into position it is placed on a pontoon, with supports under the 
panel point 32 ft. from each end. Draw the shearing force and bending 
moment diagrams for the weight of the girder, and give the maximum 
shearing force in any panel, and the maximum bending moment. arywhere. 
If the flanges are parallel, and 20 ft. apart centre to centre, and the web 
bracing is of the N type, find the maximum force anywhere in a flange, and 
also in any web diagonal. (I.C.E.) 

Ans. Max. §.F. = 10 tons; max. B.M. = 160 ft. tons; max. force in 

ae flagge = 80 tons; max. force in diagonal = 12-8 tons. 
Ee The figure shows the pian and elevation of a triangulated framework 
ojecting from a wall and carrying a vertical load of 4 tons at its apex. 
Find the forces in a)l the bars forming the frame, specifying whether they 
be tensile or compressive. (I.C.E.) 

Ays. Forces: ab = + 2-31; ac= +2:°31; ad = — 5-66 tons. 

A The legs of a pair of sheer legs are each 45 ft. long, and the feet are 
read 25 ft. on the ground. The guy rope is attached to the ground 64 ft. 


6T ar. $4" or 
ky 9.59 2 oso Sh 
ase a ¥y, ae “eo, WY % 
of 448 = rh 7 418 mi 
Sie eee SG. Ss 


from the middle point of the line joining the two feet. A load of 30 tons is 
suspended from the legs. Find the thrust in each leg and the pull in the 
guy rope when the legs are 10 ft. out of the perpendicular. (U.L.) 


18-6: 9-5 tons. 
we The feet of a tripod resting on_ smooth ground are tied by horizontal 
bars forming a triangle BCD, see thé figure. E is the mid point of CD, F 
the mid point of BE. The apex A is 7 ft. above F. Find the stresses in all 
the bars when | ton is susponded at A. 
Ans. Forces: AB = — 1220; AC = — 700; = — 660;sx BD = 
+ 250; BC = + 290; CD = + 140 lb. 


28. A cantilever frame of the dimensions shown carries at the point 
E a load W of magnitude such that it produces a stress in all the ties of 
7 tons/sq. in., and in all the struts of 5 tons/sq. in. Determine, preferably 
by a graphical method, the vertical deflection of the point E. Take Young's 
modulus = 13,000 tons/sq. in. (I.C.E.) 


Ans. 0-46 inch. 
E V8). Find the vertical ‘deflection of the point A of the crane structure 
‘ shown in Q. No. 2, Chapter V, by means of a Williot diagram. 
‘{ Ans. 0-079 inch. 


® 
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wo ‘F30) Find the vertical deflection of the point D when the crane is carrying 
a 


Ye 


of 5tons. Tho mean stress in all the tension members is 5 tons/sq. in. 
and in all the compression members is 4 tons/sq. in. (Fig. 40). 
Ans. 0:70 inch. 


» E31) Find by means of a Williot-Mobr diagram the deflection polygons for 
th ied 


er shown in Fig. 41. The numbers on the figure represent the areas 
of the bars. 
Ans. Deflections at k = 0:138: p =0:296: ¢g = 0-154: m=0°272; 
nm = 0-244 inch. 
Vv32. Solve Q. No. 31 by an application of the kinematic chain method, §15. 
33. Suppose the braced frame shown in Fig. 36 to be fixed in position at 
a, and free to move longitudinally at b. Ji is loaded at b with a horizontal 
load of 10 tons, acting in the direction from: a to b. Using (i) the elastic 
weight method, § 14, and (ii) the kinematic chain method, § 15, find the 
vertical deflection of the lower flange. 
Ans. 0-05 inch. 


CHAPTER II 
TRAVELLING LOADS 


16. Maximum Shearing-Force and Maximum Bending-Moment 
Diagrams.—Let AB, Fig. 42, be a beam, supported at each end, across 
which the load W travels from left to right. When the load reaches K, 
the Lending-moment diagram will be the triangle a’k’b’, (iii) Fig. 42, and 
when the load reaches J, the bending-moment diagram will be the triangle 

a’j’b’. Ifsimilar bending-moment diagrams be constructed for a sufficient 
number of positions of the moving load, 
a curve such as a’h’j’b’ can be drawn, 
enveloping them all. The ordinate of 
this curve, at any section of the beam, 
will represent the maximum bending 
moment which will occur there. This 
curve is called the maximum bending- 
moment diagram. Similarly, the mazi- 
mum shearing-force diagram is @ curve, 
(ii) Fig. 42, enveloping all the shearing- 
force diagrams. Such curves may be 
regarded as true bending-moment and 
shearing-force diagrams, and may be 
used for the purposes of design. 

In certain cases it is not necessary 
actually to draw all the shearing-force 
and bending-moment diagrams, in order to determine the maximum 
shearing-force and maximum bending-moment diagrams, for these curves 
can be plotted from their equations, which can be found from the given 
conditions. The method of attack is as follows: For’ any section of the: 
beam, find the position of the moving load which makes, say the shearing | 
force at that section, a maximum. Put the load in this position, and 
find an expression for the magnitude of the shearing force at the section. 
This expression will be the equation to the maximum shearing-force . 
diagram. A similar procedure will determine the equation to the maxi- ' 
mum bending-moment diagram. Particular cases are considered in the 
Articles which follow. 

17. Case (1). Single Concentrated Travelling Load.—Let AB, 
(i) Fig. 43, be a beam of span L, supported at each end, across which travels, 
from left to right, a single concentrated load W. To draw the maximum 





Fia. 42. 
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shearing-force diagram, consider any section K, distant z from A, and 
in the first instance suppose the load to be at a distance z to the left of 
K. Find the reactions: R,L = W(L -- z +2); and RL = W(z —2). 
The shearing force at K, under these conditions, is Sz = R, = W(x — z)/L. 
This is positive, and increases as z diminishes, reaching a maximum when 
z = 0, i.e. when the load arrives at K. Put the load at K (z = 0), then 
R, = W2z/L. Hence the maximum positive shearing force at the section 
K is 
WwW 


»~ max. positive Sk = , L7 : : i (1) 


and occurs in front of the load, when the 'oad arrives at K. Eq. (1) is 
the equation to the straight line af, (ii) Fig. 43, of which the maximum 
ordinate bf = W; and the maximum 
positive shearing force at K is repre- 
sentec. by the ordinate kp. 

When W passes to the right of K, 
@ change in the shearing force at that 
section occurs. It becomes Sg = R, — 
W = — R,, and is negative. But the 
vahie of R, decreases as the lvad 
travels on, and conséquently the nega- 
tive shearing force at K also decreases. 
It follows that the negative shearing 
force at Kk is also a maximum when the 
load is at K. With the load in this 
position, R,; = W(L — 2)/L. Hence 
the negative maximum shearing force 
at the section K is, 





v’max. negative Sk = - Ve — a) . (2) 


and occurs at the back of the load, when the load is at K. Eq. (2) is 
the equation to the straight line bg, of which the maximum ordinate 
ag = — W, and the maximum negative shear at K is represented by the 
ordinate kq. 
/ It should be evideat from the above that the maximum shear at K 
jis either kp or kg, not their sum pq. 

Consider next the maximum bending moment at K. With the load 
in the position shown in Fig. 43, the bending moment at K is negative, 


and equal to Mx = — R,(L — 2) = — eo — x)(z — 2) which increases 


a3 z diminishes, reaching a maximum when z = 0, that is when W is at 
K. If the load pass K, the bending moment at K will be Mk = — R,2. 
As the load travels on, R, diminishes, and therefore Mx diminishes. 
It follows that the maximum bending moment at K occurs when the 
lend is there, and its magnitude is, 


_# max. Mx = — va —x)e  '. ; : (3) 
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This is the equation to the maximum bending-moment diagram, which 
is the parabola a’d’b’ passing through a’ and b’, with its vertex at d’, 
(iii) Fig. 43. The maximum ordinate c’d’ = — WL/4, which is the 
bending moment at the centre of the beam when the load reaches “shag | 


int. 


Equivalent Uniform Load.—Since the maximum bending-moment 
diagram is a parabola with its vertex at d’, it is evident that an equal 
bending moment would be produced at every section if the beam were 
loaded with a suitable uniform load. Such a load is called the equivalent 
uniform load. If its magnitude be w’ per unit of length, the maximum 
ordinate of the bending-moment diagram at the centre of the spen would 


be — w’L?/8. Hence, for equality of bending moments everywhere, 


18. Case (2). Uniform Travelling 
Load, longer than the Span.—Let AB, 
Fig. 44, be a bear: of span L, sup- 
ported at each end, across which 
travels, from left to right, a uniform 
load w per unit of length, longer than 
the span. Consider the shearing force 
at any section K, distant 2 from A, 
when the front of the load has ad- 
vanced to D, (i) Fig. 44, distant z 
from A. The shearing force Sx at 
K, wish the load in this position, 
will be positive and equal to R, in 
magnitude. This reaction, R,, can 
be found by taking moments about 
A. The load on the beam will be 


wz, and therefore, R,L = w2?/2.* 


Hence Sx = R, = + wz*/2L. This 
increases in magnitude as z increases, 
and attains a maximum when the 
front of the load reaches K, i.e. 


when z = 2, max. Sx = + wz?/2L. ° 


(4) * 





When the front of the load passes K, a change occurs; and, for the position 


shown at (iv), Fig. 44, 


Sx = R, — w(z — 2) = or 


= wr + 5 (— 2a +2) = wr + 5 {(L — 2)? — 


Sx evidently increases as {(L — z)? — 
as (L. — 2) increases and z diminishes. 


w(z — x) 


L*} increases ; 


to say. 


Therefore the maximum shearing 
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force for the load position shown at (iv), Fig. 44, also occurs when z = 2, 
i.e. when the front of the load is at K. It follows that 

4, wa ae 

+ oF, ; os : (1) 


This is the equation to the parabola af, (ii) Fig. 48, with its vertex ata; the 
maximum ordinate bf = wl/2, and abf is the positive maximum shearing- 
force diagram. It will be evident, on consideration, that the maximum 
negative shearing-force diagram hag will be an exactly similar diagram to 
abf, but turned end forend. The maximum negative shearing force at any 
section such as K occurs when the back of the load is at K, and is then 
equal to R,. The magnitude of the maximum ordinate ag is — wL/2. 

The maximum bending moment at every section of the beam will 
occur when the travelling load completely covers the beam. This follows 
from the principle of superposi- 


tion, § 36, Vol. I, for the addi- a Lo 
A B 


max. Sx = 


tion of a load anywhere on a 
beam increases the bending 
moment everywhere. The 
maximum § bending-moment 
diayram, therefore, is the 
parabola a’c’b’, (iii) Fig. 44, of 
which the maximum ordinate 
is — wL?/8. 

It is evident, in this case, 
that the magnitude of the equi- 
valent uniform load w’ is equal: 
to that of the travelling load w: 
per unit of length. 

19. Case (3). Uniform 
Travelling Load, shorter than 
the Span.—Let AB, Fig. 45, be 
a beam of span L, supported at 
each end, wcross which travels 
from left to right a uniform load 
w per unit of length, shorter 
than the span. Let I be the 
length of the travelling load, 
the total weight of which will 
be wl. Consider the shearing force at any section K, distant x from 
A, when the front of the load has advanced to D, (i) Fig. 45, distant 
z from A. The shearing force Sx at K, with the load in the position 
shown, will be positive and equal to R, in magnitude. This reaction, 


Rg, can be found by taking moments about A, R,L = wl (z — 5): Hence, 





l ae 
Se = R, se L (2 — :) This increases as z increases, and attains a 
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maximum when the front of the load reaches K, i.e. when z = 2, 


i max. Sx = + : € _ 3): When the front of the load passes K, a change 
occurs. For the position shown at (iv), Fig. 45, 
wl l 
Sx = R, — w(z — a= F(z -3) — w(z — 2) 


2 WZ 
Ww € zz) L (L —2) 
i Since L>/, (L —2) is positive, and the positive value of Sx de- 
-creases as z increases. Hence the positive maximum shearing force at 
‘K, for this condition of affairs, also occurs when the front of the load is 
,;at K. It follows that 
~ max.§ + ” (= as (1) 
Fomor sent (et) 
This is the equation to the straight line jfn, (ii) Fig. 45, of which the 
ordinate is zero at 7 (x = 1/2), and equal to wl at m (x = L + 1/2). Only 
the portion Af is of consequence, for until the whole of the load is on the 
beam, that is, until > 1, the above equations will not apply. For 
values of x less than /, the positive maximum shearing-force diagram will 
be the parabola ah, tangent to the straight line jf at h, and identical with 
the positive maximum shearing-force diagram, (ii) Fig. 44, for a load of 
equal intensity, longer than the span. The complete positive maximum 
shearing-force diagram, therefore, is the figure aif. The maximum 
positive shearing force occurs at B, when the front of the load reaches 


that point, and is represented by the ordinate bf = + i (x — : 

The negative maximum shearing-force diagram bag will be an exactly | 
similar diagram to abf, but turned end for end. The maximum negative 
shearing force at any section will occur when the back of the load reaches 
that section, and is then equal to R,. The maximum ordinate ag = 
_ wl L l 

L ( 5): 

Consider next the bending moment at K. When the load is in the 
position shown at (i) Fig. 45, with the front of the load to the left of K, 
the bending moment at K is — R,(L — x). R, increases as the load 
advances, and therefore the bending moment at K increases. When 
the entire load has passed K, the bending moment there will be — R,z. 
R, diminishes as the load travels on, and hence the bending moment at 
K" diminishes. It follows that the maximum bending moment at K ° 
must occur after the front of the load has passed K, and before the back , 
‘of the load has left K ; that is to say, in some such position as is shown at 
(iv) Fig. 45. The bending moment at K for this load position is, 

Mx = —R,(L — 2) + 3 (2 — x)?, where R, == (2 — 3): 
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Hence, Mx -—F (2-3) - 2) + 5-2) 
To obtain the value of z for which this becomes a maximum, differentiate 
with regard to z and equate to zero, 


aMq wl its 
| (2 2) + we — 2) = 0; 


ae L—-aw 2-2“ ~~ 
Lf 

and it follows that the maximuin bendix; moment at any section K 

‘occurs when the ordinate at that section divides the span and the load 


:in the same ratio. Put the load in this position. The value of z is 





z = (L —2z) +2, and z—2% = us (L -2z). Hence the maximum 
bending moment at K is, 

KL -- x) _ : l _ 3 
i +2 apt z) + a1, x) 


wl _ [(l - 2) i eee _ 
eee re 


-F@-a(1-s) . woe (2) 


This is the equation to a parabola, passing through a’ and JO’, (iii) 
Fig. 45, with its maximum ordinate at c’, where x == L/2. Inserting this 
value in the above equation 


max. Mo -- - |}. eet - oo. Q) 


4 8 
if wl = W. 
If the equivalent uniform load be w’ per unit of length, 


max. Mx 


i 








w’L? {= WL WI! t 
max. Mc = — —_ 0 coe ’ 
8 4 8 
whence, wo = = 1— aut a : (4) 


20. Case (4). Two Concentrated Travelling Loads at a Fixed Distance 
Apast.—Let AB, Fig. 46, be a beam of span L, supported at each end, 
across which travel, from left to right, two concentrated loads W, and 
W,, at a fixed distance / apart. To draw the maximum shearing-force 
diagram. When the travelling load first enters the span, only one load 
W, will come on the beam. The positive maximum shearing-force dia- 
‘gram for this condition of affairs will be the straight line ah, (ii) Fig. 46, 
part of the triangle aeb, of which the maximum ordinate be Me 
exactly as in Case (1) for the single concentrated travelling load. wy 
W, has passed the point H, distant J from A, both loads will be on the 
beam, and the conditions will be altered. Consider the shearing force 
at any: section K, distant zx from A. While both loads are to the loft of 
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K, the shearing force Sx, at K, will be positive and equal to R,. This 
will increase as the load travels on, until W, arrives at K. When W, 


Wp Scie W, 
A aN K 
(j 
Re nae “= L-—-—4R 


2 ecm lL —-— - -——_—- - : 
TP a 





Fia. 46. 


passes K there will be a sudden reduction in the positive shearing force | 
at K, which will become Sx = + (R, — W,).~This value of Sx also: 
increases a8 the load advances, until W, arrives at K. When W, passes:. 
K there will be a second reduction in the shearing force at K, which will 
then have the value Sk = + (R, — W, — W,) = — R;, thus becoming 
negative and equal to the reaction R,. It follows that the maximum 
positive shearing force at any section K must occur, either when W, is 
at that section, or when W, is there. When W, is at K, 


RL = W,x + W, (x —) =(W, + W,) 2 — Wy, and, ~~ 
max. Sx = Ry = + [ cw, + Wy) = -W,- | = Sp’ . (u) 


wo” 
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When W, is at K, R,L = - Wy (@ +1) +Wet = (W, + W,)z + Wil, 
and, 


Sade Seve. Wack [ cw, + WA) ees =| = Se". (2) 


The graphs of eqs. (1) and (2) are shown in (ii) Fig. - Kq. (1) represents 
the straight line hf. Its siope is (W, + W,)/L, and therefore it is parallel 
toam. Whenz =l, Sx’ = + W,l/L, which is the height of the ordinate 
of the straight line ae at h. Hence the graph of eq. (1) passes through h. 


At x =L, the maximum ordinste bf = + | w, + W, Z = ‘|. The 


= 
broken line ahf, therefore, is the positive maximum shearing-force diagram 
for sections immediately in front of W,. The maximum shearing force 
immediately behind W, is [Sx’ — W,]. This is represented by the dotted 
line nop drawn parallel to ahf, and at a distance W, below it. This 
shearing force may be positive or negative, depending on the position of 
the load. 

Turning next to eq. (2), which represents the maximum shearing force 
immediately in front of W,, this is the equation to the straight line qr, 
with a slope (W, + W,)/L, and parallel to hf. When z = 0, the ordinate 
ag = —W, ( = y . When the load W, passes B there is a change, for 
only W, will remain on the beam. This load will then have reached the 
ordinate through 7, distant / from B. As in Case (1), the maximum 
shearing force in front of W, under these conditions will be the straight 
line rs, slope W,/L, of which the maximum ordinate bs = W,. The 
dotted line qrs, therefore, is the maximum shearing-force diagram for the 
front of W,. For some positions of the load this shearing force is positive, 
for others it is negative. The maximum shearing force immediately 
behind W, is equal to (Sx” — W,]. It occurs whea W, is at the section K, 
is always negative, and equal to R,. This is represented in the diagram 
by the line 97}, parallel to grs, and at a distance W, belowit. The maxi- 


murr ordinate ag = — (aq + W,) =: -[w. =z eos + W, |. 


The complete maximum shearing-force Mecce consists, therefore, 
of the four lines ahf, nop, grs, gjb ; and, in the case considered, ahfd is the 
positive maximum shearing-force diagram, and agjb the negative maxi- 
mum diagram. .It does not follow that the maximum positive shearing 
force will always be represented by ahf, nor the maximum negative 
shearing force by gjb ; for in certain cases the point r may lie outside hf, 
and the point o outside gj. The relation of the four lines to the actual 
shearing-force diagram for the particular position of the load shown in 
(i) Fig. 46 is indicated by the stepped figure 1.2.3.4.5.6. 

Consider next the bending moment Mx at K. When the load is in the 
position shown at (i) Fig. 46, with W, to the left of K, the bending moment 
at K is — R,(L — 7). R, increases as the loads advance, and therefore 
My increases. When both loads, W, and W,, have passed K, the bending 
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moment there will be — R,z. R, diminishes as the loads advance, and 
therefore the bending moment at K diminishes. It follows that the 
maximum bending moment.at K must occur after W, has reached K, 
and before W, has left K. Examine an intermediate position as shown 
at (iv) Fig. 46, when W, is distant z from A.. For this position, 

Mx = —[FP,(L — xz) — W,(z —2)], R,L = W,z + W,(z — J), 
and hence 


Mx = — | «Wz + W,(z _p 8 2 


L - — W,(z -#) | ‘ ~ (3) 
L—z 





L—z 

Consider the coefficient of 2 in eq. (4). By giving certain values to =z this 
coefficient can be made either positive or negative. If it be positive, 
the value of Mg wiil be greater the greater the value of z. But since it 
has been shown that max. Mg must occur before W, has left K, it follows 
that if this coefficient be positive, the maximum bending moment at K 
will occur when W., is at K. If the coefficient of z be negative, the value 
of Mx is greater the less the value of z, and since the maximum bending 
moment at K occurs after W, has reached K, it follows that max. Mg 
occurs when W, is at K. For certain values of z, therefore, which make 
the coefficient of z positive, max. Mx occurs when W, is at K. For other 
values of 2, which make the coefficient negative, max. Mg occurs when 
W, is at K. At the limiting position, between each set of values for z, 
this coefficient will be zero, i.e., 








= — | Wie" Ww, +2 {(W, + W,) 








Lb 
(W, + W,) —-— —W, =0; 
: - 3 2h i 
from which, t= W,+W, L, and (L x) = W, = W, L, 
zs  W, 
or L —z = W, e 4 e e e (5) 


If then, a point d’ be taken in the line a’b’, (iii) Fig. 46, such that 
a’d’ : d’b’ = W,: W,, for all values of x lying between a’ and d’ the 
bending moment at any section will be a maximum when W, arrives at 
that section, and for all values of z lying between d’ and 0’ the bending 
moment at any section will reach a maximum when W, is at the section. 
The length a’d’ is called the field of W., and d@’6’ the field of W,. In 
the field of W, the bending moment is a maximum under W,, and in the 
field of W, the bending moment is a maximum under W,. 

For the field of W,, max. Mg occurs when z = 2, (W, at K). Insert 
this value in eq. (3), then 


max. Mg = — [ We + W, (z —)} = = | 


--[Lf0n+wor-wa] . © 
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This is the equation to the parabola e’f’d’, (iii) Fig. 46. When z = L, 
WoW, ,max. Mx = 0. Hence the parabola 
passes through the points 6’ and e’, where a’e’ = ww, . The 





max. Me = 0; whenz = 


maximum ordinate n’f’ ovcurs when 
( W,l W,/ 
a ay, tw,p ob 2 =} iL ~ go wit 
and, from eq. (6), 


W.+W, Ww. )? 
= L Te ee eee e e 7 
nf -(> 4, , OW, + vA ] ”) 


For the field of W,, max. Mx occurs whén z = 2 + 1, (W, at K). 
Inserting this value in eq. (3), 


max. Mk = — | (W, (x +1) + Wer} — ~ wi | 








ae | «w 1 1 | 
oi EF {(W, + W,)(L — 2) — wi | . ° (8) 
- This is the equation to the parabola a’g’y’ ; max. Mx is zero when x = 0, 
ieee ee, * 
and also when x = | Wr W,I” Hence the parabola passes through 


( | 
a’ and a’, where a’q’ = :L — =-—.~ }. The maximum ordinate m’q’ 
a W, + W, eee 


| 
occurs when x = } iL — ww and is, 
1 2 


pr _[Wyi+Wef, Wil}? 
m’g’ = aL L ] : ; (9) 

The two parabolas cross on the line d’s’ which divides the field of 
W, from the field of W,. The complete maximum bending-moment 
diagram is a’s’f’6’. 

To obtain the equivalent uniform load it is necessary to determine 
the smallest parabola which will envelop this diagram. The required 
parabola will have a common tangent to the larger of the two parabolas 
forming the maximum bending-moment diagram. Its maximum ordi- 
nate c’t’ is obtained by the geometrical construction shown in (iii) Fig. 46, 
from which it follows that, 

ne pp Oe [W,+W,(, W,! )? L 

ct’ = nf Wn’ | ano iL W, + W,| Wie wi 


= — FR t Wee - PHN: 
4 W,+ W, 
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but if w’ be the equivalent uniform load per unit of length, c’t’/ = — “= 
hence 
, _ 2(W, + W,) { W.! 
Ug a ee 10 
L ( W, + W;) ea 


In certain cases it is possible that the maximum bending moment may 
occur under the greater load when that load alone is on the beam. The 
maximum bending-moment diagram under, W,, when that load only is 
on the beam, will be a parabola such as a’w’v’, (iii) Fig. 46, obtained as in 
Case (1), §17. If W, > W,, and /> WoW L, this parabola will lie 

1 2 
outside a’s’g’, and thus form part of the complete maximum bending- 
moment diagram. The enveloping parabola representing the equivalent 
uniform load must in this case enclose the parabola a’u’v’. 

21. Case (5). A Series of Concentrated Travelling Loads at Fixed 
Distances Apart.—When the number of concentrated loads exceeds 





On the Drawing Paper Tracing Paper. 
Fia. 47. 


two, it is better to adopt graphical means in order to obtain the maximum 
shearing-force and bending-moment diagrams. The simplest procedure 
is what is known as the tracing paper method. This is an extension of the 
graphical process of § 33, Vol. I. 

Given a span AB, length L, across which travels, from left to right, a 
series of concentrated loads at fixed distances apart, to draw the maximum 
shearing-force and bending-moment diagrams. On a sheet of drawing 
paper, set out the lines. of action, CDEFG, (i) Fig. 47, of the series of 
travelling loads, and suppose them resting on a beam of unlimited span. 
These lines of action should be extended above and below the beam as 
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shown. Set off the magnitudes of the loads on the load line cdefg, and 
with any pole O, complete the force polygon (ii). Draw next the stepped 
figure 1.2.3.4.5.6, part of the shearing force diagram, shown at (iii). 
Draw also the link polygon 7.8.9.10.11.12, forming part of the bending- 
moment diagram, shown at (iv). These figures cannot be completed yet, 






Fig. 48. 


for the position of the closing line is unknown. Nothing else should be 
drawn on the drawing paper. 

On a sheet of tracing paper, draw to the length scale used on the draw- 
ing paper, a horizontal line AB, (v) Fig. 47, to represent the actual span L, 
and:erect perpendiculars Aa, Bb, at the ends of the span. These lines 
showld be prolonged upward and downward as shown. Draw also the 
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horizontal lines ab and a’b’ (vi and vii). No other lines should, at present, 
be drawn on the tracing paper. The lines ab and a’b’ are to form the base 
lines for the maximum shearing-force and bending-moment diagrams, 
which will appear later as shown by the dotted lines. 

Superpose the tracing paper on the drawing paper so that the combined 
appearance is as shown in Fig. 48; AB, at (i), represents the span. The 
perpendiculars at the end of the span will cut the link polygon at 13.14. 
Draw the line 13.14 on the tracing paper, this will be the closing line of the 
bending-moment diagram for this position of the loads relative to the 
span AB. In the force polygon draw 0.15 parallel to 13.14. Project 
across, and draw 16.17 the closing line of the shear-force diagram. No 
other lines should be drawn on the tracing paper below AB. Then 
16.18.3.19.17 is the shearing force diagram for the span AB with the loads 
in this particular position. Transfer this diagram to the base line ad, (vi). 
It will appear as the stepped figure a.18.3.19.5 in (vi), drawn on the tracing 
paper. The prolongation of the lines of action of the loads will be found 
of convenience in this operation. Next transfer the bending-moment 
diagram 13.8.9.10.14 to the base line a’b’, (vii), where it will appear as 
a’.8.9.10.b’, drawn on the tracing paper. The tracing paper can now be 
shifted until the span occupies another position A,B,, when the process 
is repeated ; 20.21 is the new closing line of the bending-moment diagram, 
Q.22 the line parallel thereto in the force polygon, and 23.24 the closing 
line of the shear-force diagram. These new diagrams are now transferred 
to their respective base lines in (vi) and (vii) as before, which, being on 
the tracing paper, will move along with the span. To avoid a confusion 
of lines, this movement has not been shown in Fig. 48. 

If the operation be repeated a sufficient number of times, a series of 
shearing-force and bending-moment diagrams, for many positions of the 
moving load, will be obtained on the base lines ab and a’d’ respectively. 
It remains to draw enveloping curves, § 16, which curves will be the 
maximum shearing-force and maximum bending-moment diagrams. 
It will be seen that in effect the load remains stationary and the span 
moves, which does not affect the results obtained. 

It is usual, though not necessary, to draw parabolas for the enveloping 
curves, in which case the magnitude of the equivalent uniform load is 
easily determined. Suppose that bf be the maximum ordinate of the 
enveloping parabolas abf, abg, (vi) Fig. 48, representing the maximum 
shearing-force diagrams. If w be the equivalent uniform load per unit 
of length, which, travelling across the beam, would produce the same 
maximum shearing force at every cross section, bf = wL/2 (see § 18), 


and w = © (of). bf is measured to the load soale. 


If c’d’ be the maximum ordinate of the parabola a’d’b’, (vii) Fig. 48, 
representing the maximum bending-moment diagram, the maximum 
bending-moment at the centre is max. Mo =c’d’ x H, where ed’ is 
measured to the distance scale, and H is the polar distance measured 
to the load scale. If w’ be the equivalent uniform load per unit of length 

¥ 
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which would produce the same maximum oe ree at every 
cross section, max. Myo = w’L?/8; or w’ = L 5 (max. Mo) = a H eid’), 


It will usually be found that the value 3 w’ differs from that of w, 
in which case w should be used for the purpose of designing those portions 
of the beam which carry the shearing force, and w’ for those portions 
which carry the bending moment. 

22. Standard Loadings.—For the purpose of bridge design, certain 
conventional loadings have been standardised. (i) Fig. 49 shows Cooper’s 
E-72 loading used for main line railway bridges in America. Hach unit 


(i) or 
65-65 65-65 O-W/ft. +2512 
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of loading represents 72,000 lb. (ii) shows the British Standard loading 
* for main line railway bridges, each unit of loading representing 20 tons. 
Values of w’, the equivalent uniform load for bending moment at the 


centre of the span, corresponding to this loading, may be obtained from 
the curve (iii), 


L < 150, w’ = 2-44 + 1700/(580 4- L?) tons per foot . (2) 
L> 150, w’ = 1-85 + 100/L tons per foot : . (2) 


The equivalent uniform loads for bending, given by this curve, are 
sufficiently accurate for approximate calculation in the case of railway 
bridges of span greater than 17 ft. For exact values, including values of 
the maximum shear both at the centre and ends of the span, see Appendix 
No. 11° to British Standard Specification, No. 153, Parts 3, 4 and 5, 1930. 
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When designing short spans, cross girders, and. rail bearers, the 
maximum axle loads, shown to the right in (i) and (ii) Fig. 49, must be 
taken into account. 

The equivalent uniform loads given by eqs. (1) and (2) do aol take 
into account the dynamic effects of the moving load, commonly referred 
to as impact. To make allowance for this, an impact factor « may be 
used, see § 61. If the value of w’ from eqs. (1) and (2) -be multiplied 
by (1 + 4), and the equivalent uniform load thus obtained be treated as 
a, static load on the bridge, the stresses computed therefrom may be taken 
as equivalent to those produced by the travelling load when crossing the 
bridge. 

Alternatively, the British Bridge Stress Committee (Ref. No. 16, 
Chap. IV) have published tables of equivalent uniform loads, based on 
their experiments, and intended for the purpose of design, in which the 
Jynamic effects of the moving load are included. 

23. Standard Loading for Highway Bridges.—Particulars of the latest 
(1931) Ministry of Transport loading for highway bridges are given in 
Fig. 50. The following explanations accompany the curve. 

The uniformly distributed load applicable to the ‘loaded length’ of 
the bridge or member in question is selected from the curve or table. 

The ‘ loaded length ’ is the length of member loaded in order to pro- 
duce the most severe stresses. In a freely supported span the ‘loaded 
length ’ would thus be (a) for bending moment; the full span. (6) for 
shear at the support ; the fullspan. (c) for shear at intermediate points ; 
from this point to the farther support. 

In arches and continuous spans the ‘loaded length’ can be taken 
from the influence line curves. 

The live load to be used consists of two items: (1) The uniformly 
distributed load which varies with the loaded length, and which repre- 
sents the ordinary axle loads of the M.T. standard train, perfectly dis- 
tributed. (2) An invariable knife edge load of 2,700 lb. per foot of width 
applied at the section where it will, when combined with the uniformly 
distributed load, be most effective, i.e. in a freely supported span : (a) for 
bending moment at midspan; at midspan point. (6) for shear at the 
support ; at the support. (c) for shear at any section ; at the section. 

This knife edge load represents the excess in the M. T. standard train 
of the heavy axle over the other axles, this excess being undistributed 
(except laterally as already assumed). 

In spans of less than 10 ft. (i.e. less than the axle spacing) the con- 
centration serves to counteract the over-dispersion of the distributed load. 

In slabs the knife edge load of 2,700 lb. per ft. of width is taken as 
acting parallel to the supporting members, irrespective of the direction 
in which the slab spans. 

In longitudinal girders, stringers, etc., this concentrated loading is 
taken as acting transversely to them (i.e. parallel with their supports), 

In transverse beams the concentrated loading is taken as acting in 
line with them (i.e. 2,700 ib. per ft. run of beam). 


MATERIALS AND STRUCTURES 


‘(q) T xrpueddy ‘2 E61 ‘speoy jo uoMoni48U0_ puv yno-LeT] 
Of? UO E87 “ON UMpuwoUNW jiodsuely, yo ArysturA, OY} UIOIZ BOLO Arou0T}EIg "WW" JO Ae]]O1;UOD oY} Jo UOIsstuLIed Aq peonpordey 
"09 “OL 


"339] bua apo 
Pon ya ok oos or 












a 
COREE ecco ; 
p wee CCC CEE EEE ECC es 8 
COCCI eee eet 
TE ee6e&eh v2 
ET SEE OT Occ eae £ 
PEE eRe Cee 3 
PEs, 3 
oo TT TITT TIT Tt ttt TTT SB suo [0-2 fowl ons 
COC, ae -sraif wotat aa ands 
Tr TT TTT tri rt th LEM LEME LOL LD RL LTD 3 2/9 Sf ay] vods| 
COC en, «© “S3NIVA Qalvineva 
snamauvaza Sowow 1 
N a ui uibua Do 
ABOdSNVUL 40 AYLSINIW SOE meg MIP Ua) Peprey 
TTL TTT eee $8 6 9» 8 © © 8 t @ 











P~] ce 
INI: 2. 
COON or. ¢: 
PrTTT Nr eee LEMME LLL LI «3 
TCC RICO T ee eeeersi€ 
SEO EE 9 
CPOs) 
COC CCRC Th 2 
TTTTTTCIT ALLL ee LeU 2 
COC 
COC TT OO ALLE 
TON ess 
SOE CE oy & 
wheel os 18 PNT TTT 
Ys fs peYitityi ry > 
ete ttt he 
3AUND ONIGVOT LN3IIVAINDS -¥ reeds COATT HH 0 = 
S350148 AVMHSIH YOJS AVOT GYVAONVIS | yvmoarojus view jog oti tit tT Try 8 
srammeseer TNH 
SIMWA GIAVINGVL i ou *4L PET IV TPT ET 
CELT teory * 


TRAVELLING LOADS 69 


If longitudinal or transverse members are spaced more closely than 
at 5 ft. centres, the live load allocated to them shall be that calculated 
on a 5 ft. wide strip. With wider spacing this strip will be equal to the 
girder spacing. 

In all cases, irrespective of span length, one knife edge load of 2700 Ib. 
per foot of width is taken as acting in conjunction with the uniform 
distributed load appropriate to the span or ‘ loaded length.’ 

The loading, which is the minimum recognised by the Ministry, 
includes the effect of impact, which need hot be considered separately. 
On spans exceeding 75 ft. a reduction has been made in the intensity of 
the loading, as compared with the standard train, to allow partly for the 
lower average weight vf vehicles in the larger group, and partly for the 
lessening effect of impact on the longer spans. For spans below 10 ft. 
the oquivalent loading makes allowance for bending moments in both 
directions, of which only the main bending moment need be calculated. 
For a discussion of the derivation of the loading, reference may be made 
to Reinforced Concrete Bridge Design, Chettoe and Adams, London, 1933. 

4. Position of Load for which the Bending Moment is a Maximum 
at any Section.—It is sometimes convenient to determine the position 
of the travelling load for which the 
bending moment at any section is a 
maximum. Let AB = L be the span, 
Fig. 51, K any section distant z from 
A. Let the sum of all the loads on 
AK = ZW’ and of those on KB= 
x=W”. A load is considered to be pe Lae on 
still on AK unless it has actually Fa. 51. 
passed K. Suppose the distance of 
the centre of gravity of the loads on AK to be z’ from A, and of those - 
on KB to be 2” from A. Then R,L =(ZW’) 2’ + (Z2W”) 2”; and the 
bending moment at K is Mg = — R,(L — x) + (2W’) (z” — 2). 

Inserting the value of R,, 


ao8 





M = yz’ + (LW”) 273 + (LW) (2” — 2) 





Let the loads move a small distance 5z to the right, increasing Mg to 
Mx + d6Mx. Then, 


Mx + 8Mx = — wat {(EW’) (2 + 82) + (ZW’) (2” + 82)} + 
(LW”) (2” + dz — 2) 
and SM = — — {(SW’) Sz + (EW") 82} + (ZW") 82 
or OF = "Few +Ewy+Ewe . LD 


Since the bending moment at K is negative, if as be negative, the 


» 
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bending moment has increased and will go on increasing until a load 


passes K. If, as a load passes K, se changes from negative to positive 
@& Maximum has occurred, the condition for which is oe = Q, or 
2W’ + 2W" LW’ (2) 
UG  L—@ 
But (ZW’ + ZW’)/L is the average load per unit of length on the whole 
span, and (ZW”)/(L — x) is the average load per unit of length on the 
part span KB. Hence, for the bendin; moment at any section of a 
beam to reach a maximum, a load must be passing the section, and the 
~ average load per unit of length on each part into which the span is divided 
by the section must be equal to the average load per unit of length on 
the whole span. 
It remains to discover the effect of a !oad entering or leaving the span. 
Eq. (1) may be written, 


qMx iL -- + Sy, (: - me ” 
=p ew) + (2 “7 *) aw" 





I 


— £(L — 2(EW) — 2(2W)} 


If a ioad enter the span before a load passes K, the value LW’ will be 
increased ; and, from the above expression, the negative value of o 
will be increased. If a load leave the span, the ZW” will be decreased, 


and again the negative value of = will Le increased. It is obvious 
that a load entering or leaving the span cannot make = change from 
negative to positive, and therefore cannot produce a maximum. 

In practical cases, with a system of concentrated loads, the numerical 
averages will not be exactly equal, but the load position which most 
nearly fulfils the ascertained condition will produce the maximum 
bending moment at K. 

The above propositions are also true if the load be distributed, wholly 
or in part. 

| >& 25. Position of Load for which the 
Bending Moment is a Maximum under 
a Particular Load.—Suppose it be de- 
nired to find the position of the 
travelling load when the bending 
moment is a maximum under a par- 
ticular load such as J, Fig. 52. Let 
AB = EL be the span, and ZW be 
the sum of all the loads upon it. Suppose, when the bending moment 
under load J is a maximum, that load J is at a distance x from A. Let 
2W’ be the sum of all the loads to the left of J. Further, let the centre 


‘ 
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of gravity of all the loads ZW be z from J, and that of the loads XW’ be 
2’ from J. Then R,L = (2W) (L — x +2), and the bending moment 


under J is, My; = — Ry + (2W’) 2’ = — al (L —2 + 2z) xu + (LW) 2’. 


Differentiate with respect to z, z and 2’ being constant, 


ee == ae — x + 2) ne 
The bending moment -under J is a maximum when dM;/dz is zero, 
ie. when z = L — x ++ z, or when the particular load, and the centre of 
gravity of the whole load on the beam, are equidistant from the ends of 
the span, and consequently from the centre of the span. 
By finding the maximum bending moment under each load in turn, 
this proposition can be used to find the maximum bending moment 
anywhere on a beam, due to a system of concentrated rolling loads. 
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26. Influence Lines.—In the preceding articles, curves have been 
determined giving the maximum shearing force and maximum bending 
moment, due to a travelling load, at every section of a beam, irrespective 
of the position of the moving load which produces them. These curves 
were called maximum shearing-force and maximum bending-moment 
diagrams. A shearing force or bending moment influence line may be 
defined as a curve giving the shearing force or bending moment at one 
particular section of the beam, for every position of the travelling load. 
For example, (iii) Fig. 53 is the bending moment influence line for the 
section K, in the beam AB, when the single concentrated load W travels 
across the beam. .; The ordinate c’d’ of the influence line represents the 
bending moment at K when the load is at any position C. The position 
of the load for which the bending moment at K is a maximum is evident 
from inspection, and the magnitude of that moment can be easily cal- 
culated. The influence-line is therefore a simple means of indicating the 
effect of travelling loads. Influence lines can be drawn not only for 
shearing forces and bending moments, but for reactions, stresses in 
particular members, deflections, and, in fact, for all functions which vary 
with the position of the moving load. 

It is customary to draw influence lines showing the effect of a load of 
unit magnitude passing over the beam or other structure, from which 
influence lines the effect of more complicated load systems can be deduced. 
Shearing-force and bending-moment influence lines for a plain beam, 
supported at each end, will first be considered. - 

27. Case (1). Single Concentrated Travelling Load.—Let W, Fig. 53, 
be a single concentrated load of magnitude unity, travelling across the 
span AB from left to right. To draw the influence lines for shear and 
bending moment for any section K of the beam. Let AB = L, and 
consider any particular section K, distant z from A. Suppose the load 
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to have reached C, distant z from A. For this position, R, = W wes: 
and R, = Wz. Then Sx, the shearing force at K for this load position, 
is equal to R, = Wz/L and is positive. Since the magnitude of the 
load is unity, Sx = R, = +7. On the base line ab, (ii) Fig. 53, draw 


the diagram abf, such that bf is unity. Then the ordinate under the 
load cd = Of. = = r That is t say, this ordinate represents to scale 
the shearing force at K when the load is at C. This state of affairs will 
hold good until W passes to the right of K. The shearing force at K 
then becomes negative, and equal to 
R, = — W(L —2z)/L; or, since W 
is unity, Se = —(L —2)/L. If the 
triangle bae be drawn, such that 
ae = unity, its ordinate at any section 
distant z from A will be — (L — z);L 
r= Sx. This applies while the load is 
to the right of K. 

The diagram aj,kj,b, thus de- 
termined, is called the shearing force 
influence line for the point K, and 
is such tuat, when unit load is at 
any point C, the ordinate cd of the 
diagram repre sents in sign and magni- 
tude the shearing force at K. The 
scale of the ordinate is evidently the 
scale to which bf = ae = unit load. 
It is obvious that the shearing force 
at K reaches its maximum value 
as W arrives at K, i.e. when z = 2. 
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Positive mazimum Sz = z =kj,; negative maximum Sx = — nos 
‘a kj, Jt follows that the maximum shearing force at any section of 
the beam occurs when the load arrives at that section. 
~ Jé W have an any value other than unity, the magnitude of the shearing 
force, found from the influence line, must be multiplied by the magnitude 
of W. In this case it is better to regard the ordinates cd as numerals, 
which, multiplied by the magnitude of W in tons, give the shearing 
force in tons. 

Consider next the bending moment at K when the load is at C. Mx, 


for this position, is negative and equal to — " (L -- 2) = —Wz(L—2)/L. 
Since the magnitude of W is unity, Mx = — + 7 (L — x). On the base line 


a‘b’, draw the diagram a’e’f'd’, (iii) Fig. my such that a’e’ = a’k’, and 
bf’ -« Bk’. Then a’f’ and b’e’ will meet at 7’ in the line &’7’.. The ordinate 
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cd = Vf.F But bf = — bY = —(L—2), and cd’ = -7 .. (L—2) 


= Mx. Hence the ordinate c’d’, immediately unde sik tosdl sail 
to scale the bending moment st K when the load is at C. This will be 
true for every position of the load between A and K. When the load 
to the right of K, the bending moment at K is Mx = — R,z 
W (L —2) ‘ : Fad L—2z 

= — yp 8; or, since the magnitude of W is unity, Mg =— L 
But a’e’ = —.2; and any ordinate of the line 6’e’, distant z from A, 
will equal b= “2 =Mx. Therefore the ordinate of the lire b’e’, 


immediately under the load, will represent to scale the bending moment 
at K while the load is to the right of K. 

The diagram a’j’h’, thus determined, is called the bending moment 
influence line for the point K, and is such that, when unit load is at any 
point C, the ordinate c’d’ of the diagram represents to soale the bending 
moment at K. It is evident that &’j’ is the maximum ordinate of the 
diagram, and therefore the maximum bending moment at K occurs when 


ce (L —2)2 
sane nis. 








x. 





the load arrives there, i.e. when 2 = 2; max. Mz = — 


Scale.—Since a’e’ was made equal to a’k’, and bf’ equal to b’k’, it 
follows that the ordinate of the influence line must be measured to the 
scale to which a’ =L. If 
this scale be 1” = a, inches, 
and W = 1 ton, then Mx = 
a, X\c’d’ measured in inches) 
inch-tons. If W have a 
value other than unity, the 
magnitude < ‘of the bending 
moment found from the 
ordinate of the i influence line 
must be multiplied by the 
magnitude of W. 

- It is evident from the 
above that the maximum 
bending moment at any sec- 
tion of the beam occurs when 
the load is at that section. 

28. Case (2). A Series 
of Concentrated Travelling 
Loads at Fixed Distances 
Apart.—Suppose that there Fra. 54. 
are several concentrated 
loads of magnitude W,, W,, Ws at fixed distances apart, travelling across 
the span AB from A to B (Fig. 54). To find the maximum shearing force 
and bending moment at any section K by means of influence lines. 
Let AB = L. For the section K, draw the influence lines for shearing 
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force and bending moment, (ii) and (iii) respectively, as in Case (1). 
Consider the shearing force at K for any load position such as that shown 
at (i), where the distances of W,, W,, W,, from A are 2,, 2, 2, respectively. 
From the analysis given in Case (1) it follows that the shearing force at 
K, due to W,, will be W, x cd, where cd is the ordinate of the shear 
influence line immediately under W,. Let cd =, (s, must not be 
confused with the shear per unit of depth of § 174). Then the shearing 
force at K, due to W, at C, is W,s,. For the load position shown, this 
is positive in sign. Similarly. the shearing force at K, due to W,, is 
W,.8., where s, is the ordinate of the shear influence line immediately 
below W,; and likewise, the shearing force at K, due to W3, is W383. 
The total shearing force at K for this load position is, therefore, 
Sx = W,s, + W.s, + Ws8, = 2(W**. Due account is to be taken of 
the sign of the ordinates [for the load ;:osition shown at (iv), ¢,, represented 
by c,d,, would be negative). It follows, therefore, that the shearing 
force at any section K is equal to tho algebraic sum of the products 
obtained. by multiplying tho magnitude of each load by the ordinate of 
the shear influence line immediately below it. 

Returning to load positior. (i), it will be evident that, as the load moves 
on, the ordinates s,, 85, 3, and therefore the positive shearing force at K, 
wili increase, and go on increasing until W, reaches K. Let Sx’ be the 
positive shearing force at K when W, is there. When W, just passes K 
there will be a sudden drop in the shearing force to a value Sx’ — W,; 
and s, will become negative. As the load moves on, this diminished 
shearing force will increase (for both s, and s, will increase, and s, which 
is negative will diminish), and go on increasing until W, arrives at K. 
The increase in the shearing force from the moment W, leaves K until 
W, arrives there can be found as follows: All the loads have moved a 
distance :,, the slope of a7, and 67, is + 1/L, hence the positive increase 
in ae ordinate sis/,/L. The ete in the shearing force, consequently, 


is w, 2 L + W, 2 + W, ‘| = (LW) i and Sx, when W, arrives at K, is 


Sx” = Sx’ — W, + (ZW) 2 L’ If Sx” be less than Sx’, the shearing force 
é 


when W, is at K, 
W,L 


Sx’ — W, + caw) 2 L< < Sx’; or LW Ga 
1 
In the same way it can be shown that Sx”’, the shearing force at K when 
W; is there, is less than Sx” when W, is there, if 2W < — It follows 
2 


that the positive shearing force at K will be a maximum when the first 


WiLL ., ee eat 
load is at K, unless 2W > —;*-; in the latter alternative it will be a 
: 1 7 e 


maximum when the second load is at } K, unless 2W >. or and so on. 


By similar reasoning it can be shown that the negative shearing force at 
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K is a maximum when the last load Wn is at K, unless 2W > 7 ly 
the latter alternative it will reach a maximum when the last load but one 


is at K, unless SW > —— 


( These criteria must be applied to each load in turn. It sometimes 

} happens that there is apparently more than one maximum value for the 

oo force at K,,in which case the magnitude of each apparent maxi- 
um value must be calculated to determine which is the greatest. 

The maximum positive shearing force on the span will usually occur . 
at or very near the end of the span, when the first or second of the heaviest 
loads of a seriev is just leaving ; and the maximum negative shearing force 
will occur at or near the other end, when the last or last but one heavy load 
has just entered the span. 

Consider next the bending moment at K for the load position (i). 
If c’d’ = m, be the crdinate of the bending moment influence line below 
the load W,, (iii), the bending moment at K due to W, will be Wym,. 
Similarly, if m, and m, be the ordinates of the bending moment influence 
line below W, and W, respectively, the bending moment at K due to W, 
and W, will be W,m, and W,m,. Therefore the total bending moment 
at K, for this load position, will be W,m, + W,m, + W,m, = 4(Wm). 
In this instance, all the values of m are negative. It follows that the 
bending moment at any section K is equal to the algebraic sum of 
the products obtained by multiplying the magnitude of each load by the 
ordinate of the bending moment influence line immediately below it. [f 
the ordinates are measured to the length scale and expressed in inches, 
and the loads in tons, the bending moment will be in inch-tons. 

The result obtained above is evidently true for all positions of the . 
moving load. Suppose that the loads are in the position shown at (iv), 
and that they move on a short distance 6z. Every ordinate m will become 
m + dm, and Mg = X(Wm) will become Mx + Mx = X{W(m + 6m)} = 
(Wm) + 2(W. dm); hence Mg = X(W. 5m). Dividing through by 62, 

. .., 4Mx dm um , 
and proceeding to a limit, a x (w. de . Now z*® the slope of 
the lines a’j’ and b’7’, (iii) Fig. 54. The slope of a’j’ is ss =— 2 L =a 


see (iii) Fig. 53; and the slope of b’7’ = sl = + i: Let XW’ be the 


sum of all the ~ on ea and UW” the sum of all the loads on BK. Then, 
ox , ” dm” oe , L—z mo 
= (2) m4 aw’) Ge SW) + (2W") 5. 





The bending moment Mx is negative ; if, therefore, se be negative, Mz 
has increased and will go on increasing until a load passes K. If, when 


this happens, ox becomes positive, a maximum has occurred, the 
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condition for which is a = 0, or ZW’. (L — 2) = LW".2; whence 


as mx a ia a ; compare eq. (2) §24. It follows that the bending 
moment at K is a maximum when a load is there, and when, at the same 
time, the average load per unit of length on the two sections into which K 
divides the span is the same, and equal to the average load per unit of 
length for the whole span. A load is still 

considered to be on AK unless it has actually sy. 0. at. 
_ passed K. In practical cases the numerical 80 #60 
averages Will not be exactly equal, but the 
load position which most nearly fulfils this 
condition will produce the maximum hend- 
ing moment at K. This proposition was 

roved in a different way in § 24. 

Worked Example.—As a simple example 
of the method of using influence lines, the 
vase shown in Fig. 55 will be considered. 

W, =2 tons, W, = 10 tons, 
W, = 5 tons. 

Calculated in the ordinary way the 
shearing forces and bending moments at 
K are, 








When W, is at K, Sk = + 7-0 tons; Mx = — 700 inch-tons. 
29 W, 9 ” an oT 8°4 9 = — 920 9 99 
” W, ” ” = — 2-33 ” == — 467 ‘99 ” 


Using the influence lines of Fig. 55 to find these shearing forces and 
bending moments : 


When W, is at K, 
W,s, = 2tons x + 0-667 = + 1-33 tons 
W.s,=10 ,, x + 0-467 = + 4-67 ,, 
Wy, = 5 , x +0920 =4+1-00 ,, 
Sx ae +7: 9 
When VW, is at K, 
W,s, = 2tons x — 0-133 = — 0-27 tons 
Wy, =10 ,, x + 0-667 = + 6-67 ,, 
Wv,= 5 , x+0-40 =+2-00 ,, 
Sx == 8-40 99 


When W; is at K (W, is off the span), 

W,3, = 2tons x 0:00 = 0-00 tons. 
Wy,=10 ,, x — 0-067 = — 0-67 ,, 
Wyss = 5 ,, x —0-333 = — 1-66 ,, 


Sq = — 2-33 99 


» 
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Note that the negative ordinate for s, has been taken, giving the 
maximum value for — Sx. 


When W, is at K, 


Wm, = 2tons x — 66-67 in. = — 133-3 inch-tons. 
Waym, =10 ,, x — 46°67 ,, = —466-7 ,, ,, 
Wym, = 5 , x — 20:00,, = —100°0 ,, ,, 
Mx a ne 700°0 |, 
When W, is at K, 
Wm, = 2tons x — 26:67 in. = — 53-3 inch-tons. 
W,m,=10 , x — 66-67 ,, = — 666-7 ,, ,, 
Wyms = § » x — 40-0 » = — 200-0 99 99 
: Mx = — 920-0 ,, ,, 
When W, is at K, and W, off the span, 
Wm, = 2 tons x 0:00 in. = — 0-0 inch-tons. 
Wyn, = 10 ,, xX —13-33 ,, = —133°3 ,, ,, 
Wm, = & , x — 66-67 ,, = —333°3 ,, ,, 
Mx = — 466-6 ,, ,, 


To verify the above figures, the influence lines should be set out to 
a large scale, and the ordinates scaled (or they may be calculated). 

Applying the criteria for the maximum values of the shearing force : 
When W, is at K, SW = 17; W,L/l, =2 x 300 + 60 = 10; 80 that 
xW is greater than W,L/l, and the maximum shearing force does 
not occur when the first load is at K. When W, is at K, 2W = 17; 
W,L/!, = 10 x 300 + 80 = 37-5; the latter is greater than 2W and a 
maximum will occur with W, at K. There cannot be a positive maximum 
with W, at K, and it follows that max. + Sx occurs when W, is at K, 
as proved by the values already calculated. Considering the negative 
shearing force at K when W, is there, 2W = 15; W,L/in- , =5 x 300 
-- 80 = 18-75, which is greater than XW, and therefore, max. ~— Sx 
ocours when the last load is there. The value is found above. 

Applying the criteria for the maximum bending moment, the average 
load per unit of length on the whole span AB, when all three loads are 
on the span, is 17 = 300 = 0-057 ton/in. When W, has just reached 
K, the average load per unit of length on AK is 17 + 200 = 0-085 ton/in. 
and on KB is 0:00. With W, at K, the average load per unit of length 
on AK is 15 =~ 200 = 0-075, and on KB is 2 + 200 = 0-02 ton/in. 
When W, is at K, the average load per unit of length on AB is 15 + 300 = 
0-05, on AK is 0:0, and on BK is 15 + 100 = 0-15 ton/in. Evidently 
the position which most nearly makes (ZW,)/z = (2W”)/(L — 2) = 
(ZW) /L is when W, is at K, and the caloulations above show this to 
be the case. 

29. Case (3). Uniformly Distributed Load Shorter than the Span.— 
Suppose that a uniformly distributed load, w per unit of length, 
shorter than the span, travels across the span AB, (i), Fig. 56, from 
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Ato B. To find the maximum shearing force and bending moment at 
any section K by means of influence lines. Let AB = L, and let / be 
the length of the travelling load. Draw the influence lines for shearing 
force and bending moment for the section K, as in Case (1). Consider 
the shearing force at K for any position of the moving load such as that 
shown in (i). Let cd, (ii), be an elementary strip of the shear influence 
line, 81 wide, and lying within the length 1; cd = 8. Then the load over 
the strip cd is w.5l; and, from the analysis for Case (1), the shearing 
force at K due to this load is w . 3! x cd = ws .dl. Hence the total shear- 


1 
ing force at K, due to the whole of the moving load, is Sg = u| 8.dl. 
0 


i 
But | ¢.dl is the area gh, i.e. the area of the shear influence line immediately 


0 
below the moving load. It 
follows that the shearing 
force at any section K, due. 
to a uniformly distributed 
loa, is equal to the area 
immediately below the load 
of the shear influence line 
for the section considered, 
raultiplied by w the magni- 
tude of the load per unit 
of length. If the length 
scale be 1 inch = a, inches, 
and the ordiuat scale be 
a,inches = unity, then the 
shearing force at K is 





{w ood (area gh measured in square mches)| tons ; 
A ) 


w being measured in tons per inch of length. 

Iu is evident that the area gh increases as the load moves from A 
toward B, until the front of the load reaches K. When the front of the 
load passes K, part of the area under the load becomes negative, and the 
magnitude of that area is reduced. Hence the maximum positive value 
of the area, and therefore the maximum positive shearing force at K, 
occurs when the front of the load arrives at K. Similarly the maximum 
negative value of the area, and therefore the maximum negative shearing 
force at K, occurs when the back of the load is at K. These maximum 
values, calculated from the area gh, are 


wl {x a2-—l wl l 
e S =—- — a = —— we 
ee ae 5 E+ | rf ,; 


Set wl 
L L | 
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It is simpler, however, having found the load positions producing the 
maximum -+ and -~ shearing forces, to place the load in these positions 
and-calculate the values of Sx directly. 

In exactly the same manner it may be shown that the bending moment 
at K, vo the moving load is in the position shown in (i) Fig. 56, is 


Mx = w| m.dl; where m is any ordinate such as c’d’ of the bending 


0 
moment influence line, (iii). Hence it follows that the bending moment 
at any section K, due to a uniformly distributed load, is equal to the area 
immediately below the load of the bending moment influence line for the 
section considered, multiplied by w the meeeee of the load per unit 
of length. 

As pointed out in Case (1), the naiiists of the bending moment 
influence line is measured to the length scale, 1 inch = a, inches. Hence 
ore square inch of the dia- 
gram represents a,* in.?; 
and the bending moment 
at K will be {wa,? (area g’h’ 
in square inches)} inch-tons, 
if, as before, wbe measured 
in tons per inch of length. 

It will be evident that, 
as the load moves from A 
toward B, the area g’h’ will 
increase, until the position shown in Fig. 57 is reached, when the 
ordinate g’p’ is equal to. the ordinate q’h’. In this position the area 
under the load is a maximum, for it is obvious (Fig. 57) that if the load 
move forward a short distance, the area subtracted is greater than the 
area added. This is equally true if the load move backward from the 
position indicated. It follows that the maximum bending moment at 
K occurs when g’p’ = q’h’, But if g’p’ = q'h’, then p’h’ is a horizontal 
line, and by similar triangles, ro oo ae or al = Fr ; that is to say, 





the e position of the moving “load producing the. maximum bending 
moment. at K, the n magnitude o of this moment can -casily. be found. 

A simple geometrical construction for ‘making gp’ equalkg’h’ is indicated 
in Fig. 57. 

30. Case (4). Uniformly Distributed Load Longer than the Span.— 
Suppose that a uniformly distributed load, w per unit of length, longer 
than the span, travels across the span AB, Fig. 58, from Ato B. To find 
the maximum shearing force and bending moment at any section K by 
means of influence lines. Let AB = L. Draw the shearing force and 
bending moment influence lines for the section K as in Case(1). From 
the analysis given in Case (3), it follows that when the front of the load 
has reached any point C, the shearing force at K is equal to the area ade 
of the shearing force influence line, (ii), immediately beneath the moving 


the span and load are divided in the same ratio (see §19). Having aing\° 
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load, multiplied by w. Hence the positive shearing force at K is a 
maximum when the front of the moving load reaches K, and is equal to 
the area aj, multiplied byw. Similarly the maximum negative shearing 
force at K occurs when the back of the 
moving load is at K, and is equal to 
the area kj,b multiplied by w. Scales 
as in Case (3). 

The bending moment at K, when 
the front of the load has regched C, 
is equal to the area a’d’c’ of the bending 
moment influence line beneath the 
moving load, (iii) Fig. 58, multiplied 
by w. Hence it follows that the bend- 
ing moment at K is a maximum 
when the whole of the beam is covered, 
and is equal to the area a’j’b’ multi- Fia. 58. 
plied by w. Scales as in Case (3). 

31. Use of Influence Lines.--As has been seen, an influence line can 
be used not only to determine the position of the load when the maximum 
shearing force or maximum bending moment occurs at the section K, 
but also to find the values of these maxima. In simple cases it is never- 
theless often more convenient to use the influence line merely to deter- 
mine the position of the load when the maxima ocour, and, having placed 
the load in this position, to calculate the maximum values by one of the 
ordinary methods. For this purpose a rough sketch of the influence 
line will often suffice, and no questions arise as to scales. 

32. Reaction Influence Lines.— 
Influence lines can be drawn for the 
reactions at the ends of a beam. The 
ordinate under the load W = unity, as it 
travels across the beam, gives the reaction 
at the end of the beam. The shape of 
these influence lines is the same for all 
beams merely supported at the ends, 
whether solid, panelled, or braced. This 
remark applies equally to Figs. 59 and 60. 
Let AB, Fig. 59, be a beam, span L, supported at A and B, and suppose 
that a load W = unity travels across it from Ato B. When the load is 
at any position C, distant z from A, the reactions at A and B are 

2 . 
=-; since W = 1. 


L—-z L-z z 
ad LL’ 


5 ee 
On a base line ab, set up ae = bf = unity, join af and be, then abe and baf 
are the reaction influence lines. From the geometry of the figure, the 
ordinates under the load are 


L— Z 
r= = Ri rap wR, 
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Therefore the ordinates under the load represent the magnitudes of the 
reactions, and for any arrangement of concentrated loads 
R, =2Wr,;; R, =2Wr, 

A second type of reaction influence line, due to Winkler, is shown 
in (ii) Fig. 60, and is called the summation influence line for the reaction 
R,. The loads W,, W,, W, . . . are set up in order, to the load scale, 
on the reaction line bf, and the points bedef are joined to a. The loads 
are next placed in reverse order on the line ab, with the leading load 
W,ata. The summation influence line, a.1.2.3.4. is obtained by drawing 
a.1 parallel to ac (coincident) ; 1.2 parallel to ad; 2.3 parallel to ae; 





Fia. 60. 


and soon. The analogy with the shearing force diagram of Fig. 46 will 
be evident. The ordinate of the summation influence line under the 
leading load will give the magnitudé of R, for the load position indicated. 

If Fig. 59 be compared with Fig. 60, it will be seen that acb is the R, 
reaction infiuence line for the load W,. Similarly, if ac be regarded as 
the base line, adc is the R, reaction influence line for the load W,, and so 
on. Then, for the load position shown in the figure, the reaction R, 
can be found by adding the ordinates under the loads indicated by thick 
lines, 

R, ou ra’ ae re!’ As rf” cs r iv 
which sum, as shown by the dotted lines, is evidently equal to the 
ordinate of the summation influence line under the leading load. The 
reaction R, reaches a maximum when W, arrived at B, but the diagram 
@ 
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ceases to apply when W, passes off the beam. A new summation influence 
line with W, as the leading load can be constructed on the same frame- 
work, ac now being the base line. 

A diagram similar to (ii) Fig. 60, but reversed, will give the reaction 
R,. 

For a uniform load, w per unit of length, longer than the span, the 
line a.4 becomes a parabola, the maximum ordinate at B is wL/2. The 
summation influence line for a uniform load shorter than the span is 


shown in (iii) Fig. 60, the maximun. ordinate bf = - (L — A) cf. Fig. 45. 


33. Influence Lines for Panelled Girders.—Hitherto it has been 
assumed that the travelling load rolls on the beam itself ; or, if the beam 
is one of the main girders of a bridge, th:.t the bridge floor or deck trans- 
mits the load directly to it, (i) Fig. 291 The theory holds equally for 
bridges with trough flooring spanning fr.;1 main girder to main girder, 
(ii) Fig. 310. In bridges where the loads are transmitted to the main 
girders by means of cross girders, (ii) Fig 301, the shape of the influence 
line is modified. This applies tu a!l panelled floors, whether the main 
girders be of the plate or lattice type. ‘The influence lines for a plate 
girder: carrying a cross girder floor are found as follows : 

Let W, Fig. 61, be a single concentrated load of magnitude unity, 
travelling across the span AB from A to B, the load being transmitted 
to the girder AB by means of cross girders, (i). To draw the influence 
lines for shearing force and bending moment for any section K of the 
girder AB. Let AB = IL, and consider the shearing force at the point 
K lying in the panel K,K, and distant x from A, AK, = 2,, AK, = 2g, 
K,K, =1L,. it will be evident from the figure that no force due to the 
travelling load can come on the girder AB between K, and K,, and it 
follows that the shearing force on the girder betwen these two points 
must be uniforin. Hence the shearing force at K i» equal to that at K,, 
and it will be sufficient to find the shearing force at the latter point. 
Suppose the load to have reached C, any position to the left of K,, 
L — Z 

L and R, = W i 
The shearing force at K,, and therefore at K, is then Sk = R, = Wz/L 
and is positive. Since the magnitude of the load W is unity, Se = + 2/L. 
This expression is exactly the same as in Case (1), § 27, and the influence 
line aj,k,, (ii) Fig. 61, is of exactly the same shape as (ii) Fig. 53, (bf = 
unity). The ordinate cd represents to scale the shearing force in the 
panel K,K, when the load is at C, and the maximum ordinate kj, = 


bf . 7 = cS When the load passes to the right of K,, a change occurs. 


distam 2 from A. For this load position, R, = W 





The load condition while W remains between K, and K, is shown at (v), 
Fig. 61. The shearing force at K, (and therefore at K) will be R, — P,, 
where P, is the downward load transmitted to the main girder by the 
cross girder at K,. The magnitude of R, is Wz/L as before; P, is found 
by considering the end reactions of the beam which spans from the cross 
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girder at K, to that at K,, P,.L, = W(z —7z,). Hence the shearing 
force at K, or K is, 


z WW 
Sx = Ry Py Wi ~ Fe = 4, 


2 2-H, 

ae . 
since W = unity. This is the equation to a straight line. 
When z = 2), Sx 


=— 
anata 


+ 2/L = ky), in (ii) ; 
(x Ly —2 {x L—2z 
Z=2,, 8 = Fe oc ws Je Oa Shes ess 

of tm tH L 


when 
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becoming negative, and represented in (ii) by kaj,. Hence j,j, is the 
shear influence line for the point K while the load is between K, and K,. 
When the load passes to the right of K, the shearing force at: K is negative, 
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and equal to — R, = — W ee = — a since W is unity. As in 
Case (1), § 27, this is represented by the line be (ae = unity), of which 
any ordinate distant z from a is — (L — z)/L. For the point k,, where 
z= 2,, the ordinate is — (L — z,)/L = k,j,; hence the point j, lies 
on be, and the line 67, is the shearing force influence line for load positions 
to the right of K,. The complete shearing force influence line, therefore, 
is the figure aj,j,b, which has exactly the same properties as that of 
Case (1), § 27. It is evident that the maximum positive shearing force 
at K (i.e. in the panel K,K,) occurs when the load W is at K,; and the 
maximum negative shearing force in the panel occurs when the load W 
is at K,. When the load is over k;, the shearing force in the panel is zero. 
Consider next the bending moment »1t K. While the load is at any 
point C, to the left of K,, this moment 1 
_ 2 
~  L 
since W = unity, exactly as in Caso (1), § 27. This, as before, is repre- 
eentod by the line a’j,’ in (iii), part of the line a’f’, where b’f’ = k’b’ = .- 
(L —z). The maximum ordinate k,’j,) = — 2,(L —2x)/L. When the 
load passes to the right of K,, the condition of affairs is represented in 
(v). The bending moment at K is Mk = — {R,(L — z) — P,(z, — x)}. 
Inserting the values of R, and P, found above, and putting W = unity, 


My = —R,(L —2) = —W; (L - 2) (L — 2), 


ence Z--2y ) 
== ll -— — ——. oe ea ( — 
Mx hel i, (L—z) —W i (L_ — 2) 


z Z—< 
= - lz (L — 2) "Fey 2) 
which is a straight line. 


(2, 


When z = “£4; Mx = — \L (L —~ “) be ka’5y'; 


zx —_— 
when z = 2,, Mk = — a —r — — (%, — | 


x 2 
— {PG - 2) ~@-a} = - [iu -zy, 
represented in (iii) Fig. 61 by k,’7,’.. Then j,’7,’ is the influence line while 
the load is between K, and K,. When the load passes to the right of 
K,, Mx = —R,z. But R, = W se ; or, since W is unity, 


Me = —"F 


b’c’, such that a’e’ == xz. The ordinate at k,’, where z = x,, is Mx = 


*z. As in Case (1), § 27, this is represented by the line 


2 : (L --x,) =k,’j,’.. Hence j,’ lies on the line b’e’, and b’j,’ represents 


the influence line while the load is to the right of K,. The complete 
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bending moment influence line, therefore, is the figure a’7,'7,’6’, of which 
the ordinate c’d’ anywhere represents the bending moment at K when 
the load is at C.° The maximum bending moment at K occurs either 
when the load is at K, or K,, depending on whether k’;,’ or kq’j_’ be the 
greater. 

The bending moment influence line thus determined is correct for 
any point K on the girder, not a panel point. The influence line for a 
panel point, such as K,, is shown at (iv) Fig..61, and is exactly the same 
as that for Case (1), § 27. The fact that the load travels on a floor 
supported by cross girders makes no difference to the bending moment 
at a panel point. It is evident that when W is to the left of K,, the 
bending moment at K, is — R, (L — 2x,), and when W is to the right 
of K,, the bending moment at K, is — R,z,. These expressions are 
identical with those of Case (1), § 27, for the values of R, and R, are 
independent of the manner in which the load is transmitted to the main 
girders. Hence the bending moment influence lines in the two cases are 
identical. (iv) Fig. 61 can be regarded as a particular case of (iii) Fig. 61 
in which j,’ and j,’ are coincident. 

Having determined the influence lines for shearing force and bending 
moment, the maximum values of these functions for the section under 
consideration can be obtained exactly as in Cases (1) to (4) §§ 27 to 30. 
The following cases are numbered to correspond; the treatment as 
regards scales is identical. 

Case (1). Single Concentrated Travelling Load.—The shearing force 
and bending moment at K and K,, when the load is at C, are obtained 
by multiplying the ordinates s and m directly under the load by the 
magnitude of the load, exactly as in Case (1), § 27. The maximum value 
of these ordinates is evident on inspection, and therefore the maximum 
value of the shearing force and bending moment, and the position of the 
load at which they occur, are determined. 

Case (2). A Series of Concentrated Travelling Loads at Fixed Distances 
Apart.—The shearing force and bending moment at K or K,, for any 
load position, are given by the formulae Sx = &(Ws) and Mx = (Wm), 
exactly as in Case (2), § 28, the symbols having the same significance. 
The positions of the load when these functions reach their maximum 
value can be obtained as follows : 

If the loads advance a short distance 5z, suppose the ordinates s to 
increase to s + ds. Sx = 2(Ws) becomes Sg + 58x = L{W(s + 9s)}. 
Then 6Sx =.2(W . 6s), and in the limit, & Sz = 2 (w a) . But is 

dz dz dz 
the slope of the lines aj,, 7:73, and 7,0, (ii) Fig. 61. The slope of aj, and 
j,0 is + 1/L; that of 747, is — (L — L,)/LL. 

Let ZW’, UW”, and UW” be the sum of the loads on AK,, K,K,, and 
K,B, respectively ; a load is considered to remain on AK, unless it has 
actually passed K,, and so on for the other sections. Then, 


d Ww’ .L-L, =Ww’: 
ge = EW 
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If Sx be positive, and £ Sx be positive, Sx has increased and will go on 

increasing until a load passes either K, or K,. If, when this happens, 

£ Sx becomes negative, a maximum has occurred, the condition for 
ZW’ +2W” zw" zw 


which is 7 Sx = 0; or, ie a The shearing 
force is a maximum, therefore, when a load is at K, or K,, and when at 
the same time the average load per unit of ‘cugth on the panel K,K, and 
that on the rest of the span is the same, and equal to the average load 
per unit of length on the whole span. This relation is similar to that for 
the maximum bending moment in § 28. The rule holds for both positive 
and negative maximum shearing for.es, but the positive maximum 
usually occurs when the front of the !.ad is near K, and the negative 
maximum when the back of the load is near K. In dealing with the 
maximum negative shearing force, a mudification to the method of 
estimating ZW’, LW’, and XW” should be noticed. It should be 
assumed that a load at K, has left AK,, and that a load at K, has left 
K,K,. If the rear of the load is assumed to reach K, by a backward 
movement of the load, it will be seen that this is equivalent to the method 
~ of estimation previously given. 

In a similar way, for the maximum bending moment, 


d dm dm’ dm” dm’”’ 

a Mee. >: eels pa Doers, TENTH) yay AE 

= Me z(W z) caw’) SE caw) Sey ewe) 
where dl ssl an si , are the slopes of the lines a’j,’, j,'j,, and 


dz’ dz dz 
jq 6’, (iii) Fig. 61, respectively. The bending 1:oment at K is negative ; 


if a Mx be negative, Mx has increased and will go on increasing until a 


load passes either K, or K,. If, when this happens, - Mx becomes 


positive, a maximum has occurred. Hence, for the bending moment to 
be a maximum at K, a load must be passing K, or K,, and the value of 
d 

de Mx must change sign as a result. 

The bending moment influence line for K, (or K,), (iv) Fig. 61, is of 
the same shape as that for a non-panelled beam, (iii) Fig. 54. Therefore 
the condition for the maximum bending moment is the same as in § 28, 
i.e. that a load must be passing the point in question, and that at the same 
time the average load per unit of length on the two sections into which 
the point divides the span must be the same, and equal to the average 
load per unit of length for the whole span. 

Case (3). Uniformly Distributed Load Shorter than the Span.— 
Exactly as in § 29 it may be shown that, for any position of the moving 
load, the shearing force and bending moment at K are respectively equal 
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to the area of the shearing force and bending moment influence lines 
immediately below the load, multiplied by w the magnitude of the load 
per unit of length. The treatment of the scales is identical. The method 
of determining the position of the load for maximum positive and negative 
shearing forces, and for maximum bending moment, is exactly similar 
to that used to find the position of the load for maximum bending moment 
in § 29, and the reasoning is the same. In each case, as proved in that 
article, the area of the influence line below the load is a maximum when 
the ordinates of the influence line at the ends of the load are equal. The 
application of the graphi- 

cal construction pre- S.RLL- for K j, 

viously given is shown 

in Fig. 62. a 

Case (4). Uniformly ee aC tes 
Distributed Load Longer 1 
than the Span.—As in 
§ 30 the shearing force one Ls 
and bending moment at 
K, for any position of the 
moving load, are respec- 
tively equal to the area 
of the shearing force and Fie. 62. 
bending moment. influ- 
ence lines immediately below the load, multiplied by w the mag- 
nitude of the load per unit of length. The maximum positive 
shearing force at K occurs when the front of the load reaches 
ks, (ii) Fig. 61, and the maximum negative shearing force at K occurs 
when the back of the load is at k,. The bending moment at K, K,, or 
K,, is a maximum when the beam is fully covered. 

34. Influence Lines for Braced Girders with Parallel Flanges.—In 
Fig. 63 a number of braced girders with parallel flanges are shown. In 
each of these the load is transmitted to the main girders by cross girders 
attached at the panel points. Consideration will show that the effect of 
the cross girders on the shearing force and bending moment in all these 
girders will be exactly the same as in the panelled plate girder shown at 
(i) of the same figure. Even if the load actually rolls on one of the 
flanges of a braced girder (not a desirable arrangement as a rule), the 
panel of the flange carrying the load must act as a girder spanning from 
panel point to panel point, and transfer the load to the panel points at 
its ends. The shearing force and bending moment produced by the 
travelling load at any corresponding section K of any one of these girders 
will therefore be the same, and the influence lines determined in the 
preceding article for the plate girder (i) will apply to all. 

Consider first the shearing force in the panel K,K,. The influence 
line for shear @j,j,b is shown at (v). The shearing force in the panel, for 
any kind of travelling load, in any position, can be found from this by 
the methods previously given. Suppose that its magnitude be Sy. 










B.M.I.L. for K 
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Since the flanges are parallel, the whole of this shearing force must be 
carried by the diagonal K,Q,. If the force in this bar be F,, and the 







1B.M.Influence ~~ 
Line or Q, 






B.M. Influence 
Line for K, Oe girder 


Fia. 63. 


angle which it makes with the flanges be 0, the vertical component of 
the force in the bar, F, sin 6, must equal the shearing force in the panel. 
Herne Se = F, sin 0; or F, = Sx cosec 0. The maximum value of 
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Se can be found from the influence line, and hence the maximum value 
of F,. In the N girder shown at (iv) Fig. 63, if F, be the force in Q,K,, 
F, = F, sin 0 =Sx. The force in this bar is thus determined. As an 
application of the method, suppose that a single load W tons crosses the 
girder. When it arrives at C, distant z from A, the shear force Sx is 
W x cd, where cd is the ordinate of the influence line under C; 


ced = + 2/L, Sk = + W2/L tons, and F, = + = cosec @ tons, which 


in this case is a tension; F, = + Wz/L tons, a compressive force. The 
maximum positive value of Sg occurs when the load reaches K,, the 
corresponding ordinate being &j,; &yjy = +2,/L, max. 4 Sx = 
+ Wz,/Ltons, max.+ F, = + 74 cosec 8 tons; max. + F, = ws 
tons. When the load reaches K, the shearing force has changed in sign 
and is represented by the ordinate k,j,, a negative maximum; k,j, = 


—(L —2,)/L. Hence, max.— Sx = — W 72 
L —2z, 


~ wets cosec @ tons; max. NY tons. The 


negative signs indicate that the stress in the bar ia reversed in sign. 

If a uniform load cross the girder, the maximum positive shearing 
force in the panel K,K, will occur when the front of the load is over 
k,, and the maximum negative shearing force when the back of the load 
is over ks, § 33. The thin lines in (v) Fig. 63 represent the position of 
the line 7,7, for all the other panels of the girder. The position of the 
travelling load producing maximum shearing forces in every panel is 
thus determined by the one diagram. 

Consider next the bending moment in the panel K,K, of girders (ii) 
and (iii). The influence line a’),’7,’b’ for the point Q, is shown at (vi). 
This is identical with (iii) Fig. 61, and is set out in the same way. The 
bending moment at Q., for any kind of travelling load, in any position, 
can be found from this diagram by the methods previously given ; let its 
magnitude be Mg,. Then if F, be the force in the flange member K,K,, 
by the method of sections, § 8, Ma, = F,D, where D is the depth of the 
girder; hence F, = ~ The maximum value of Mg, can be found 
from the influence line as in previous cases, and hence the maximum 
value of F,. Since the influence line lies entirely to one side of the base 
line a’b’, the force F, cannot reverse in sign. 

In the case of girder (iv), Q, lies in the same vertical as K,, and the 
influence line for Q, is of the same type as (iv) Fig. 61 [see the broken 
lines in (vii) Fig. 63], the method of finding F,, the force in K,K,, being 
otherwise the same. 

It will be observed that, in order tu find F,, the method of sections 
has been used. The necessary section cuts the bars K,K,, K,Q,, and 
Q;9,, Fig. 63; and in order to find the force in K,K,, moments were 


tons, max. — F, = 
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taken about Q,, the point of intersection of the other two cut bars. It 
was necessary, therefore, to find the bending moment at Q,, and the 
inflnence line for this point was drawn. Similarly, if the force in Q,Q, 
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be required, it is necessary to take moments about K,, the intersection 
of K,K, and K,Q,. The influence line for K, is shown in full lines at 
(vii). Itis similar to (iv) Fig. 61, and set out in a similar manner. Having 
drawn the influence line, the bending moment Mg, at K, is known for 
any position of the travelling load. If F, be the force in Q,Q,, 


Mx, = F,D, and F, = Mz, The maximum value of Mx, can be found 


D 
from the influence line as in previous cases, and hence the maximum 
value of F,. Like F,, F, cannot reverse in sign. 

35. Influence Lines for Braced Girders with Curved Flanges.—Fig. 64 
represents a number of braced girders with curved flanges, in which, as 
in Fig. 63, the load is transmitted to the main girders by means of cross 
girders. Since tne flanges are not parallel, the curved flange will carry 
part of the shearing force, and instead of influence lines for shearing force 
and bending moment, it will be necessary to draw influence lines repre- 
senting the variation in the force in each particular member of the frame. 
This is conveniently cone by an application of the method of sections. 
Suppose a load W, of magnitude unity, travelling across the span from 
A to B, to have rearhed-a point C to the left of K, and distant z from A. 
For this position the reactions are, R, = W(L — z)/L, and R, = W2/L, 
where AB = L. Consider first the bar K,Q, in the panel K,Q,Q,K,. 
Take a section cutting the bars K,K,, K,Q,, and Q,Q,. To find the 
force in K,Q,, take moments about I, the point of intersection of the 
other two bars produced ; call clockwise movements positive. Let F, 
be the force in K,K,, F, that in Q,Q,, and F, that in K,Q,. These 
three forces, together with R,., are the only forces acting to the right of 
the section, and of these, the moments.of F, and F, about I are zero. 
Then R,r = Fyrz, where r and 7, are the perpendicular distances of Rg 
and F’,, respectively, from I. Hence, inserting the value of R,, F,= 


r r ace , 
Ry. =We. ; and, since W == unity, F; = 7 .~. Thisis the equation 
ars r : Ts 


Lr, L 
to the straight line af, (v) Fig. 64, where df = “, (z= L). The part 
3 


aj,, to the left of K,, will be the influence line representing the variation 
in F, for different positions of the travelling load between A and K,. 
It is of the same shape as the shearing force influence line, (ii) Fig. 61, 
for panelled girders, § 33, except that bf, instead of being unity, is equal to 
r/r,. The force in K,Q,, for any position of W to the left of K,, will be 
represented by the ordinate under the load of this influence line. Thus 
cd represents the value of F, when the load is at C. When the load 


arrives at K,, the value of F,; is represented by k,7, = eX =, obtained by 
3 


L 
putting z= x, in the expression for F,. If the line af be produced to 
meet the vertical through I (z=L+ 7), in= = : -. 
3 


When the load passes to the right of K,, a change occurs. While the 
loact remains between K, and K,, the state of affairs will be similar to 
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that shown in (v) Fig. 61; and, in addition to R,, the downward load 
P,, transmitted to the main girder by the cross girder at K,, must be taken 
into account in finding the moments about I. As in § 33, P,= = 
the symbols having the same significance as before. The equation of 
moments about I is now, Ry — P,(L—2,+ r)= Fyr3. Substituting for 


R, and P,, wr — 7 (z—2,)(L— %,+ r)=Fyyr,; or, since W = unity, 
1 
¥,= ee ee eee at?) This is th: equation to a straight line. 
L fs Lifs 
When z =2,, F,; = 7 ~ = kj, When z=2,, since (x, — 2,) = I, 
8 
pats 7 oat _ _ (tl - 9) pesoming negative, and 
rs Ts; Lr 


3 
represented by &,j,. The straight line ;,j,, (v) Fig. 64, is therefore the 
influence line for F, while W is between K, and Kg. 
When the load passes to the cight of K,, the moment about I becomes 
Fyr, = Re — W(L— z+ 1), for new W itself is to the right of the section 
and its moment has to be taken into account. Inserting the value 


of R,, and putting W equal to unity, F,r,= Wi - W(L — z+ r)= 
f laetr 


Zz 
Lirs fg 
the straight line j,b, for when z= 7,, F, = 7 n = a2 Koja; 
3 
and when z=L, F,=0. If z= L-+,1, the ordinate of the line j,6 is 
ate ; : =: in; hence the line j,b passes throug the point n. The com- 
plete influence line for the force F, in the bar K,Q is, therefore, a7,j,0. 
It is easily constructed by making bf == r/r;, and joining af, which being 
produced cuts the vertical through lin n. Join nb and produce to jo. 
The i fluence line aj,j,b is thus determined. The shear influence line, 
(v) Fig. 63, is evidently a particular case of this diagram, for if the two 
flanges were parallel, I would lie at infinity, and therefore afn and 7,bn 
of (v) Fig. 64 would be parallel, as shown in (v) Fig. 63. The latter dia- 
gram is a thearing force influence line, whilst the former gives the actual 
force F,; the scales areygherefore different. 

An exactly similar construction gives the influence lines for the flange 
members K,K, and Q,Q,. To find the influence line for F,, the force 
in K,K,, moments must be taken about Q, the point of intersection of 
the other two bars cut by the section. If, exactly as before, moments 
be taken about this point of intersection, identical equations for the 
three branches of the influence line will be obtained, except that, since 
the point of intersection is now to the left of B, the moment of R, about 
this point is anti-clockwise, and therefore negative, hence r must be con- 
sidered as negative. Also, the perpendicular distance r, of K,K, from 


T — (L—2+4 9), and F,= This is the equation to 
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Q,, the point of intersection, must be substituted for r;. If therefore, 
in the equations obtained for each branch of the influence line for F,, r be 
made negative and 7, substituted for r,, these equations will represent the 
three branches of influence line for F,, as shown at (vi) Fig.64. The con- 


struction for the influence line is exactly similar. Makein= — eT 


roo; 
in the vertical through the point of intersection Q,. Join na’ and nb’. 

Then a’j,'j,/b’ will be the influence line for the force F, in the bar 
K,K,. When, as in (iii) and (iv), Fig. 64, Q, and K, lie in the same 
vertical line, 7,’, j,,, and 7» all coincide, and the influence line for K,K, 
becomes a triangle similar to (vii), but with its vertex in the ‘vertical 
K,k,’. 
For the bar Q,Q, the construction is exactly similar. Moments are 
taken about the point K,; r is negative and equal to b’k,’ ; the point n 
—Fr 
I 3 
r, is the perpendicular distance of Q,Q, from K,. Join a’n and nb’, 
(vii) Fig. 64. Ther a’j,’b’ is the influence line for the force F, in 
Q,9.. (vi) and (vii) Fig. 64 should be compared with (vi) and (vii) 
Fig. 63. It is evident that the forces in K,K, and Q,Q, cannot 
reverse ; this applies to all the upper and lower flange members. 

Setting out the Influence Lines.—It will be observed that in all cases 

os IA x IB - ] 
~ AB tm 
where IA and IB are the horizontal distances of the intersection point 
from the ends of the span AB, and rm is the perpendicular distance of the 
intersection point from the member. This is a convenient mnemonic 
for in. 

It is further to be observed, in an influence line giving the force in a 
bar of a plane framework, that the intercept of the influence line on the 
line of action of a reaction represents the force produced in the bar by 
that reaction, if the magnitude of the latter be unity. 

Thus in (i) Fig. 64, if the girder be conceived as a cantilever fixed 
in position and direction at A, and loaded at B with a unit reaction 
R,=1, the force F, in K,Q,, found by taking moments about I 
(Fjr, = R,r), is F; = 1r/rs. But r/r; = of in (v) Fig. 64 (see above), and 
bf is the intercept of the influence line for I’, on the line of action of Rg. 
This proposition really follows from the definition of the influence line, 
for as cd represents the force F, when unit load is at C, so (for the canti- 
lever) bf represents the force F; when unit load is just arriving at B. 
Similarly, the force in K,K, due to R, = 1 is represented by 6’f’ in (vi). 

Knowing the intercept bf, the influence line is easily set out. 

It is convenient, therefore, in order to draw influence lines for every 
member of a plane framework, to assume it fixed in position and direction 
at one end, apply a unit reaction at the other, and find by means of a 
stress diagram or otherwise the force in each bar due to this reaction. 





lies in the vertical through K,, and iz is equal to — 





fr 
a where 
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These forces, set up to scale, will give the intercept Of for every influence 
line. 

Use of the Influence Lines. Maximum Values.—The application of the 
influence lines of Fig. 64, giving the forces in particular bars, is exactly 
similar to that of influence lines for shear and bending moment. Ii, 
under a load of magnitude W, the ordinate of the influence line be wu, 
then the force in the bar due to W is F = Ww. If the load be uniformly 
distributed, the area of the influence line immediately beneath the load 
gives the force in the bar. The criteria for the maximum area beneath 
the load, given in § 33, can be used to fird the maximum force in the 
bar. In the case of a train of concentrated loads, the force in the bar 
for any load position is F = 2Wwu. Similar conditions hold for the maxi- 
mum values as in § 33. If, while th: ioads advance a short distance 
6z, the ordinates increase to u + du, then F + dF = X{W. (wu + du)}, 
and in tae limit, — ol F => (w : aS 

dz dz 
influence line. In a three brinch influenc« line, such as (vi), Fig. 64, 
see Fig. 65, 


d “ du du’ au” du’”’ 
TN a oe > RT Bi ” , rye 
iE -2(W ‘E) ( We (2W") + (ZV a 


). where du/dz is the slope of the 


where du’/dz, du”/dz, and du’”’jdz are the slopes of the lines a’j,’, 7,'j¢’; 
j,/b’ respectively, and 2W’, ZW”, ZW” are the sum of the loads on 
AK,, K,K,. and K,B. 
A load is considered to =W Ww rwe 
remain on AK, unless it A =—t-— K, <b oboe B 
hag actually passed K,, jg ~ 
and soon. If F be posi- = 
tive, and dF/dz be posi- 4! : 
tive, F hasi nh oreased due Slopes: dif da — du /dz 
to the increase in z Fra. 65. 
and will go on increasing 
until a load passes either K, or K,. If when this happens, dF /dz becomes 
negative, a maximum has occurred, the condition for which is dF /dz = 0. 
For a maximum value of F to occur, therefore, a load must be passing 
K, or K,, and the value of dF /dz must change sign as a result. The 
above theory holds for the influence lines for F,, F, and F;. In the case 
of influence lines of the type shown in (vii), Fig. 64, only loads passing K, 
need be considered. In the case of F,, (v) Fig. 64, when finding the 
negative maximum value, it should be assumed that a load at K, has 
left AK,, and that a load at K, has left K,K,, cf. the parallel case of 
negative shear in § 33. 

Scales —It will be evident that the ordinates of the influence dines of 
Fig. 64 are ratios. Thus bf =r/r,; in = ate 4 ~, and so on. If the 

3 

diagram be set up to a scale 1 inch = a units, an ordinate wu, measured in 
inches, represents uw” x a units; and if this ordinate occur under a load 
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of magnitude W tons, the force in the bar due to W is Wu” x a tons. 
If the length scale be 1 inch = a, inches, 1 square inch of the diagram 
under a distributed load of w tons per inch of length represents a force 
in the bar of waa, tons. The sign of the force in a web member depends 
on the arrangement of the bars in the frame. 


INFLUENCE LINES FOR DIRECTION-FIXED AND 
CONTINUOUS BEAMS 


36. Influence Lines for Direction-fixed Beams.—Let AB, Fig. 66, 
be a beam of uniform cross-section, EI = constant, direction-fixed at A 
and merely supported at B. To find 
the influence liner for the reactions, Se Le 
shearing force, and bending moment. 4*—°- (i). 
Femove the travelling load and the K B 
support at B, and draw the deflection 
curve, akb, (ii), for a downward load 
W = unity placed at B. This curve 
is the deflection influence line for the 
point B of the cantilever AB. For, 
from Maxwell’s reciprocal deflection 
theorem, § 84, the deflection yo of the 
cantilever at C, due to unit load at B, 
is equal to yg the deflection at B 
due to unit load at C. In the nota- 
tion of § 85, yeh = Ybc. That is to 
say, the ordinate y under the load W 
= ] placed at C, gives the deflection 
of the beam at B. From eq. (2), 
§ (52), Vol. I, the equation to this 
curve is 





\ e eo « e l 
(1) 


where 2 is the distance of the load from A. 

Using the properties of the influence line, the deflection of the canti- 
lever at B due to the travelling load W = 1 at Cis Wy. Remove this 
load and apply the upward reaction Rg at B. Rg is the upward reaction 
on the beam at B when W isat C. The upward deflection of the cantilever 
at B produced by this force is — Rgyg, where yg = 0,5. But in the 
actual beam, if both ends remain at the same level, the deflection at B 
must be zero. Hence, when both W and Rg act together on the beam, 
the upward and downward deflections at B must exactly neutralise, and 
Wy — Rsys = 0, or since W = 1, 


y 

— 2 
YB (*) 
But yg is constant ; hence y, the ordinate under the load, represents to 
some scale the reaction Rg, and the curve akb on the base line ad, is the 


Rg = 


e 
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influence line for the reaction Rg. Since both y and 4, are measured to 
the same scale, the actual scale is immaterial, and it is convenient to 
make yp = 0,b represent unit load. Further, Ry + Rg= W; hence, 


R,=W-R,=1- 4% =~ ..™ since W=1 and Ra = y/ys. 
YR ¥s YB 

But y, is the ordinate under the load of the curve akb measured from the 

base line a,b, and it represents to the same scale as before the reaction Rg ; 

this curve is therefore the reaction influence line for Ra. 

The shearing force influence line for uny point K can be found as 
follows: When the load is to the left of K, the shearing force at K is 
equal to + Rg = y/yg, and the ordinate under the load between the curve 
and aj, represents the shearing forcs at K. When the load is to the 
right of K, the shearing force at Kk is (W — Rg), and the ordinate 
between the curve and the base line »,b represents the shearing force. 
Hence the shaded figure in (ii) is the shearing force influence diagram 
for K. The shearing force is measured to the scale to which b,b represents 
unit load. 

The bending moment influence line may be obtained as follows: 
When W is to the left of K as shown in (i), the bending moment at K is 

Mees Ribageetiageags = < 
YB YB 
But (I — x)/yg is constant. If then the curve ad in (ii) bo repeated in 
(iii), the ordinate y under the load, measured downward from a’k’, 
represents to some scale the bending moment at K. When W passes to 
a, distance 2’ to the right of K 


Mx =—Ra(L—2) + We'=— % (L—a) +2 78st {y - "07 (4) 


since W = 1. Join k’d’, and na the vertical d’p‘g’. Thend’q’ = y, and 
d’p’ = ypz (L — x). Hence, 


—d'p'} = ~“=2 {pq}. =. (8) 


and the ordinate p’q’ represents the bending sak Mg, when the load 
is to the right of K, to the same scale that y represents Mx when the load 
is to the left of K. Therefore the shaded figure in (iii) is the bending 
moment influence diagram for the point K; a’k’b’ is the base line from 
which the ordinates under the load are measured downward to the curve. 

If y and pg’ be measured in tons to the scale to which yg represents 
1 ton, and (L. — x) be expressed in inches, the product will represent the 
bending moment at K for a unit load in inch-tons. 

The influence line for the support moment My, at A is obtained by 
moving K to A and joining 6’a’, as indicated by the broken line. The 
ordinate under the load between the curve and this line, measured to the 
scale to which y, represents 1 ton, multiplied by L in inches, gives My 
in inch-tons. 


Mx 
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If the support B sink to a distance A below that at A, eq. (2) will be 
modified, Wy — Rays = A, and for unit load 

Rp =(y—A)/ys . (6) 
The base line ab, of (ii) must 
then be lowered a distance 
A/ys. That this line crosses 
the curve shows that, when 
W =1 gets sufficiently near 
A, the cantilever will cease 
to bear on the support B, or 
must be held down by a nega- 
tive reaction represented by 
the ordinate between the 
surve and the line. The rest 
of the analysis for this case 
follows a parallel course. 

Influence Lines for Beams 
Direction-fixed at both Ends.— 
The influence lines for a uni- 
form beam (EI = const.), 
direction-fixed at both ends, 
can be obtained in an ana- 
logous fashion to the above. 
Let (i), Fig. 67, represent the 
beam, across which a load 
W = unity travels from left 
to right. The _ bending- 
moment diagram for one load 
position D is shown in (ii). 
On p. 148, Vol. I, it is shown 
that Rg = Wn?(3 — 2n); 
where, with the present sym- 
bols (J, = z), n=2/L. Hence, 
if —=4t, 

Rg = n*(3 — 2n) 

2 
a in (3L — 22) . (7) 


In a manner analogous 
to (ii) Fig. 66, plot from this 
equation the curve ak, (iii) 
Fig. 67; 6,6 =1 ton. Then 
as in Fig. 66, the ordinate 
under the load, between the 
curve and the base line ab,, Fro. 67, 
will represent the reaction 
Rg; and the corresponding ordinate between the base line a,b and 
the curve will represent the reaction R,. The curve is therefore the 


IF 
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reaction influence line for the beam. Similarly, the shaded figure is the 
shearing force influence line for the point K, cf. (ii) Fig. 66. 

The bending moment influence line for the point K can be set out as 
follows : While W is to the left of K (considering the right-hand moments 
and forces), 


Mx = Mg — Ra (L —2z) = Pree - Rs} (L — 2) . (8) 


When W moves to a distance z’ to the right of K 


Picts. Ms 35 te 2’ -_ 
Mx == Mg — Ra(L — 2) + W2’ = Loe 1Bp oy} ]@ 2) (9) 





since W = 1. If eqs. (8) and (9) be compared with eqs. (3) and (4), it 
will be seen that they are similar in furm except that the factor Mg occurs 
in eqs. (8) and (9). Set out therefore a diagram (iv) similar to (ili) 
Fig. 66. Reproduce the curve akb trom (iii) Fig. 66, shown dotted in 
(iv); join k’ to b’, to take account of the factor 2’/(L. — x) exactly as in 
(iii) Fig. 66. The diagram thus constructed is the influence line for the 
negative bending moment at K. This must be combined with the 
diagram for Mg, the positive bending moment. From p. 148, Vol. I, 
My = WLn? (1 — n), and since W -: landn =2/L, 


a =n? (1 —n) = 2? (L —z)/L3 ; . (10) 


This equation is plotted in (v) [max. ord. = 4/27 when n = 2/3] to 
10 times the scale of (iv), where the curve a”}”b” represents the value of 
Mz/L for every position of the moving load ; it is the influence line for 
Ms. The ordinate of this curve under the load, measured in tons, 
multiplied by L in inches, gives the value of Mg in inch-tons. The 
influence line for M, is exactly similar but reversed, (vi). Increase the 
ordinates of (v) in the ratio L/(L — x), thus obtaining Mg/(L — 2), and 
plot them upward from the curve a’p’b’ in (iv) as indicated. The resulting 
disgram will then represent eqs. (8) and (9), and is the bending moment 
influence ime for the point K. The scale of (iv) is too small for practical 
use, and this influence line has been replotted to 10 times the scale in (vii). 
For accurate work, the difference in the calculated ordinates of a’k’b’ 
and a’q’5’ should be plotted in (vii). The ordinate under the load of (vii) 
measured in tons, multiplied by (L — 2) measured in inches [see eqs. (8) 
and (9)], gives the bending moment at K in inch-tons. Thus in (vii), 
if L=160 in, (L —2z) =48 in., and the maximum ordinate 
k’j’ = 0-294 ton; max. Mx = 14-1 inch-tons, when W = 1, which can 
easily be checked. The influence line for the mid point of the span, 
obtained in exactly the same way, is shown dotted in (vii) ; each curve 
is a parabola, maximum ordinate = c’c’, = 0-25 ton. For this point 
(L — x) = L/2, so that max. Mo =4 x 3 = ; as it should. 

$7. Influence Lines for Continuous Beams.—Let ABC, (i) Fig. 68, be 
u continuous beam, not necessarily of uniform cross section, supported 
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at A, B, and C. Suppose that a concentrated load W = unity cross the 
beam from left to right. To find the influence lines for the reactions, 
shearing force, and bending moment, remove the support B and place the 
unit load at B. Draw the deflection curve adc, (ii) Fig. 68, for this load 
condition. 

Reaction Influence [anes.—From § 40, the curve abc is the deflection 
influence line for the point B on the beam AC, and for any position D 
of the unit load W, the 
deflection produced at B 
is Wy, where y = d,d is 
the ordinate of the curve 
under the load. Jf W be 
removed from the beam, 
and an upward load Rg 
(she reaction acting on 
the continuous beam) be 
applied at B, the deflec- 
tion produced by this 
load will be — Rpys, 
where yg = 0,5 is the 
ordinate of the curve at 
B. If both loads W and 
Rg act together on the 
beam, the total deflection 
at B will be Wy — Rays. 
In the case of the con- 
tinuous beam ABC, if all 
three supports remain at 
the same level, the deflec- 
tion at B will be zero, 
and Wy — Rays = 0; or, 
since W = 1, Ra = y/ys, 
and the ordinate of the 
curve abc under the load, 
divided by yz, gives the 
reaction Rg. But yp is 
constant ; hence, to some 
scale, Rn = y. In other pes 
words, abc is the reaction influence line for Rg. Since y and yg are 
measured to the same scale, the scale of the diagram is immaterial. 

The influence lines for R, and Rc can be obtained from the same curve. 
Place the load W = 1 at any position D distant zfrom A. Take moments 


about A, Ro (L, + L,) + Rel, = Wz; 





1 1 y 
itis” ott, Wess Reb Ves. some eae 
whence Re Beis 7 Bly} ant YyB L,| 


L, YBe ) ; 
ee ae ee ee cc eet : . —— 1, sas : 
yal, +L { L, y | since W = I, and Rg = y/yp 
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In (ii) Fig. 68, draw abf and che; let ae = ya and cf = yc. Then yo = 
L,+ L Z ] J 

of = yx ae -* and d,d.= yp i, hence, Ro = yori —d,d}= — ott 


1 
and the ordinates between the curve adbe and the base line abf, divided 
by yc, give the reaction Roe. When the curve falls below the base line, 
Ro is negative, that is to say, it acts downward. 

Similarly, the ordinates between the curve and the base line ebe, 
divided by ya, give the reaction Ra. Thus for ths load position shown in 
(i), Ra = + d,d/ya. As before, the scale of the diagram is immaterial, 
since both yq and d,d are measured to the same scale. 

Shear Influence Iine.—When W is in the position shown in (i) Fig. 68, 
the shearing force at any section K is 


Sk=—-Ra+W=W- f Ya — a} 


since W=1. In (iii) the curve and 7 al from (ii) have been 
repeated. Draw ak, parallel to eb. Then, considering the ordinate 
under the load, d,d,= ya, and dd,=: ya—d,d. Hence, Sx = dd,/ya; 
and the ordinate under the load between the curve adbc and the line ak,, 
divided by ya, represents the shearing force at K. When W passes K, 
the shearing force at K is equal to — Rg, represented by the ordinate 
between the same curve and the line k,c divided by ya, see (ii). The 
shaded figure in (iii) is therefore the shearing force influence line for the 
point Ix. Ordinates measured above the curve imply positive shear, 
those measured below imply negative shear. As in the case of the 
reactions, tne scale of the diagram is immaterial, since both the ordinate 
dd, and the value of yq are measured to the same scale. The broken 
lines to the right.of the figure represent the ccrresponding shearing force 
influence line for a point J in the span BC. 

Bending Moment Influence Line-—Wher W is to the left of K, aa 
shown in (i), the bending moment. at K is 


Mx = — Rav+ W(t -—2) = — eat W(x — 2) 
= 2 lat — Wa" > since Ra = af and W = ], 
Ya Xv Ya 


In (iv), the curve and base lines from (ii) have been repeated. Join 


a’k,’. Then, considering the ordinate under the load, d,’d,’ = ya “=, 


and d’d,’ = d,’d’ — d,‘d,’, whence, Mg = — = (d’d,’). 
a 


For the point K, z is constant and yq is constant ; hence the ordinate 
under the load between the curve a’d’b’c’ and the line a’k,’ represents 
to some scale the bending moment at K. When W passes K, the bending 
moment Mx = — Raz, represented by the ordinate between the curve 
and the line &,’c’ multiplied by z/yq as before. Therefore the shaded 
figure is the bending moment influence line for the point K. Ordinates 
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measured below the curve imply a negative bending moment, ordinates 
measured above the curve imply a positive bending moment. 

The vertical scale of the diagram is immaterial, since yg and d’d,’ are 
both measured’to the same stale, but the correct value must be given to 
x. If the loads are expressed in tons and 2 is in inches, the bending 
moment will be in inch-tons. The broken lines to the right of the figure 
represent the corresponding bending moment influence line for a point 
J in the span BC. 

38, Influence Lines for Lattice Braced Continuous Girders.—The 
method of treatment for a girder on three supports, Fig. 69, is similar to 
that used in § 37 for solid beams. Take away the intermediate support 
and apply a unit load there. Find the deflection polygon abe, (ii) Tig. 69, 
for the loaded flange by means of a Williot diagram or otherwise, §§ 12, 
14, 15, or 70. Draw abf, cbe. Then, exactly as in § 37, if d,d,dd, be 
the ordinate under «a load W = 1 at any point D, see Fig. 68, 


YY. wp tt. Rp _ oat 
Be a aa Rc = i : ; (1) 
the scale of the diagram is immaterial; (ii) Fig. 69 is therefore the 
reaction influence line for the girder. 

To obtain the influence line for the web member K,Q,, consider the 
effect of the unit travelling load and the central reaction separately, 
Repeat in (iii) the polygon abc and the line cbe from (ii), producing the 
latter to cut the vertical through I, the intersection point of Q,Q, and 
K,K,, in n. Join na and produce it to cut the vertical through Q,K, 
in k,; join k,k,. Evidently ak,k,c is the influence line for the bar 
K,Q, (cf. Fig. 64) when the support B is removed, and the ordinate 
under the load represents the force in K,Q, in these conditions. The 
force in K,Q, due to Rg will vary as the magnitude of Rs, that is to say 
will vary as the ordinate y, under the load, of the curve abe [eq. (1)]. 
Hence the curve abc to some scale is the influence line for the force in 
K,Q, due to Rg. But when W is at B, the total force in the bar due to 
both W and Rg must be zero, and the diagram has been so drawn that 
the difference between the ordinates of the two curves at B is zero. 
Therefore both curves are to the same scale, and the difference between 
their ordinates under the load represents the actual force in K,Q,; i.e. 
the figure is the influence line for the bar K,Q,. To find the scale, 
remove the reaction R, and find the force Fa in K,Q, due to a unit 
reaction applied at A. This will be represented in the diagram by the 
ordinate ae = ya, § 35. If then a force of 1 unit produce a force Fg in 
K,Q,, represented by ya, the actual force in the bar will be 


(Ordinate of influence) _ Fa ‘ 
| line under the load Ya ~ (4) 


The influence lines for the web members where the flanges are parallel 
are indicated to the left of the diagram. Both the magnitude and the 
sign of Fa will be different in different bars. Ordinates above the curve 


Force in K,Q, = 
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abc are to be considered as positive, i.e. they represent a tension in a bar 
such as K,Q,. 

The influence line for the flange member KK, is set out in (iv); the 
curve abc and the line cbe are reproduced from (ii) as before. The 
triangle a’k,’c’ represents the influence line for the bar when the support 





Reaction I. L. 


: 
| 


Fia, 69. 


B is removed ; the curve a’b’c’ is the influence line for the force in KK, 

due to Rp. Since the force in KK, is zero when W is at B, the line c’b’e ; 
has been drawn to pass through 0’, and consequently the scales of the 
diagrams are the same. If Fq be the force in KK, due to R, = l, 


Force in KK, = poi of mere Fa 


line under the load Ya (3) 
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Ordinates measured downward from the curve represent a ‘negative 
bending moment producing a tension in the lower flange members. 

The forces in the bars of span L, can be found in a similar way, but 
for this purpose the line a’b’f’ must be used, and the scale of the diagram 
determined by multiplying the ordinates by Fe/yc, where Fc is the force 
in a bar due to a unit reaction at C. 

39. Use of Characteristic Points.*°°—The bending moment influence 
lines for a uniform beam, continuous over two spans, can be found by the 
construction shown in (i) Fig. 70. This is a combination of the construc- 
tions shown in (iv) Fig. 130, Vol. I, and (ii) Fig. 128, Vol. I. For any 
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one position of the load W = unity, the negative bending mo- 
ment diagram is the triangle a’d’e’. The locus of @’ is the parabola 
shown: maximum ordinate WL,/4 = L,/4. Divide the span L, into 
say nine equal parts, a’.1.2.3. . . . e’; and also the distance p,p, into 
nine equal parts p,.1’.2’.3’.... p,. When the load is at any point 5, the 
dotted construction determines the characteristic point r,; 1, coincides 
with p,. Juin rgr,, and find the intersection point +. The intersection 
points for every position of the moving load lie on the vertical oi. Since 
92°93 is a horizontal line, the base line a’b’c’ can be drawn in. In (ii) 
Fig. 70, on the ordinate under the load, make 5”e” equal to b’e’; e” is a 
point on the Mg influence line (Mg is the support moment at B). Similarly, 
5"n” = m'n’, plotted downward on the same vertical, gives a point n” 
on the negative bending moment influence line for the point 7 in the 
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span L,; and 5°)” = 5j’ gives a point on the positive bending moment 


influence line for the point 5 in 
the span L,. The same construction 
can be applied to every point in 
both spans ; the resulting diagrams 
are shown in the figure. For the 
unit load, the maximum positive 
bending moment occurs when the 
load is 0-578 of the span from the 
supported ends. The maximur 
negative bending moment at any 
- point occurs when the load is over 
that point. The locus of x” gives 
the maximum negative bending 
moment diagrams for the spans. 
It may be shown * that the equa- 
tion to the line a’e"b” is 


,, nl — n?)L,? 
i a 2(Ly + L,) 
and to the line a”x"b” is 
M= - n(l — nL, 
i _ nl + | 
2(L, + L,) 


where nL, is the abscissae of the 
points measured from A. To plot 
similar curves for the span BC, 
interchange L, for L,, when the 
abscissae become nl,, measured 
from C. 

If the ends A and C of the beam 
be direction-fixed instead of merely 
suppcrted, the construction of (ii) 
Fig. 128, Voi. I, must be replaced 
by that of (iv) in the same figure. 
That is to say, the line ¢,7,,passing 
through 7, must be drawn parallel 
to rr, and not horizontally ; r, can 
be found by the construction used 
to find r,. The base line will pass 
through r, and r,. 

General Case. --- The solution 
when the beam is continuous over 
many spans and when I varies in 


each is shown in Fig. 71. The positions of the p,,p. 


fF 
[ 
| 

Lid 
‘ as" 
i a 
ua A 





t 


_ 
< 


w—-— L, — 


Fia. 71. 


- . « Dn points 


are found as set forth in § 79, Vol. I. These are determined once 
* Unaracteristic Points. Salmon. Select. Eng. Pap-I.C.E., No. 46, 1927, p. 33. 
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for all for the different spans, and do not alter with the position of the 
moving load. Suppose that a load W = unity be travelling across 
span L,. Determine the points ?¢, and ¢, by the Ostenfeld construction, 
Fig. 127, Vol. I; the conditions at the ends of the beam must he 
known, it does not matter what they are. The characteristic points 
1's, ’, are found by the construction used in Fig. 134, Vol. I; r, and 1, 
coincide with p, and p,. Find the intersection points +, and +, and hence 
the points s, and a, by the construction shown in Fig. 71. The s points 
lie on the base line, which can be drawn in. ‘It will pass through ¢, and ¢,. 
The positive and negative bending-moment influence lines for different 
points on the beam can be plotted exactly as in Fig. 70. 

If the girder is uniform from end to end, the p points divide the span 
into thirds, otherwise the construction is the same. 

40. Influence Lines for Elastic Displacements.—Mohr * pointed out 
that the deflection cvrve for a unit load, placed at a particular point on a 
beam, is the deflection influence line for that point. 

Let AB, Fig. 72, be the beam, and suppose that a,c,k.b, be the deflec- 
tion curve for a load W = unity placed 
at K. Then a,c,k,b, is the influence 
line giving the deflection of the beam at 
K, This follows from Maxwell’s law of 
reciprocal deflections, § 84, which states 
that the deflection at a point K, pro- 
duced by a unit load applied at C, is 
equal to the deflection produced at C 
by the same load applied at K. In the Fia. 72. 
present instance yo, the ordinate of the 
deflection curve at C, is the deflection produced at C by unit load at K, and 
it is equal to the deflection produced at K when a unit load actsat C. In 
other words, the ordinate under the load of the curve a,c,k,b, represents 
the deflection at K, hence a,c,k,b, is the deflection influence line for the 
point K. If there be a number of moving loads, the deflection at K, 
yx = & Wy, where y is the ordinate of the influence line under a load W, 
exactly as in the case of shearing force and bending moment influence 
lines. 

The theory is equally true for the deflection of braced girders, and 
for displacements generally, provided that all the loads be parallel. 

For a uniform beam, EI = constant, the equation to the curve 
a,c,k, [see eq. (25), § 52, Vol. I; W = unity] is 





l L—l 
and to the curve k,b, is 
l 2 ] 3 2 ° 2 


The curve a,k,0, is of frequent occurrence in influence lines, and the 
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following graphical method of setting it out may be used. In Fig. 73 
let AK = nL; calculate: 





KK, = ——a5y7 —— = — eR — - 2n(1 — n) 
n(l — n)%(1 + n)L? (1 —n)L3 
a a ee 
21 — n\(2 — n)L8 1 — n)L3 


and set them up as ordinates uncer the lead. Join AK,, BK,, BKg, 
AK,. Let 1.6 be any ordinate of the curve. Draw 2.3, parallel to AK, ; 











is aki. ip ec ieemto ee serene | . 
ee ee , 
i K [7 
i ! a 
6 


Fia. 73. 


join A.3, cutting 1.6 in 4. Draw 4.5 parallel to AK,; jou A.5 cutting 
1.6 in 6; then 6 is a point on the curve. Simiiarly, by drawing lines 
parallel to BK, and joining to B, the point 16 «1 the ordinate 11.16 is 
determined. It is unnecessary and confusing actually to draw all the 
construction lines ; the points 3, 4, 5, and 6 can be marked with a pencil. 

Hf EI be not constant, the deflection curve for unit load at K must 
be fond by the methods of § 54, 
Vol. I. For braced girders, use 
the methods of §§ 12, 14, 15, % 
Chapter I, or of § 70 Chapter V 
in order tc find the displacement 





curve. LL. for point m 
Worked Example.—To find re 30°. 
the deflection of the panel point Fig. 74, 


m of the braced girder shown 

in Fig. 36 when the load system shown in Fig. 74, travelling across 
the girder, reaches the position indicated. The deflection polygon for 
the bottom flange of this girder, when loaded with 12 tons at the 
point m, is given in Fig. 37. The corresponding deflection polygon 
of the girder, when loaded with 1 ton at the same point, is obtained by 
dividicg the ordinates of Fig. 37 by 12. It is shown in Fig. 74; the 
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maximum ordinate being 0-86 -- 12 = 0-072 inch. This deflection 
polygon is the deflection influence line for m. The ordinates y under the 
loads are indicated in Fig. 74 and the calculation for the deflection is as 
follows : 


on 


o oe VF & 


10. 
Il. 
12. 


13. 


14, 
15. 


. 16. 


17. 


18. 


W.y, = 2 T. x 0-036 in. = 0-072 inch. 
Wy, = 4T. x 0-060 in. = 0-240 
Wy, = 3 T. x 0-054 in. = 0-162 


een em ne 


Deflection at m = ym =, 0-474 inch. 
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QUESTIONS ON CHAPTER II 


1. A single concentrated load of 5 tons rolls across a beam of 40 ft. span ; 
(a) Plot on a common base line the shearing-force diagrams for load positions 
at intervals of 5 ft. from one end of the beam to the other. Show that 
the enveloping curves are straight lines. (6) Plot on a common base lino 
the bending moment diagrams for the same load positions. Show that the 
enveloping curve is a parabola. What is the equivalent uniformly distributed 
load ? 

Ans. 0-25 ton per foot. 

2. Two connected loads of 6 tons and 10 tons, spaced 12 ft. apart, roll 
along a girder which is freely supported on a span AB of 30 ft. Draw curves 
of maximum bending moment and maximum shearing force, and show the 
positions of the loads for maximum bending moment. (U.L.) 

Ans, See § 20; max. S.F. = 13-6 tons at A; max. B.M. = 86-7 ft.-tons, 
under the 10-ton load, 12 ft. 9 in. from A. 

“8. A rolling load, length }L, intensity w per ft. run, traverses a girder of 
span L. Find for a point K distant 4L from the left-hand support, (a) the 
maximum positive and negative shear forces, and (6) the maximum bending 
moment. Indicate the positions of the load when these occur. (U.L.) 

Ans. Max. + Sg = 5wl/96; front of load at K. Max. — Sg= 13wl/96; 
back of load at K: Max. Mg = — 7wil*/144; back of load 1/12 from K. 

4. A braced girder of 160 ft. span has to carry a uniformly distributed 
load of 1 ton per foot run, and a uniformly distributed rolling load of 2} tons 
per foot run. Over what length of the girder will it be necessary to put 
counter bracing? (U.L.) 

Ans. The middle 48-6 ft. 

5. A locomotive and tender, with loads as shown in Fig. 75, pass over a 
bridge of 60 ft. span. Draw by the tracing paper method the maximum 
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shearing-force and bending-moment diagrams, and determine the equivalent 
uniform loads, (i) for shear, (ii) for bending moment. (U.L.) 
Ans. Follow the method of § 21. 

“6. In Q. No. 2, show that the bending moment under the 10-ton load is 
& maximum when that load, and the centre of gravity of the two loads, are 
equidistant from the centre of the beam. 

V7. Four loads of 11, 16, 19, and 14 tons respectively, connected together 
at 10-ft. intervals, centre to centre, roll along a girder of 50 ft. span. Find 
the position of the loads when the maximum bending moment is produced 
and the value and position of that moment. , (U.L.) 

Ans. Max. B.M. occurs when the 14-ton load is 13 ft. from the end of 
the beam; 494-8 ft.-tons ; under the 19-ton load. 

Y8. A locomotive, with wheel loads as shown in Fig. 75, passes over a plate 
girder bridge of 60 ft span, from left tq right. Determine the maximum 
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bending moment produced at the points A and B distant 15 ft. and 30 ft. 
respectively from the left-hand reaction. 
Ans. Max. B.M. at A = 478 ft.-tons; at B = 622 ft.-tons. 


9. A rolling load of 4 tons travels across a beam AB of 40 ft. span. Draw 
& diagram such that the ordinate at any point C represents the bending 
moment at a point D 10 ft. from A when the load is at C. Dimension the 
maximum ordinate. Hence show that if two 4-ton loads, coupled together 
8 ft. apart, cross the beam, the maximum bending moment at D occurs when 
one of the loads is at D. Show on the diagram the position of the two loads 
when this maximum occurs. (I.C.E.) 

Ans. Max. ordinate = 30 ft.-tons. 


10. What is an influence line ? The main girders of a through bridge 
of 120 ft. span are warren girders, the lower flanges of which are divided into 
6 panels of 20 ft. each. A uniform travelling load of 2 tons per foot run, 
longer than the span, crosses the bridge. Draw a simple diagram which 
determines the position of the load when the shearing force is a maximum 
in any panel. Hence determine the maximum shearing force in the 4th 
panel from the end of the bridge at which the train enters. (I.C.E.) 

Ans. See (v) Fig. 63; 18 tons per girder. 

11. Solve Q. No. 3 by means of influence lines. 
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12. A bridge has two main girders as shown in Fig. 75. A uniform live 
load of 2 tons per foot (longer than the span) crosses the bridge from right 
to left. Find the maximum forces in the members CD, EF, and CE of one 
girder. (U.L.) 

Ans. Forces; CD = + 80; EF = — 96; CE = + 25-45 or — 5-66 
tons. 

13. Draw to scale diagrams showing the variations of the forces in AB 
and AC, Fig. 75, es a load of 1 ton travels along the girder. Show how these 
diagrams may be used to find the maximum forces in AB and AC for a 
uniform travelling load of 2 tons per foot run longer than the span, and find 
these maximum forces. (U.L.) 

Ans. Forces: AB = — 72:7; AC = + 8-54; — 18:26 tons; if load 
carried by two main girders. 

14. A rolling load of 2 tons carried on two axles 6 ft. centre to centre, 
crosses a floor supported by longi- 
tudinal beams carried. on cross girders 2T. 
10 ft. centre to centre, Fig. 76. 

Assuming that the longitudinal beams 
are merely supported where they 





connect on to the cross girders, find "A 10 —.- — 10 —l 
the maximum load which comes on a 8 13T 
cross girder as the load rolls along the (5) 48 : 


floor. 

Ans. 1-4 tons. 

15. A locomotive with axle loads 
as shown in Fig. 76 passes over a single 
line bridge of 60 ft. span. Determine 
the maximum shearing force at the 
end and at the centre of the span. 
(U.L.) 

Ans. 46:8; 18-3 tons. 

16. Solve Q. No. 8 by the aid of 
an enue diagram. (U.L.). 

¥17. In Q. No. 5 determine the 
maximum bending moment at the 
centre of the span, and the maximum 
shearing force at the ends, by means of influence lines. Compare these results 
with those obtained in Q. No. 5. 

Ans. Max. B.M. = 1031-3 ft.-tons. Max. S.F. = 74-6 tons. % 

18. The figure represents the outline of one leaf of a amall swing foot- 
bridge, pivoted at A and B and standing out cantilever fashion. A load of 
1 ton rolls along the frame from A to H. Find the maximum forces which 
occur in the four bars meeting in the point C due to this moving load, and 
state whether they are tensile or compressive. (I.C.E.) 

Ans. Max. forces: CD = + 3:33; CE = + 1-22; CG = + 3-64; 
CF = — 1-0 tons. 

19. If the beam in Q. No. 2 were fixed in direction at each end, find the 
maximum bending moment which occurs at the central cross section as the 
specified load rolls across the beam. 

Ans. 38-4 ft.-tons. 

20. Find the maximum deflection of the point m in Fig. 41 when the given 
load system, Fig. 76, travels across the beam from left to right. 

Ans. 0-163 inch, when the leading load is at m. (Find the deflection 
polygon for the girder with a unit vertical load at m. This is the deflection 


influsnre line.) 





CHAPTER III 
WIND PRESSURE 


41. Its Importance.— The pressure of wind on a large exposed structure 
such as a long-span bridge, or a very tall building, may be one of the 
chief straining actions to which it is subjected. In small, low, and 
shielded structures the effect of wind pressure may be relatively unim- 
portant, but in ordinary design it is usually necessary to take it into 
account. 

42, Wind Velocity and Pressure.—Many observations have been 
made of the velocity and pressure of the wind. The velocity is usually 
measured by means of an anemometer of the revolving cup type. For 
measuring the pressure, a Dines tube, which is an adaptation of the 
Pitot tube, iscommonly used. This is often calibrated to read the velocity, 
but the instrument measures the pressure. In addition, estimates of the 
force due to wind pressure can be obtained from vehicles overturned 
during a storm. 

To correlate such observations, it is necessary to know the relation 
between pressure and velocity. From a number of experiments '¢ it has 
been found that P = 0-0032V2, where P is the pressure in Ib./sq. ft. on 
a flat square surface normal to the direction of the wind, and V is the 
velocity of the wind in miles per hour.!° This constant varies with the 
barometric height and moisture content of the air. 

Forth Bridge Records.—A number of records of wind pressure, over 
a long series of years, were made at the Forth Bridge. Owing to the 
type of gauge used there is good reason to think that the readings were 
much too high, but the results are of interest as showing the variation 
in wind pressure likely on such a structure. 





























oe 
Gauge No. 
Pressure in Ib. /sq. ft. 
3 | 4 | 5 
Maximum . 1; 65 20 55 
Average . 50 13 30 
Minimum. 18 10 20 
Height of gauge ns meh 214 163 378 5O 914 


water (ft.) 
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The records & of the wind gauges erected on the 
bridge itself, during fifteen of the most violent 
storms which occurred between January 1901 and 
February 1906, are given in the preceding Table. 

The position of the gauges is shown in Fig. 77. 
These gauges were pressure plate revolving gauges, 
each having an area of 14 square feet. 

When a large 300 sq. ft. gauge recorded 19 
lb. /aq. ft., a gauge of 1} sq. ft., at its centre, recorded 
28-5 lb./sq. ft., and a 14 8q. ft. gauge at the right- 
hand top corner recorded 22 lb. /sq. ft. When on an- 
other occasion the large gauge recorded 18 lb. /sq. ft., 
the small centre gauge recorded 23} Ib./sq. ft., and 
the small corner gauge 22 Ib./sq. ft. 

From a study” of the records taken at 
different meteorological stations, it appears prob- 
able that in the British Isles, even in the most 
violent storms, the mean wind velocity seldom 
exceeds 75 miles per hour (18 lb./sq. ft.), with 
occasional gusts which may reach, but seldom 
exceed, 100 m.p.h. (32 lb. /sq. ft.). In India, during 
cyclones, the corresponding figures are 90 m.p.h. 
(26 Ib./sq. ft.), and 120 m.p.h. (46 Ib./sq. ft.), re- 
spectively. Velocities of over 200 m.p.h. have 
been recorded at Mount Washington, U.S.A. Such 
velocities are very exceptional. 

43. Wind Structure.—It is evident from the 


Forth Bridge observations that the wind pressure _ 


increases with increase in height (compare gauges 
3 and 4). The following figures are taken from a 
Weather Report of the Meteorological Office : 


Height in metres . 4 1 2 3 4 
Memlocity |} 0-50 0-50 0-73 0-80 0-85 
5 10 15 20 25 30 
0-89 1:00 1-07 1-13 1-17 1:20 
For heights up to 30 m., formulae of the type 
V = kH" have been proposed to represent the 
variation in velocity, where n ranges from } to }. 
Curves representing the variations in wind velocity 
up to a height of 500 m. have been given by Dines 
in the Fourth Report on Wind Structure to the 
Advisory Committee on Aeronautics, and by others. 
Lateral Variation —A second point brought out 
by the Forth Bridge observations is that the average 
pressure per square foot on a large area is much less 
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than that on a small area. Thus the pressure recorded on two 
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areas, one at the centre and one at the top corner of the large gauge, 
is much greater than the average pressure over the whole large 
gauge. It appears from Stanton’s experiments, however, that, in a 
steady wind, size has little effect, ie. the dimensional effect is small. 
The explanation is to be sought in the lateral variation in velocity which 
occurs in all actual winds. Dines * has recorded that simultaneous 
readings of velocity instruments of the same type, placed as close together 
as 11 ft., were in the ratio of 3 to 5, and that the velocity recorded by 
one instrument was increasing at a moment when that recorded by the 
other was decreasing. Such want of uniformity would affect a small 
surface more than a large one. It is evident that a gust of limited 
extension, which would produce a heavy pressure on a small area, would 
not much affect the average pressure on a large area. It is common, 
therefore, to assume a yreater mean pressure on small structures than on 
large. On the other hand, observations made at the Tower Bridge f 
appeaz to show that, for spans up to 250 feet, lateral variations in wind 
velocity are not considerable. It also appears probable that such 
variations decrease with increasing height. 

According to Dr. Simpson, if V be the greatest mean velocity of the 
wind in miles per hour, 

Maximum velocity in gusts = 1-3V + 1-5 
Minimum velocity in gusts = 0-65V — 1-0 

These formulae apply to Great Britain. Remfry ' takes as the factor 
for lateral variation in wind pressure, V2/(1-3V + 1-5)?. 

44. Dynamic Action of Gusts.—The question arises as to whether 
wind pressure should be treated as a live or as a dead load. Very little 
information is available as to the time rate of increase of wind velocity. 
Cases are on record when the velocity rose from zero to 33 miles per hour 
in one minute, from 9 to 62 miles per hour in about two minutes, and 
from 6 to 45 miles per hour in five minutes. Considered as live loads 
these rates of increase are very slow, and the dynamic increment due to 
them must be very small. It appears quite unwarrantable, therefore, to 
treat the wind pressure as a suddenly applied load, or to apply an impact 
factor to the wind load. 

Synchronous vibrations may, however, be set up in tall structures 
such as chimneys, see Omori, and Pagon, Ref. No. 42, Bib., and the effect 
may be serious. : 

45. The Coefficient C.—The pressure of the wind, as determined by 
the formula P = 0:0032V?, is the mean intensity of resultant pressure 
on a square flat plate placed normally to the direction of the wind. It is 
convenient to express the mean intensity of resultant pressure on any 
other shape of plate, or on a body placed in the wind stream, in the 
form P = 0:0032CV?, where C is a coefficient to be determined experi- 
mentally, and equal to unity in the case of the square flat plate placed 
normally to the wind. 


* Quar. Jour. Roy. Meteor. Soc., 1894, vol. xx, p. 183. 
t Proc. Inst. C.E., vol. ccxvi, 1922-3, p. 36. 
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In what follows, unless otherwise indicated, by the term pressure is 
to be understood an intensity of pressure, usually expressed in lb./sq. ft. 
The mean resultant pressure on a plate or body is the total force on the 
plate or body due to the wind, divided by the face area of the plate, or 
divided by the projected area of the body, measured normal to the 
direction of the wind. 

46. Wind Pressure on a Flat Plate Normal to the Wind.—Fig. 78 
illustrates the distribution of pressure on a square flat plate placed 
normally to a uniform current of air.° The section shown is taken across 
a diameter at right angles toa side. It will be seen that there is a positive 
pressure on the windward side, and a negative pressure or suction on the 
leeward side. The resultant pressure is the added effect of these. The 
positive pressure reaches a maximum 
at the centre of the plate, and is equal 
to p = }pv? Ib. /sq. ft., where p denotes 
the weight per cubic ft. of the air in 
Ib. + g in ft. /sec.?, and » is its velocity in 
ft./sec. This maximum is the same for 
all shapes of plates. The negative Square Plate 
pressure is practically uniform except | | 
near the edges. The ratio of the in- | 
tensities of positive and negative pres- Fia. 78. 
sures at the centre of the plate varies 
with its shape. In the square plate this ratio is 1: 0-57; in a circular 
plate it is 1 : 0-48; and in a rectangular plate (J: b = 25) it is 1: 0-69. 
It follows that the mean resultant pressure, and hence the value of C, is 
different for different shapes of plates. 





Suction + Pressute 





C. 

Square plate . 1-0 
Circular plate . : 1-0 
Rectangular plate * ee -15. 1-2 
30. : ; ‘ ‘ ‘ 1-4 

60 . ‘ 1-6 


47. Effect of Shape.—The shape of an “object exposed to the wind 
has considerable effect on the magnitude of the force exerted by the 
wind upon it. Thus the force on a cylinder is only about one half, and 
that on a sphere only about one-third of the force on a flat plate placed 
normal to the wind, and of equal projected area. The values of the 
coefficient C giving the relative pressures will be found in the Table’? 
below. In all cases the pressure P = 0-0032CV? is that on the projected 
area normal to the wind. 


C. 
Square flat plate . - 1-0 Cylindrical tower. 0-52t 
Cube, or square tower, one face normal to 
wind ‘ . 9-90 Octagonal tower . 0-60 
Cube, or square tower, diagonal normal to 
wind ; ‘ : : ‘ - 0-63 Sphere. : . 0-36f 
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: According to Flachsbart’s experiments *®* the effect of 1/d (the aspect ratio) is 


only appreciable for values above 10. 
ft These values are affected by turbulence, roughness of surface, etc., and vary 


with the Revnolds’ nuinber. 
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For a prism of square cross section (face normal to wind) Dr 
Nokkentved (Proc. Amer. Soc. C.E., September 1936), gives 
Ratio of height to side = I 2-3 3:0 5-0 
C= 1-05 1-30 1-50 1-91 
For a lattice girder 29 ft. long by 3 ft. 74 in. deep, with a double 
system of lattice bracing, C = 1:26 (Stanton 1°). Melbourne University 
experiments” give C = 1-45 for a lattice girder of an ordinary type. 
More recently, Flachsbart 2° has carried out a series of experiments on 
model braced girders of different types, and concludes that the maximum 
wind force Fy on a girder occurs when the wind is normal to the girder, 


and is 
== paKd = $pv’aKd = 4Jpv’*pAKad . - (2) 


where Kg = a coefficient (the drag coefficient). 

= max. theoretical wind pressure on the girder = ipu? (see above) 
(Ib. /sq. ft.). 

== the velocity of the wind (ft. /sec.). 

= the density of the air (wt. per cub. ft. /g). 

=: the sum of the projected area of all the bars (cq. ft.). 

= the areu of the contour of the girder (sq. ft.). 

=: a/A, a fullness factor. 


@ pare 


Usually ¢ = 0-25, when Kg is approximately constant and equal to 1-6; 
when ¢ < 0-25, Kg varies with ¢, but approximates to 1-8. The type 
of framework, type of bar profile, 

and shape of contour make no Pra ole 
practical difference to the value 
of Fy (the difference is less than 
10 per cent.). 

Since the value of Kd for a 
square plate = 1-27, it follows from 
the above, if P -- 0:0032V?, that 
when ¢ 50-25, C= 1:26; when 
hd < 0-25, C = 1-42. 

48. Shielding.—If two similar 
plates be placed one behind the 
other in a current of air, it is found O 
that the windward plate shields Distance Apart in Diameters. 
the leeward plate to an extent Fra. 79. 
depending on their distance apart. 

The results of some experiments on pairs of parallel circular plates by 
Stanton,’ are given in the following table : 


Distance apart in Diameters . 0 1 14 2 3 4 
Value of C forthe pair . . 4-0 0-83 0-74 0-89 1-44 1-73 


p | | | 
Total Pressure on Pair. 





and are plotted in Fig. 79. The interesting fact appears that when the 
plates are 14 diameters apart, the total pressure on the two plates is only 
about 3 of that on a single plate, and in these circumstances, the pressure 
on the leeward plate is found to act in the opposite direction to that on 
the windward plate. These experiments were made using circular discs ; 
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it was found that the shielding effect was considerably less in the case of 
long rectangular bars. In the case of parallel plates, without holes, at 
moderate distances apart, the air in the region between the plates was at 
a uniform pressure. This suggested that the resultant pressure on a 
short cylinder would be nearly the same as that on two plates of the 
same dimensions as its ends, which proved to be the case. 

Lattice Girders—The shielding effect in the case of similar, similarly 
situated, models of lattice girders was found to be independent of the 
scale; but in two lattice models of the same type, but with different 
widths of bars, when the models were the same number of times the 
width of the bars apart, the shielding effect was greater for the wider 
bars. 

The total pressure on two lattice girders, each of depth D, placed a 
distance D apart, was 1-29 times that on one. If these girders were 
connected by a roadway, top or bottom, this figure was reduced to 1-15; 
or to 1:25 when the distance apart was 2D; so that if C = 1-26 for the 
single girder, C = 1-26 x 1-25 = 1-58 for the pair. If the angle of 
incidence of the wind was not normal, there was a slight increase in the 
pressure, which amounted to approximately 5% when the angle of 
incidence was 75°. 

In the above experiments the openings were approximately 50 per 
cent. of the total area. 

In the case of model single web lattice girders tested in pairs (no 
floor), Sir Benjamin Baker obtained the following results : 


Distance apart in terms of depth . ae | 2 3 4 
Ratio of pressure on pair to that on single girder ~ AeZ 1:5 1-7 1°8 


The addition of one or more extra girders, placed between the outer 
girders, made little difference to the total wind load (about 4% for 3 to 4 
diameters apart). For the single girder C = 1-15. 

In continuation of the work summarised in § 47, Flachsbart and 
Winter 2° made a series of experiments on model braced girders in pairs, 
the more important results of which are as follows: The influence of the 
leeward girder on the windward girder is small even at small distances 
apart. The shielding influence of the windward girder is considerable. 
The wind velocity and pressure close behind a lattice girder takes a wave 
formation with minima values behind the bars, and maxima values 
behind the open panels. This formation equalises slowly with increasing 
distance, and the shielding effect is still perceptible at relatively large 
distances apart. The efficacy of the shielding depends primarily on the 
fullness factor ¢, § 47; the relative distance apart of the girders; and 
congruency (i.e. whether the bars of the girders lie exactly one behind 
the other), this is chiefly important at small distances apart. The effect 
of type of girder is small. 

The experimental results for congruent girders are plotted in (i) 
Fig. 80; where, if Fy, eq. (1), § 47, is the wind force on the windward 
girder, #F', is the wind force on the leeward girder, and (1+ ) Fw that 
on the pair. The values of % for 6 = 0-6 to 1-0 are shown by dotted 
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lines, because they depend to some extent on the aspect ratio //b of the 
individual members of the frame. For values of ¢ between 0-1 and 0-6, it 
is sufficiently accurate to use = 1-15 [1-0 — 1-45 (B/D)*]; B denotes 
the distance apart of the girders, and D their depth. Obliquity of the 
wind direction had little effect on the value of Fy», but increased the 
value of % slightly, the maximum effect occurring at an obliquity of 25°. 
In all the experiments the girders were unconnected by a roadway, 
which would slightly reduce the total wind load on the pair (see supra). 
(ii) Fig. 80 gives approximately the relation between % and ¢ for a pair 
of girders placed B = D apart, but shifted relatively half a bay, under 
normal wind loading. 

Plate Girders.—¥or these ¢ = 1, (i) Fig. 1-0 
80, but the value of ys depends to some ex- 
tent on the aspect ratio L/D, and on the 
presence of a roadway. [According to 96 
Melbourne University experiments,’ for a 
plate girder bridge with a roadway tup or 
bottom, if B= D, C=1-0; if B= 2D, 
C = 1-20.] 

Tall Masts—-From experiments on 
model sections of square lattice braced 
masts, it appears that, under normal wind ‘'2 
pressure, the forces on planes parallel to the Ne B 
wind are negligible, and the mast may be 
treated as two parallel girders, using the 08 
formulae given above. When the wind acts 
diagonally, the total wind force may be 
increased by 20 per cent. (or even more), 94 
depending on the type of framework. For 
maximum effect the wind force may be 
taken as acting at 45°, though the angle of 
obliquity for a maximum was in some cases O' 02 06 10 
about 25° — 30°. Fic. 80. 

From tests on a 7;th scale model, 

Katzmary and Seitz * found that, under diagonal wind pressure, the 
* maximum wind force on a tall mast was 1-5 times the normal wind 
force Fy on one face; and equivalent to forces equal to Fy acting 
simultaneously on two perpendicular faces. 

49, Wind Pressure on Inclined Surfaces.—Fig. 81 shows the dis- 
tribution of pressure on flat plates inclined at angles of 30° and 45°, 
respectively, to the direction of the wind.® It wil! be observed that 
these distributions differ considerably from the distribution of pressure 
on a plate normal to the wind, particularly as regards the 
pressure on the back of the plate due to eddies. 

A number of formulae have been proposed to express the 
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* Der Bauingenieur, 1934, p. 218. 
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between p, the resultant normal pressure on a plate inclined at 6° to the 

direction of the. wind, and P, the pressure on a plate normal to the wind. 
Wind 





Wind| 
Flat Plate. A! 
r 
eo , ak? 
foe Cg” 





Fia. 81. 
Let p = KP, where p and P are both expressed in Ib. per sq. ft. of the 
face area of the plate. Then according to the formula derived by 


Duchemin’s Formula 
Pp. -2sin0 S 
Pp itsin®é 


Fie. 82. 





Hutton | from his experiments with a whirling machine, made in 1786-7, 
see Fig. 82 * : 
log K = log (p/P) = (1:84 cos @ — 1) log sin @ . » () 
By Duchemin’s formula,? 
2 i 
K= By ard @ 
* p/P = 6° /45 approx: max. = ]. 
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while Rayleigh * deduced theoretically that 


p (4+ 7) sin @ 

pee = = = 2 
This latter formula gives the positive pressure on the front of the plate, 
not the resultant pressure. Stanton found that, in the case of a rect- 
angular plate, the value of K depends on whether the longitudinal or trans- 
verse axis be inclined to the wind. It will be seen that, according to 
Hutton’s formula, the resultant pressure on a plate inclined at from about 
60° to 90° to the wind is more than that on 
a normal plate, Fig. 82. This is an experi- 
mental fact; the increased pressure is the 
effect of eddies, which ir.crease the negative 
pressure on the back of the plate. 

The most commonly occurring case of 
wind acting on an inclined surface is that 
of an ordinary roof. As will be seen in the 
next article, hcwever, the effects of wind 
on a sloping roof surface are very different 
from those on an inclined flat plate placed 
in the wind stream. 

50. Wind Pressure on Roofs and Chim- 
neys.—Many experiments have been made 
to determine the distribution of wind pres- 
sure on roofs. Fig. 83 shows the distri- 
bution of external pressure on three closed- 
in buildings with A roofs, as determined at 
the N.P.L.° The roof angles in the three 
cases were 45°, 30°, and 60°, and the pres- | 
sures were measured for three different wind 
velocities, 10-0, 13-6 and 16-8 mph. It 10¢ Miles per hour : 
will be noticed, that, due to eddies, there 68 .« « 8 
is a negative pressure or suction on the + Pressure 
leeward side of the building, first observed - Suction 
by Irminger,® of the same order of magni- 
tude as the normal pressure on the wind- 
ward side ; and that in the case of the 30° roof, (ii) ‘Fig. 83, the positive 
pressure on the windward slope is small. These observations have been 
confirmed and extended by other experiments. In addition, there is the 
internal pressure (i.e. the pressure inside the building) to be taken into 
account, see infra. This subtracts from the external pressure. Ina closed- 
in building the internal pressure is found to be negative ; that is to say, it 
increases the resultant pressure on a surface which carries a positive 
external pressure, and diminishes the resultant negative pressure on a 
surface which carries an external suction. In the case of a building with 
open windows and doors, or in an open shed, the resultant pressures on 
the sloping surfaces may differ considerably from those on a closed-in 
building. 





Fic. 83. 
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According to the N.P.L. experiments,’ in the case of a building pro- 
vided with windows and doors, the worst effects produced by the wind 
occur when the windows and doors on the windward side are all open, 
and those on the leeward side shut. In these circumstances the values 
found for the coefficient K were as follows : 


Angle of roof ‘ : . 30° 45° 60° 
Windward slope, K = . - +0:-47 -+ 0-88 + 1-06 
Leeward slope, K = 4 - —0-69 #£notdetermined — 1-00 


As in the case of the flat plate inclined t:, the wind, the pressure on the 
60° slope is greater than that on the norma! plate. 

In the case of the open shed roof, contrary to what might perhaps 
have been expected, the difference i: pressure on the leeward side was 
so small as to be negligible. It wovid appear that the wind blowing 
under the roof, i.e. through the buiiding, produces a suction which, 
practically speaking, balances the exterior suction due to eddies from the 
windward slope. In this case the values «f K were : 


Angle of roof ; ; ‘ é 30° 45° 60° 
Windward slope, K =: F ‘ + 0:47 +- 0-88 + 1-06 
Leoward slope, K =. ; : negligible 


For the purposes of design, the following interpolated values may be 
used : 


Ratio rise to span : : } Pa + $ 
K, windward slope ; ; + 0-3 + 0-4 + 0:6 +0°-9 
K, leeward slope :— 
(?) Ordinary buildings . — 0-5 --0-6 —0-75 —0-9 
(11) Open shed ‘ : negligible. 
-+ pressure. — suct'on. 


In all the above cases, KP is the total pressure on the slope, i.e. the 
difference between the external and internal pressures. 

Collating all the published experimental work on the subject, the 
American Committee on Wind Bracing in Steel Buildings * (Fifth Progress 
Report) propose the following as the maximum likely values for Ke, 
where Kef is the external pressure on the roof. 


Windward slope :— 
8 = 20° or less 20°-30° 30° 30°—60° > 60° 
Ke =: — 0-7 (0-078 — 2:1) 0 (0-036 — 0-9) 0:9 
Leeward slope :— 


Ke = — 0°6 for all values of 0. 


To obtain the value of K, the coefficient K; for the internal pressure 
must be taken into account ; K = Ke — Kj. 

Internal Pressure.—The value of the coefficient K; has been variously 
estimated, depending chiefly on the arrangement of the window openings. 
Irminger and Nokkentved “ point out that an airtight building cannot 
cxist in practice, and cite a case in which an impervious covering was 
$iripped from the roof in the first storm. Relief holes were thereafter 
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fitted, which completely cured the trouble. For a ‘leaky’ building, 
they find that if the leaks are uniformly distributed throughout the 
building, K; does not vary with the wind velocity or the area of the leaks, 
but is affected by the shape of the building, i.e. by the distribution of 
external pressure. For such cases they suggest the values Kj = — 0-25 
to — 0:35; K; is always negative. 

The maximum positive internal pressure is produced when all the 
windows and doors are open on the windward side, and closed on the 
leeward side; and the maximum negative internal pressure, when the 
conditions are reversed. The Australian experiments * suggest a range 
for Ki; = + 0-8 to — 0-3. 

Curved Roofe.—Fig. 84 shows the average of a number of readings, 
under various conditions as to height of walls, open and closed ends and 
sides, of the external pressure on a 
building with a semicircular roof, exion P 
made at Perdue University. The ov 
wind is blowing from left to right. 

The American Committee (l.c.) 
suggest the following procedure for 
curved roofs: arepresentative circu- 
lar arc is described, passing through 
the two eaves and the ridge, and 
subtending at its centre an angle ¢. 
The ratio of the height of the arc to 
the span of the roof is called r. The 
arc is divided into three parts (cf. 
Fig. 84) subtending at its centre 
the angles a, B and y respectively. 
The angle a, starting at the wind- °$ 
ward eave, is a = (r/4+ 0:125) ¢; Fic. 84. 


y = $/4. 
For segment a : r= lessthan0:2 0-2to0:35* *0-25 and over 


oe Ke= —0-9 —(2:1—6r) + (2-8 — 0-7) 
Arc starts from 
ground level. 
For segment 8B: Any type of support Ke = — (r + 0-7) 
For segment y: Any type of support Ke = — 0-9. 
Flat Roof. Ke = — 0-7 all over. 
These are the maximum likely values of Ke; to obtain K the value 
of K; must be subtracted ; K = Ke — Ky. 
Knowing the value of K, and of P for a given wind velocity, the roof 
should be designed to carry the pressure p = KP, see §§ 6, 212, 209. 
For the distribution of pressure on the surface of an airship shed, 
see Arrol’s Bridge and Structural Engineers’ Handbook, Ist ed., London, 
1920, p. 180 e¢ seq. 







Suction PA 


e= + 1-4r 


¢ 


* Thus in the original. 
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Circular Chimney.—-Fig. 85 shows the distribution of wind pressure 
on a 12°6-in. diameter model, 5 ft. long, of a circular chimney, as 
determined by Dryden and Hill.* The wind speed was 80 ft./sec. 
(log,9 vD/v = 5°7; vD/v is Reynolds’ number). Section (i) was taken 
0-5 in. (0-05D), and (ii) about 17 ins. (1:4D) from the top end. In these 





: 40-~_L. —FromEnd 


Fra. 85. 


diagrams, pressures p, normal to the surface, are indicated by polar 
co-ordinates. The shaded areas represent positive pressure, non-shaded 
arcas negative pressure. The pressures are expressed in the non- 
dimensional unit p/pv?, the scale being indicated by the concentric 
circles; v = velocity in ft./sec., p = the density of the air in lb. per 
cub. fit. — g = 0-00237. As may be seen from Fig. 85, the general shape 
of the pressure distribution was very similar from one end of the chimney 
to the other. The pressure on the chimney in pounds per sq. ft. of 
projected area may be expressed by the formula P = puv?Kq, where Kg 
is a non-dimensional drag coefficient varyit.g with the aspect ratio L/D 
and the Reynolds’ number; provisionally fixed at 0:4. The great 
magnitude of the negative lateral pressure in (11) Fig. 85, should be noted. 

51. Effect of Position and Neighbouring Euildings.—As in the case 
of a flat plate, the angle of incidence of the wind makes very considerable 
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difference to the distribution of pressure on a building.% Also the presence 
of neighbouring buildings may completely modify the effects of the wind. 
The information given in § 50 has been obtained from experiments on 
single models and only applies to isolated buildings. In a case such as 
(i) Fig. 86, where an open shed stands close to a higher building, there 
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may be considerable ‘uplift’ on the leeward side BC,* as also in a 
grandstand with an open front (ii), and the coefficients in § 50 would 
be quite inapplicable to such cases. 

Experimenta] studies * 28 to obtain some exact information regarding 
the effect of adjacent buildings have been undertaken both in America 
and at the N.P.L. From such experiments it may be possible to lay 
down some general rules for guidance in design, but the problem is com- 
plicated by so many different considerations that it is unlikely that 
definite wind pressure values in particular circumstances can ever be 
obtained without special experiments. 

52. Wind Pressure on Structures and Buildings. Practical Assump- 
tions.—From the figures given in §§ 42 and 43, it would appear that in 
Great Britain it is sufficieat on isolated structures up to 30 ft. high to 
assume a horizontal wind pressure of 20 Ib./sq. ft. in unexposed areas, 
which might be increased to 25 Ib. /sq. ft. for structures up to 100 ft. high. 
Projections should be designed to resist 30 lb./sq. ft. In very exposed 
areas a pressure of 30 lb./sq. ft. should meet all requirements. It is 
customary to permit a 25 per cent. increase in the allowable stresses when 
the stresses due to wind are combined with the dead and live load stresses. 

Buildings.—According to the L.C.C. Code of Practice, 1932, for 
buildings in the London area a wind pressure of 15 lb./sq. ft. should be 
assumed on the upper two-thirds of the vertical projection of the surface 
of such buildings, with an additional pressure of 10 Ib./sq. ft. on all 
projections above the genera] roof level. On the sea coast, and in other 
very exposed positions, these pressures should be increased by 10 lb./ 
sq. ft. A 334 per cent. increase in the allowable stresses is permitted 
when the wind stresses are combined with the other stresses in the 
structure. If the height of a building is less than twice its average width, 
wind pressure may, in general, be neglected, provided that the building 
is adequately stiffened by floors and walls. 

According to the Standard Specification of the American Institute of 
Steel Construction for structural steel for buildings, the wind pressure 
should depend on the conditions of exposure. If the steel frame during 
erection be designed to carry a wind pressure of not less than 20 lb. /sq.ft., 
and the finished structure a wind pressure of not less than 15 Ib. /sq. ft., 
acting on the vertical projection of the exposed surfaces, when the wind 
stresses are combined with those due to the other loads, the permissible 
working stresses may be increased by 33} per cent. (20,000 + 6600 = 
26,600 lb./sq. in. in direct tension and compression, 1936). 

For a discussion of wind pressure on buildings and methods of resisting 
it, see Wind Stresses in Buildings, R. Fleming, New York, 1930. 

Bridyes.—It has been customary to specify that a bridge carrying a 
railway should be designed to resist a horizontal wind load of 50 Ib./ 
sq. ft. on the unloaded structure, or 30 lb./sq. ft. on the bridge when carry- 
ing a train. In the case of a road bridge the latter figure is reduced to 


* See some remarks in Beck’s Structural Steelwork, London, 1920, p. 239. 
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20 lb./sq. ft. These figures have been very generally adopted by engineers 
for many years, and are embodied in the British Standard Specification, 
but for bridges intended for use in this country, 50 lb. /sq. ft. appears to 
be an excessive allowance, see § 42. As the result of a study of the avail- 
able data, Remfry?® suggests that, for bridges in this country, a wind 
pressure on unloaded spans up to 1000 ft. in length of 40 — 0-016L 
Ib. /sq. ft. should be assumed ; and on similar loaded spans, of 35 — 0:013L 
Ib. /sq. ft. (L = span in feet.) For Indian bridges an increase of about 
40 per cent. is recommended. 

When the stress due to wind is comLined with the stresses due to the 
dead load, the live load plus impact, and the centrifugal and longitudinal 
forces, it is permissible to increase the allowed stress by 25 per cent., 
since it is unlikely that all these loads will produce their muximum effects 
simultaneously. 

The General Specifications for Steel Railway Bridges, 1935, of the 
American Railway Engineering Association require that, for fixed spans 
less than 400 ft. in lengih, a moving wind load of 30 Ib. /sq. ft. shall be 
allowed for, acting on 14 times the face area of the floor system, plus 
the vertical projection of all trusses, but not less than 200 lb. per lineal 
foot, acting at the loaded flange, and 150 Ib. per lineal foot at the 
unloaded flange. The wind load on the train, which is supposed to act 
simultaneously with the above, is to be taken as a moving load of 300 lb. 
per lineal foot on one track, applied 8 ft. above the base of the rail. 
Alteruatively, the unloaded bridge must carry a wind pressure of 50 lb./ sq. 
ft. An increase of 25 per cent. (18,000 + 4500 = 22,500 Ib. /sq. in. in 
direct teusion) in the allowable stresses is permitted when the wind 
load stress is combined with that due to the dead load + live load + im- 
pact + centrifugal force + longitudinal forces. 

If the bridge is not required to confoim to the British Standard 
Specification, it would appear that the wind pressures suggested by 
Remfry and given above might be provisionally adopted as best repre- 
senting the information available; except that most engineers would 
consider that it is not necessary to assume more than 30 Ib. /sq. ft. on 
a loaded span in normal circumstances in Great Britain. 


Wind pressure on a bridge has three main effects : 

(i) It tends to overturn bodily the bridge (with or without the 
train). 

(ii) The wind pressure on the bridge proper forms a lateral load 
on the structure. That on the train forms a lateral rolling load on the 
structure. 

(iii) The wind pressure on the train will increase the pressure on the 
leeward rail, and therefore increase the vertical load on the leeward 
girder of the bridge. 

The factor of safety against overturning should not be less than 1-5 
under the worst conditions likely to occur. As an example of the method 
of calculation, consider the deck bridge shown diagrammatically in Fig. 87. 


WIND PRESSURE 125 


Let W, be the weight of the bridge proper, F, the total wind pressure on 
it ; let W, be the weight of the train and F, the wind pressure on it when 
it covers the bridge. Then the overturning moment is F,r, + F,r,, and 
the righting moment is (W,-+ W,)B/2. The factor of safety is 


—_ (Wit W2)B/2 
Firs + Fy, 
or, considering the empty bridge, 


WBE. 1, 
Fir, 
Both these conditions must be satisfied. 

In calculating the exposed area of the structure itself, the area of all 
double surfaces must be taken into account according to the principles 
discussed in § 48. A worked example will be found in § 196. The wind 
load on the bridge must be assumed to act at the centre of area of the 
exposed surfaces. For the purpose 
of calculation the area of a railway 
train can be taken at 10 sq. ft. per 
lineal foot, and the pressure may be 
assumed to act at a point 7 ft. 6 in. 
above the top of the rail. The 
vehicles should be supposed empty, 
and of the lightest type likely to cross 
the bridge. 

The lateral wind load on the bridge 
must be carried to the abutments by 
horizontal wind girders provided in 
the plane of the upper and/or lower 
flanges for the purpose, see § 191. 
The flanges of the main girders are 
arranged to form the flanges of Fia. 87. 
the wind girders, and lateral bracing 
is provided to form the webs. The wind pressure on the train is 
evidently a lateral rolling load on the bridge, and the wind girder in the 
plane of the loaded flanges must be designed to carry this rolling load. 
Suitable portal and sway bracing is also necessary to prevent distortion, 
§ 191. 

The tendency to concentrate load on the leeward rails and girder is 
one of the most important effects of the wind pressure on a bridge, though 
it is sometimes neglected in design. It will be apparent from Fig. 87, 
if r,’ be the height of the point of application of F, above the rails, that 
the effect of the moment of the wind load Fr,’ will be to increase the load 
on the leeward rail and decrease it on the windward rail by an amount 
R,” = R,”, such that R,’G = F,r,’. Hence, due to wind, the load on the 
leeward rail is increased from W,/2 to W,/2 + F,r, /G. Ina similar way 
the load on the leeward girder is increased by an amount R,’, Fig. 87, 


> 1:5 
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such that R,’B = F,r, + F,r,, and the total load on the leeward girder 
is increased from (W, + W,)/2 to 


(“3 7 2) (Fr, + Fr.) 
gee a, wed 


eee 


B 


_ In certain cases these increases may produce the largest part of the 
increase in stress due to wind. 


woe ee 
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QUESTIONS ON CHAPTER ITI 


1. Discuss the effect of wind pressure on structures, and state what 
assumptions you would make as to wind pressure on: (a) a double track 
lattice-girder railway bridge 50 ft. deep, and 350 ft. span; (b) a large open 
shed 600 ft. long, 100 ft. high, and 150 ft. span. (U.L.) 

2. Calculate by Hutton’s formula, or by another formula commonly 
used, the normal pressure per square foot on a plate sloping at an angle 
of 25° to the horizontal, if the wind is blowing at 50 miles per hour. 
State briefly the results of some recent experiments on the distribution and 
intensity of the pressure of wind on roofs. (U.L.) 

Ans. 4:6 Ib./sq. ft. (Hutton); 5-7 lb./sq. ft. (Duchemin). 

3. Find the bending moment at the ivot of a cylindrical chimney 18 ft. 
in diameter, 200 ft. high, on the assumption that the intensity of the wind 
pressure varies as the square root of the height above the ground. At a 
height of 100 ft. it is 24 lb./sq. ft. on a flat surface. The coefficient of wind 
resistance for a cylinder is 0-6. (U.1..) 

Ans. 686,400 ft.-lb. 

4. A chimney 120 ft. high, 12 ft. square at the base and 9 ft. square at 
the top, is subjected to a wind pressure of 30 Ib/sq. ft. Find the maximum 
wind load on the chimney, and the point at which it acts. 

Ans. 34,000 lb. (diagonally 99 per cent. of this): 57:14 ft. up. 

5. The area of a lattice girder is made up as follows: Bottom flange 
200 sq. ft., top flange 160 sq. ft., verticals 150 sq. ft., diagonals 230 sq. ft. 
Take the value of C, § 47, as 1-3, and find the total wind load on the girder 
under a wind pressure of 30 Ib./sq. ft. 

Ans. 12-9 tons. 

6. Two such girders (Q. No. 5), placed 0-85D apart, connected together 
by a plate deck, form a bridge. The side area of the floor system proper is 
430 sq ft. What is the total wind load on the empty bridge ? 

Ans. Assume the pressure on the pair is 1-1 times that on a single girder, 
§ 48; total wind load = 12°9 x 1:1 + 5:8 = 20-0 tons. 


CHAPTER IV 
WORKING STRESSES—IMPACT 


53. Working Stresses. Suitable Values.—The choice of suitable 
working stresses for given conditions, involving as it does the real relation- 
ship between tiie calculated stresses and the material properties, is not a 
simple problem ; many difficult considerations come into question. 

54. Calculated Stresses. Their Conventional Character.—In the first 
place it must be remembered that anything like a true determination of 
the stresses in a structure from the nature of the case, is, practically 
speaking, impossible. All ordinary theory assumes that the structure 
is perfectly elastic, and that it is initially unstrained. Jt assumes that 
the joints (usually riveted) are frictionless pins ; or, if an attempt be made 
to allow for secondary stresses, that the joints are perfectly rigid. In- 
determinate stresses occur of which no account whatsoever is taken in 
ordinary calculations. Now a perfectly elastic structure is a mathematical 
abstraction. Nearly every member of a structure has to be straightened 
cold, which means that the yield point is exceeded in many places, and 
that initial stresses are sot up in every member. The shop processes, 
punching, drilling, riveting, welding, all induce initial stresses, often of 
considerable magnitude. Any thoughtful person who has watched a 
braced structure being drifted up tight, and then riveted up, must come 
away with very qualified views as to the possibility of determining 
accurately the real stresses in structures from theoretical considerations. 
The joints are never frictionless pins, which means that deformation 
stresses, § 114, often of considerable magnitude, will be induced in the 
structure. These, in certain cases, may be calculated, on the assumption 
that the joints are rigid, which riveted joints never are. Even in the 
simplest of members the stresses are of a complex nature, as a glance at 
Fig. 320, Vol. I, which represents the stress distribution in a tension 
specimen, will show. 

In most instances it is not possible accurately to define even the load 
conditions, and in many cases the stresses are found from conventional 
loadings on conventional assumptions. Thus the bending stresses on 
a ship in a seaway are estimated by assuming the ship to be poised on 
a wave of conventional length and height. At sea the ship will meet with 
weves of all lengths and heights, and it is unlikely that she will ever be 
poised on one, as is assumed. The floor and wind loads assumed to act 
on a tall building are merely conventions, as are the methods employed 
in finding the stresses. The ordinary methods of calculating the primary 
stresses in a bridge are likewise quite conventional. 
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55. The Quality of the Material. Conventional Tests.—If the factors 
which represent the quality of the material be carefully considered, it will 
be found that they, too, are of a conventional nature. The quality factor 
most easily and most frequently determined is the ultimate tensile 
strength of the material, and engineers quite rightly insist that the 
material must be perfectly satisfactory in this important particular. 
Yet the load intensity implied by the expression ‘ ultimate tensile 
strength ’ has no physical existence. It is determined by measuring the 
area before the experiment, and the maximum load three-quarters 
the way through, when the area is considerably reduced, and dividing 
the one by the other. It is a conventional ‘ stress’ implying a certain 
quality of material.* 

Nor can the proportional limit or the yield point be regarded as 
definite standards of quality. The proportional limit is one of the most 
variable of all the properties of materials. Its position depends very 
largely on the previous history of the material. Overstraining in one 
direction may reduce it to nearly zero in the other, § 241, Vol. I, and it is 
not uncommon to find perfectly satisfactory material in which the pro- 
portional limit is very low. It is probable that the primitive proportional 
limit is exceeded at times during ihe life of every structure, at least in 
places, without in the least endangering the existence of the structure. 

The yield point, too, depends on the previous history of the material, 
and by overstraining and recovery it can be raised up to the maximum load 
point, §241, Vol.I. Notonly so, but the upper yield point has been shown 
to vary in position with theshape of thespecimen and other test conditions, 
§ 216, Vo:. I. The position of the yield poiat in material which has been 
subjected to shop processes, cold straightening and the like, is very variable. 

The following figures are taken from the Progress Report of the 
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* Most test figures are equally conventional. Thus, in the rotating bar fatigue 
test, the ‘ fatigue limit ’ is a calculated bending stress on the original area, whereas 
the mischief is being done by an intense stress concentration at the bottom of a 
crack. The ball hardness test is also quite conventional. It is singular that the 
conventional test figures from both these experiments bear a constant ratio to the 
equally conventional ultimate tensile strength. Again, one of the early objections 
taken to the notched bar test was to ita conventional character. 
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Special Committee on Steel Column Research of the American Society 
of Civil Engineers (Proc., Feb. 1929, p. 412) and give the results of testa 
on 204 tension specimens and 182 compression specimens. They well 
illustrate the variable nature of the material properties in commercial 
rolled steel members [see also p. 359]. 

56. Overstraining and Recovery.—The mutability of the proportional 
limit and the accompanying loss of elasticity in ordinary steel, referred 
to above, would be a serious matter were it not for the wonderful property 
of materials called recovery after overstrain which, as Muir proved, 
§ 243, Vol. I, takes place not only when the load which overstresses the 
member has been removed, but also while the load is still acting on the 
bar ; it is not too much to say that without this property, steel structures, 
as at present constructed, could not exist. When a structure, for example 
a bridge, is first erected, the material everywhere will be in a state of 
initial stress set up during manufacture. As it deflects under its own 
weight, and still more when the test load is applied, these stresses will 
be augmented by both the primary and secondary stresses which occur. 
It is very probable that the proportional limit in many of the members 
will be low, and will at once be exceeded. Locally, where stress con- 
centrations occur, it is more than likely that the yield point will be 
overstepped. If passing the proportional limit and yield point meant 
immediate failure of the member, the structure would at once collapse. 
Fortunately, due to the ductility of the material, the effect of such high 
stress concentrations is mitigated. The metal yields slightly and allows 
the stress to redistribute itself.* Temporarily, the material which has 
thus yielded has lost its elasticity, but it becomes strain-hardened, and 
in time recovers its elasticity ; the yield point rises to at least the point 
to which the overloaded material was stressed, see § 241, Vol. I. In 
riveted structures there is no doubt that the secondary stresses are 
relieved also by the ‘ give’ of the riveted joints. 

The material thus overstrained has lost some of its ductility, so that 
the process of overstraining and recovery cannot be repeated an indefinite 
number of times; but having once been overstrained and reached a 
state of comparative ease, further applications of loads of the same 
magnitude as before would not produce stresses above the yield point, 
raised as the latter would be by the previous overstressing. 

57. The Factor of Safety.—The method commonly adopted of over- 
coming the difficulties which the choice of a suitable working stress 
involve is to assume a sufficiently large factor of safety. Questions 
then arise as to what is intended to be covered by the factor of safety, and 
to what material property the ratio in question should rightly be applied. 

The factor of safety must cover : 


(i) Defects in the material. 
(ii) Initial stresses due to cold straightening, punching, riveting, and 
shop processes generally. Cooling stresses in castings. 


* For a study by Haigh of the effect of ductility in mollifying the high streas 
concentration at the edges of a hole, see § 67 at end, 
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(iii) Faulty workmanship. 
(iv) Erection stresses. 
‘ (v) Deformation and other secondary and indeterminate stresses. 
(vi) Stresses due to secondary flexure, buckling, particularly in com- 
pression members. 
(vii) Stresses due to temperature variations not otherwise allowed for. 
(viii) Loss of area due to corrosion. 


(i) Mild steel is now so reliable that defective material is exceptional ; 
in cast iron and timber flaws are always to be feared. Welded material 
is sometimes faulty. 

(ii) High initial stresses may be set up during the severe treatment 
which the material gets during the shop processes. Sir Benjamin 
Baker suggests* that due to cold rolling, the real stress in a plate girder 
flange may be twice the nominal stress. Attention has repeatedly been 
called to the effect of cold straigntening in bringing about the early col- 
lapse of struts.t The effects of cooling stresses in castings are well 
known. 

(iii) Even with the most accurate and careful workmanship it is 
hardly possible to ensure that the lengths of members are absolutely 
exact, or that the rivet holes are in perfect alignment. When tho 
workmanship is not first-class the errors may be considerable. Large 
initial stresses may be the result. An error of 1/100th inch in the length 
of a tie bur 10 feet long would result in an initial stress of over 1 ton/sq. in. 
when the member is forced intu place, unless relief occurs by the distortion 
and stressing of some other part. Not only e>, but due to poor bearing, 
and eccentricity of loading resulting from faulty workmanship, the 
stresses produced by the applied loads inay be much increased. It is 
not unknown in old bridge trusses, where «he tension members are 
formed of two parallel flat bars, to find one bar carrying all the load, the 
other being slightly buckled ! 

(iv) Severe stresses may be induced in a structure during erection 
resuiting from inaccurate setting out of columns, inadequate temporary 
supports, sevtlement of foundations and similar causes. 

(v) Deformation stresses may be due to stiff joints in framed structures 
§ 114, the bending produced by the cross-girder loading in a bridge, 
§ 112, aud other similar causes. Theoretically, these stresses May, in 
particular cases, reach high magnitudes. In the case investigated in 
{| 9, § 118, the deformation stress was 75 per cent. of the primary stress, 
and other estimations have been made in which the deformation stresses 
in the webs of bridge trusses are of this order.t{ There is no doubt that 
these high theoretical values are much reduced by the give of the riveted 
joints, and redistribution due to plastic yield (see also §§ 56 and 67), 
for in properly designed frames, no serious effect due to secondary stress 


* Proc. Inst. C.E., vol. cxli, p. 83. 
{ Howard, Proc. Amer. Soc. Test. Mat., vol. viii, 1908, p. 336. 
{ Grimm, Secondary Stresses in Bridge Trusses. New York, 1908. 
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appears to occur in practice.* Lurching, § 62, may set up torsional 
strains in a bridge, which, with other not easily calculated stresses, 
must be covered by the factor of safety. 

(vi) Secondary flexure, the buckling of plates between the rivets, 
the buckling of outstanding plates, web buckling, and similar effects, 
considerably increase the stresses in compression members. Rusting 
between two plates in contact forces the plates apart and results in local 
stresses of a like nature. 

(vii) In statically indeterminate structures of any considerable 
magnitude an estimation of the stresses due to changes in temperature is 
usually made, but in many structures no provision is made for expansion, 
and the material must carry the temperature stresses. A commonly 
occurring example is the ordinary steel frame building, in which expansion 
in the floor beams can only occur by bending, and so stressing, the 
columns. Expansion joints in bridges are often unsatisfactory, in which 
case the structure has to carry the temperature stresses. A 12° F. 
variation in temperature would produce a stress of 1 ton/sq. in. if the 
member is prevented from expanding. 

(viii) Steel structures in exposed positions are subject to continual 
rusting, in spite of their protective coating of paint. There is therefore 
a progressive loss of area and increase in stress in the structure due to 
corrosion. In special cases the thickness of the material theoretically 
necessary is increased on this account. 

An exact determination of the stresses enumerated above is not 
possible. To make provision for their occurrence a sufficiently high 
factor of safety must be used. The value assumed should depend on 
the accuracy with which the true primary stresses can be determined, 
and to what extent the secondary effects are allowed for directly. It 
does not follow that in given circumstances the same factor of safety 
would he applicable to different materials. Attempts are sometimes 
made to estimate the probable magnitudes of all the stresses in a member, 
including those which occur under the heads (i) to (viii) above; and it 
is argued that if the maximum stress intensity, thus determined, does 
not exceed the proportional limit of the material, the structure will be 
safe. From what has gone before it will be evident that, at best, the 
proceeding is the comparison of a questionable estimate of the maximum 
stress with a variable material property for a standard. Nor is the 
matter greatly improved if the primitive yield point be substituted for 
the primitive proportional limit; the yield point is also a variable 
material property. Fortunately, it can only be raised, not lowered, by 
overstrain, but it is pot a fixed standard of comparison ; nor, in the case 
of repetition of stress, does it bear a definite relationship to the limiting 
range of stress. Also the question arises as to whether the upper or 
lower yield point, § 216, Vol. I, is the true criterion, and what it is to be 


* In large modern bridges, initial distortion of the main girders is sometimes 
resorted to in order to minimise distortion stresses when under load, see Jour. Inst. 
C.E., Feb. 1937, p. 91. 
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in the case of hard steels and non-ferrous metals which exhibit no yield 
point, Figs. 260, 262, Vol. I. The true criterion in the case of combined 
stresses is still a disputed point, Chap. XVI. Vol. I. 

58. Working Stresses. What should Determine them ?— What 
then is the real basis which should determine the working stress in a 
material? The answer is successful practice. 

The real criterion on which working stresses are bused is something 
like the following : Experience has shown that if, in ordinary structures, 
a mild steel with an ultimate tensile strength of from 28 to 33 tons/sq. in. 
and an elongation of not less than 20 per cent. in 8 inches be used, and the 
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* B.S. No. 153, 1933, for Girder Bridges. 

+ Minimum proportional limit. 

{ As used for Sydney Harbour Bridge. 

§ Minimum = 23 tons/sq. in. on material }-inch in thickness. 

| Makers suggest a 50% increase in stresses allowed for mild steel. 
A = Ordinary structural work. B = First-class bridge work. 
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stresses (so-called) in the members be determined by certain simple 
well-known methods and ruled, provided that the areas and sizes be so 
proportioned that these stresses do not exceed certain limits (e.g. 8 tons /sq. 
in. in simple uniform tension), the structure will be satisfactory in 
practice. | 

The question then arises as to what should be the standard of reference 
in altered circumstances, or for new or different materials. In altered 
circumstances the engineer has to rely on his judgment supplemented 
by special tests. The true standard of'reference for a new material 
should depend on the predominating stress conditions under which it 
will work. Where constant reversal of stress occurs, the fatigue limit 
will be the determining factor. In other cases the ultimate tensile 
strength should decide. In ductile materials not likely to fail by fatigue, 
either the ultimate tensile strength or the lower yield point may be 
used. Professor Faigh, who has made a special study of this question, 
considers that the latter may be used with confidence. Comparing the 
new Chromador steel with a ductile mild steel,* he shows that their 
properties are very similar, and that the ultimate strength, lower yield 
point, and endurance limits of the two steels all bear the same ratio 
1-45-1-5 to 1, which may be regarded as the ratio of their strengths ; 
but the mild steel has the greater elongation. 

In work-hardened material, where the yield point is artificially raised 
in a higher ratio than the ultimate tensile strength, implying a reduced 
capacity for further strain hardening, the ratio of the working stresses 
should not be raised in direct proportion to the yield points. 

59. Normal Working Stresses.—In normal circumstances, the working 
stresses given in the Table on p. 134 are commonly adopted. 

Steel castings should comply with B.S.S. No. 30 for Steel Castings 
for Marine Purposes, Grade B: stresses should not exceed those specified 
for structural mild steel. 

For working stresses in welds see § 145; in musonry see § 356; in 
concrete see § 374 ; and in retnforced-concrete see § 309. 
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60. Impact in Bridges.—lt has long been recognised that some 
allowance must be made for the ‘liveness’ of a load travelling over a 
bridge. One of the earliest methods of making such allowance was to 
double the live load and add it to the dead load, treating the sum as a 
static load on the bridge or member. This is equivalent to regarding the 
live load as a suddenly applied load, and leads to an unnecessarily large 
area for the members, for in no ordinary bridge is the load thus applied. _ 

Efforts to introduce a more exact procedure have followed two lines 
of thought. In the first, an attempt was made to allow for the variation 
in the stress in the members as the train travelled across by a range of 
stress formula, based on Wohler’s or other repetition of stress formulae. 


* Engineering, December 28, 1934, p. 698. 
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In the second, the effects of the liveness of the load is expressed as an addi- 
tion to the live load ; this addition is referred to as the effect of impact. 

A full discussion on the subject of range of stress formulae will be 
found in Fidler.*!. The work of Stone,®* who originated a well-known 
‘formula of this type, may also be consulted. From the considerations 
set forth in § 66, it may be concluded that, provided impact be properly 
taken into account, with the working stresses adopted in modern bridge- 
work, no question of fatigue will arise. 

61. Impact Formulae.—-The method of providing for impact in bridges, 
commonly adopted, is to use an impact formula. This expresses the 
fractional increment, called the impact factor, by which the live load 
stress must be increased in order to take account of the ‘ liveness ’ of the 
load. The original of such formulae is the Pencoyd formula 


300 
4= 306 + L ; x ° ° ° (1) 
where + = the impact factor, 
and L = the length in feet of that portion of the span covered by the 
train when the maximum stress due to the travelling load 
occurs in the member under consideration. 


In the case of cross girders, L is usually taken as twice their distance 
apart ; in the case of rail bearers L is taken as their effective span. 
Eq. (1) is plotted in Fig. 93. 

The Pencoyd formula has been replaced by a number of modifications 
based on stress cr deflection measurements on actual bridges. The 
method of determination is as follows : 

The stress fay in a particular member is measured by means of a record- 
ing extensometer while a train is just crawling over the bridge. The 
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train‘is then run over the bridge at speed, and the maximum stress, 
Jmax, is similarly recorded, (i) Fig. 96. The ratio (fmax — fav)/fav 
is the fractional increment in stress due to impact, i.e. the impact factor. 
In other experiments the impact factor is calculated from deflectometer 
readings obtained from similar experiments. 

The experiments are repeated for a number of bridges of differing 
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spans, and at different speeds. The results are plotted as shown in 
Fig. 88. The enveloping curve represents the maximum increment in 
stress likely as the result of impact. This figure embodies the results 
of some deflection experiments reported by a special Committee of 
the American Railway Engineering Association in 1910.6 Many other 
experiments were made, including a large number made with extenso- 
meters. Professor Turneaure has suggested the following formula to 
represent the collected results : 

_ 30,000 (2) 
~ 30,000 + L? ee 


the symbols having tbe same significance as in eq. (1). This formula 
has been replaced in the 1935 A.R.E.A. Standard Specification for Rail- 
way Bridges by the following : 
L < 100 ft. ¢=1-—0:006L+4+1/S; max. = 1.) (2A) 
L> 100 ft. +=01+418/(L — 40) + 1/8. ° 


where L = span in ft. of main girders, cross girders, and rail bearers. 
S = spaciny in ft. of main girders and rail bearers, and span of 
cross girders. 1/8 is the allowance for lurching. 
Much work has been done, and many experiments have been made, 
by the Indian Railway Bridge Engineers to determine a suitable allow- 
ance for impact. Their 1925 Report gives the following expression 


65 
= 45 + L ° * . ° . (3) 


for the impact factor to be used for the purposes of design. 
The Ministry of Transport formula,® which has been adopted as the 
British Standard for Girder Bridges (No. 153, Pt. 3, 1933), is as follows : 


eens 4) 

90 + L 

2 
with a maximum of 1-15; n = the number of tracks. 

For comparison, eqs. (1), (2), (3), and (4), have been plotted in Fig. 93. 

In all the above formulae, «+ is the impact factor for steam loco- 
motives, and except in eq. (2A), L is the loaded length as in the 
Pencoyd formula. 

62. The Causes of Impact.—The factors causing impact stresses in 
railway bridges are enumerated by the American Committee (A.R.E.A.) ® 
as follows: (1) Unbalanced forces from the locomotive driving wheels ; 
(2) rough and uneven track ; (3) flat or irregular wheels ; (4) eccentric 
wheels ; (5) rapidity of application of load ; (6) deflection of cross girders 
and rail bearers, giving rise to variations in the action of the vertical 
load ; to which should be added, (7) lurching of the locomotive, causing 
periodical shifting of the weight from one wheel to another. Of all 
these factors, the action of the unbalanced driving wheels was shown 
conclusively by the tests to be the most influential in causing impact ; 


1 


t 


1 
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at least 80 per cent. of the increase in stress or deflection was found to 
be due to this cause. When properly balanced compound and electric 
locomotives were used, the impact was found to be small. In most tests, 
ordinary heavy two-cylinder locomotives were employed; the crawl 
speed was 8-10 m.p.h., the maximum speeds ranged from 60-70 m.p.h. 
The experiments were made on plate girder bridges ranging from 25 to 
100 feet span, and on braced girder bridges ranging from 60 to 500 feet 
span. For spans above 75 feet, the impact stresses increased with the 
speed up to a certain limit and then diminished. In spans of 250 to 
300 feet in length, the maximum impact occurred at speeds of 25 to 30 
m.p.h., speeds of 50 to 60 m.p.h. giving much lower results. It was 
shown that the maximum impact occurred when the revolutions per second 
of the driving wheels coincided closely with the natural rate of vibration 
of the loaded structure. There is, therefore, a critical speed for every 
bridge, which depends on its flexibility. the dead and live loads, and the 
diameter of the driving wheels of the locomotive. In short spans the 
critical speed is so high that it was not reached in the experiments; in 
long spans it is, in many cases, below the ordinary running speeds. 
Experiments with deflectometers showed that the deflection of the bridge 
could be divided into two parts : a general deflection which was, practically 
speaking, unaffected, whatever the speed; and oscillations about this 
general deflection curve due to the periodic forces from the locomotive 
driving wheels. These observations have been both confirmed and 
extended by the work of the British Bridge Stress Committee !* and the 
Indian Bridge Standards Committee.14 

Except in short spans, the major cause of impact, therefore, is the 
hammer-blow,* that is to say, the unbalanced vertical force from the 
locomotive balance weights. This up-and-dcwn force is periodic—pul- 
sating—and should its period happen to synchronise with the natural 
period of vibration of the partly loaded bridge, large deflections and 
stresses are likely to be set up due to resonance. ‘The number of pulses 
per second of the periodic force is evidently equal to the revs. per sec. 
of the locomotive driving wheels ; which, with a diameter of 6 ft. 6 in., 
at a speed of 70 m.p.h., make almost oxactly 5 revs. per sec. 

The approximate natural period of vibration of a bridge, loaded or 
unloaded, can be found by the methods of §§ 155-157, Vol. I. For the 
unload.:d bridge, eq. (9), § 157, Vol. I can be used 

ge ie A / we 

” wT ¢ Elg 
where w is the weight of the bridge per unit of length (work in inches and 
tons, and take g in inches per sec. per sec.). The natural frequency of the 
bridge in any condition can be found experimentally by setting up oscil- 
lations therein, and observing the frequency at which resonance occurs. 

* Mr. Wragge (Proc. Inst. C.E., vol. exli, 1899-1900, p. 100) reports the case of 
& runaway locomotive down a long incline, which broke the rails in a number of 


The distance apart of the breakages corresponded exactly with the circum- 
ference of the driving wheels ; these carried heavy balance weights. 
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The apparatus used to incite the oscillations consists of two eccentrically 
loaded disks, so mounted that their speeds of rotation, sense of rotation, 
and eccentricity of loading are separately adjustable. These disks are 
driven by an electric motor, and the whole apparatus is carried on a 
trolley, which can be clamped down. Periodic forces of known magni- 
tude, direction, and frequency can thus be applied to the bridge. The 
behaviour of the structure under these forces can be ascertained by 
observing the deflections or the stresses pro- 
duced. Unless resonance occurs, the deflections 
remain small, but during the resonance range 
the amplitude of oscillation attains high values. 
The natural frequency can most easily be found 
from observations on the energy supplied to 
‘he motor. The oscillation-energy in a 
vibrating system increases as the square of 
the amplitude, and if the square of the am- 
plitude be plotted on a frequency base line, 
the curve would rise very rapidly in the 
resonance range. It therefore follows that a 
curve representing the energy output of the 
motor would rise very rapidly when resonance 
occurs, and as will be seen in Fig. 89, which 
represents actual readings on a bridge of 71 m. Pdisiiond ooreee 
(233 ft.) span, this is found to be the case. 28 30 32 3 36 
Wattmeter readings of the motor input serve Fic. 89. 
therefore to determine the natural frequency. 

The natural frequency of unloaded bridges ranges from a mean of 
about 9 vibrations per second for a span of 50 feet to a mean of about 
24 vibrations per second for a span of 300 feet. The natural frequency 
of loaded or partly loaded bridges is, of course, smaller. 

In short spans, L < 40 feet, the frequency of the pulsating force 
(which may be taken as 6 revs. per sec. as @ maximum) is too low for 
synchronism to occur. The effect of the hammer blow is of the nature 
of a push, and it can almost be regarded as a static load. Fig. 90 is a 


Hammer Blows. 


Fra. 90. 








typical graph showing the deflection of the centre of the girder as the 
locomotive passes. At each blow the girder deflects an amount pro- 
portional to the load, and then recovers. There is practically speaking no 
oscillation. In long spans, at the highest speeds, the frequency of the 
pulsating load is too high for synchronism to occur. There may be 
resonance at lower speeds, but the hammer blow is then smaller, for its 
intensity varies as the square of the speed. At spans between 100 and 
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200 feet, synchronism will occur at high speeds. Fig. 91 shows a typical 
graph of the deflection at the centre of the girder as the locomotive crosses 
the span at the critical speed. The deflection begins when the leading 
axle enters the bridge, and continues until the last axle has left it, so that 
the base line represents a length equal to the span plus the total wheel 
base. The oscillations gradually increase as the locomotive travels across, 
reach a maximum, and then die away, but the bridge is left oscillating 
after the locomotive has gone. It was shown in § 163, Vol. I, that the 
effect of a periodic force, synchronising with the natural frequency of a 
spring, would be to produce an indefinitely large amplitude of vibration, 
were it not for damping effects. That this does not occur in a bridge, and 
consequently bring about its destruction, is due partly to the energy 
wasted in friction at the bearings of the bridge and in the springs of the 
locomotive, and that transmitted to the ground through the abutments : 
and partly to the changing natural frequency of the bridge as the train 
travels across, so that the period of synchronisation is short. So effective 
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“Oscillations 


Span <& 160 ft. 


Fia. 91. 


is the damping, that at the critical speeds the amplitude of vibration is 
found to be proportional to the force producing it. 

An interesting point which the British Bridge Stress Committee 
discovered is that, in bridges of from 130 to 150 feet span, not only were 
large oscillations set up at speeds correspon‘ling with the natural frequency 
of the loaded bridge, but oscillations of even greater amplitude occurred 
at speeds well above the critical speed. Professor Inglis showed that 
this effect was due to the action of the spring gear of the locomotive. In 
spans of from 200 to 300 feet, the engines oscillate as one with the mass of 
the bridge. In shorter spans, and at certain speeds, the springs of some 
lovomotives come into play to such an extent that only the wheels and 
the non-spring-borne parts of the locomotive oscillate with the bridge, 
the spring-borne parts moving in a path of their own. This has the 
effe+t of raising the natural frequency of the loaded bridge above that 
for the bridge and engine oscillating as one and, in consequence, syn- 
chronism occurs at much higher speeds. 

63. Impact Allowances.—For the purpose of estimating the effect 
of hammer blow, Professor Inglis * has given the following formulae. Let 


L = the span of the bridge in feet. 

N = revs. persec., and D = the diameter in feet of the driving wheels. 

v = the velocity of the locomotive = 7DN. 

P = hammer blow in tons. 

Yo = the central deflection of the bridge in feet due to a static load P 
applied there. 
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yd = the dynamic increase in the above deflection in feet, when the 
locomotive is passing the centre of the bridge. 

Wp = the total weight of the bridge in tons. 

Wu = the part of the weight of the locomotive which is unsprung. 

Ws = the part of the weight of the locomotive which is spring-borne. 

Wi = Wu + We = the total weight of the locomotive (excluding the 
tender). 

NM =~ the natural frequency of oscillation of the unloaded bridge. 

m = the damping coefficient of the bridge (experimental value). 

n =: 0/2L = w7DN/2L. 

wd = the combined equivalent uniform load, tons/ft., expressing the 
effect of the hammer blow. 


Long Bridges —-L:> 200 feet. 
er Wo 
Maximum state of oscillation developed when N = n, Wi OW): 


the static deflection is then yo = Pg/2m*Won,? 
Nnp’ 


ni + (np’)? 


in which circumstances y¢q = }y¥0 
where np’ = nhpWp/(Wo + 2W1) 


Bending moment at the centre resulting from the inertia of the bridge 
= 4W,LN4yq ft.-tons. 

Equivalent uniformly distributed load = WpN’yq tons. 

Concentrated load at the centre of the bridge due to the vertical accelera- 
tion of the locomotive = 47°N*W1 yd/g tons. 

_ Equivalent uniformly distributed load = 7*WIN*yq/4. 

Total combined uniformly distributed load representing the effect of the 


2 
hammer blow = wgL = (Wo +7 Wi)N'ya tons. 


Example—Span L = 270 ft.; Wb = 450t.; n= 3; nm = 0-12; 
Wi = 100t.; v= 15N; P=0-5N?. 

For maximum oscillation N=3+/450/650=2:-50; P = 0-5N?=3-13 t. 
n=15x 2:5+2 x 270 = 0-069; nb’ = 0°12 x 450 ~ 650 = 0-083 ; 
Yo = 3°13 x 32-2 = (22? x 450 x 32) = 0-00126; ya = 4 x 0-00126 x 
2-50 x 0-083 + (0-069? + 0-083*) = 0-0112 ft. 

2 

Hence, wal = (450 + 7 x 100)2-5? x 0-0112 = 48-8 tons. 

If two similar locomotives, in tandem, are on the bridge together, and 
the hammer blows are in phase and ! feet apart, the above equations are 
modified as follows : 


: Wp + 4W1 cos%(nl /2L) Ws + 4W1 cos%(xt /2L) 
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Yc 1s now the central deflection due to the combined action of the two 
hammer blows P, statically applied at a distance 1/2 each side of the 
centre, the same expression for yg holds, and 


L—Il al 
waL = (Ws + Wir? “or (888 x) Nyq tons. 


Medium Span Bridges —100 <L < 200. If N, be the r.p.s. when the 
maximum state of oscillation occurs, N,? is the larger root of the equation 


the? 4k, N,? 


The total combined uniformly distributed load representing the effect of 
the hammer blow = wqL = W5N,*yq tons. 

In these equations : 
ny = no*Wo/(Wo 4- 2Wu) ; 24? = n,.*Wo/(We + 2W2) 
ms = the frequency of oscillation of the locomotive on its springs (taken 

in an example = 3). 
Fg = the frictional resistance of the springs (mean value taken = 8 tons). 
np is taken as 0-36 for a 150 ft. span. 

If two similar locomotives are in tandem on the bridge together, and 
the hammer blows are in phase and distant J, from the two ends of the 
bridge, the same formulae apply, but ,? and 7,? are replaced by n,* = 
no Wo/[Wo + 4Wu sin%(nl,/L)]; 2 = n?Wo/[Wo + 4We sin® (7l,/L)] 





and yo is found for two hammer blows P, statically applied at a distance 
(L/2 — 1,) from each side of the centre. 

For spans of from 50 to 100 ft., take N, = 6 in all the above, and apply 
the static load P at the centre of the span. 

The Bridge Stress Committee give experimental values, Fig. 92, for 
a “dynamic magnifier’ & such that yo + yd¢ = kyo, from which yg can 
be found, and hence wg as above. The values obtained thus considerably 
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exceed the theoretical values. Further-information is required regarding 
the values of np) and Fs. The Committee take three typical loadings, 
A, B and C, as representative of normal British practice. Loading A 
applies to three- and four-cylinder locomotives (weight = 20 B.S.I. units), 
in which, owing to the method of balancing, the hammer blow is relatively 
small, and may be taken as 0:2N?. Loading B applies to two-cylinder 
lc-omotives (weight = 16 B.S.I. units), in which the hammer blow is 
considerable, viz. 0:5N?. Loading C, in which the hammer blow reaches 
0-6N?, may be regarded as exceptional. ‘The allowance for lurching is 
estimated at N/24ths the live load per rail, so that the corresponding 
equivalent uniformly distributed load is N/24ths the uniformly dis- 
tributed live I.ad. Rail joints and unevenness in the tracks produce 
effects equivalent to a stntic point load of N?/6 tons, or to an equivalent 
uniformly distributed load of N?/3 tons. In the case of the example 
given above, ther:fore, the fotal uniformly distributed load would be, 
since N = 2-5 r.p.s., 


Weight of the Bridge. . = 4650 tons. 
Live load ‘ B’ (1G B.S.I. units for 270-ft. span) = = 16 x 30= 480 ,, 


Hammer blow effect as calculated . = 49 ,, 
Lurching = 2-5/24ths of 480 tons . = 60 ,, 
Rail joints = 2-5?/3 = 2 $4 

Total for this particular case . = 1031 ee 


Short Spans.—L < 40 ft. The Indian Bridge Standards Committee 
(see Gelson 2”) have made special investigations regarding the necessary 
impact allowances in short span bridges, L < 40 ft., and find that, for 
such spans, lurching is the most important factor. For a X.C. class 
‘ Pacific ’ locomotive with a total hammer blow P = 0-526N?® tons, they 
give as the impact factor under one coupled wheel V/100, where V is the 
speed in m.p.h.; this includes the effect of both lurch and hammer blow. 
The maximum rail joint effect under one driving wheel (? inch gap, 
2 ft. timber spacing) is 1-6 tons at 10 m.p.h., 3-8 tons at 30 m.p.h., 
and 5 tons at 50 m.p.h. and above; i.e. at 60 m.p.h. a total impact 
effect of (0-6W + 5) tons per driving wheel; W =the wheel load. 
The combined impact factor is shown by the line JJ, Fig. 93. 

The magnitude of rail joint and of lurching effects depends on the 
standard of track maintenance. Rail joints should be avoided in spans. 
under 60 ft., and placed where possible near the ends of bridges. 

64. Approximate Values.—The Bridge Stress Committee express 
their results in the form of tables of equivalent uniformly distributed 
loads based on the standard B.S.I. loadings. If from the tabulated 
figures for loading A at 6 r.p.s. (bending moment) the equivalent impact 
factor be calculated, the dotted curves (i) and (ii), Fig. 93, are obtained, 
(i) applies to single track and (ii) to double track bridges.” These 
curves take account of hammer blow and rail joint effect; lurching 
(§ = N/24) is to be added thereto. The equivalent uniform loads, 
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including impact, for loadings A and B are found to be, practically 
speaking, equal. If, therefore, the bridge be designed to carry loading A 
it will carry loading B, but it must be understood that the impact factor 





Fie. 93. 


is different in the two cases, for the hammer blow is not proportional to 
the weight of the locomotive, but is greater in the lighter engine. 

Web Members.—The percentage increase in shearing force necessary 
to allow for impact in web members suggested by the British Com- 





200 
Span in Feet. 


Fie. 04. 


mittee is considerably lower than has been hitherto adopted. The web 
impact factor (for hammer blow and rail joint effects) given in Fig. 94, 
$ «= 2-4/(2 + 4/L), represents approximately the proposed allowance (see 
the Report for exact figures). The impact factor in this curve is intended 
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to apply to all web members, though it would appear that the effect 
of impact is greatest at the ? points of the span. There appears to be 
no justification for the ‘loaded length’ procedure commonly adopted 
with the ‘ Pencoyd ’ type formulae, but the value of + should be increased 
by N/24 to allow for lurching ; 


totals = N/2444+2-4/2+ YL) .  .  . WY) 


The suggested load increments for rail bearers (including the effect of 
lurching), can be expressed with fair accuracy by the formula 


t= 2-1/(4 + ./L), max. =0°8 .  *. (2) 
and those for cross girdzrs by 
¢ =. 5/(6 + L), max. = 0-46 ; . (3) 


The Committee consider that no allowance for lurching is necessary in 
the case of cross girders. In both formulae L denotes the pitch of the 
cross girders, and they apply for a range of 0 to 30 ft. These values have 
reference to loading A at a speed of 6 r.p.s. 


On Fig. 93 is plotted the Indian Covering Formula, eq. (3), § 61, and 
it will be seen that, in the present state of knowledge, it represents a 
practical working compromise for long and short spans, cf. eq. (2A), 
§ 61. It may be used for ordinary design, and it is suggested, for both 
flange and web members, see § 196. 

65. Impact in Road Bridges.—In their loading requirements for 
road bridges, § 23, the Ministry of Transport include for an impact factor 
of 50 per cent. The B.S.S. for Girder Bridgés calls for an impact factor 
of ¢ that given by eq. 4, § 61; max.0-7. The American Committee on 
Impact on Highway Bridges 7? suggest an impact allowance of 25 per 
cent, in floor beams, suspenders, and trusses of less than 40 ft. span ; 
for longer spans they propose as an impact coefficient 7 = 50/(L+ 160) ; 
L = span in ft. 

Impact in road bridges is caused by wheels passing over obstacles ; 
either by shock when the obstacle is struck, or when the wheels drop 
back on to the roadway. The higher the percentage of unsprung weight, 
the greater is the ratio of blow to static load. The greater the speed, 
the greater is the blow. On floors, the percentagé impact increment 
decreases as the load increases. 

66. Repetition of Stress in Bridges. Fatigue.—The question next 
arises as to whether it is necessary to make allowance for the effect of 
the repetition of stress which occurs in a bridge, in addition to the allow- 
ance for impact. Both the American and British Committees who 
investigated the impact problem conclude that it is unnecessary. Another 
school of thought helds that the effect of repetition of stress must be the 
same in a bridge as in. a machine, and argues that when failures occur 
they are usually due to fatigue, quoting some remarks of Sir Benjamin 
Baker in support of this view. 

L 


% 
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It is worth while considering the question from first principles. 


(i) 


Fig. 95 shows the outline of the N bridge of § 196 ; (ii) gives the influence 


ZINN 7 LUVIN. 


lines for web members 
Nos. 24 and 25, and (iii) 
that for flange member 
No. 5. Suppose that a 
uniformly distributed 
load, twice as long as the 
span, cross the bridge; 
the consequent variation 
in the force, and there- 
fore in the stress, in bar 
No. 5 is shown in (i) Fig. 
96. The rectangle AD 


represents the stress in the bar due te the dead load. 





| 


The variation in 


stress due to the travelling load can be obtained from the influence line, 
(iii) Fig. 95. When the front of the load has reached d’, the ordinate at 


Bar N°5 
Fig. N° 292 


tain 








- 480F t. 
Fic. 96. 





E, (i) Fig. 96, which represents the stress, will be proportional to the 
area a’d’c’. When the front of the load has reached 6’, the ordinate at 
F will be proportional to the area a’c’b’, (iii) Fig. 95. The span is now 
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completely covered and will remain so during the next 160 feet of travel, 
the corresponding stress in the bar remaining constant. As the load 
rolls off the span, the area under the load gradually diminishes as indicated 
by GHD. The figure CFGD will represent, therefore, the variation in 
the stress in the bar due to the travelling load during the passage of the 
320-foot train. Assuming the train to be headed by one or more loco- 
motives, the stresses set up by the hammer blow must be superposed 
on the curve CFGD. These will reach their maximum in the range FG 
(cf. Fig. 91), and are represented in Fig. ° 
96 by the wave outline. 

The average stress in the bar (fav) 
during the pacsage cl the train will rise, 
therefore, from AC at the beginning, to 
a Maximum between F' and G, and then 
die away to BD =: AC at theend. This 
is a relatively slow variation. The 
maximum and minimum stresses, fmax 
and fmin, are represented by the crest 
and trough of the wave line. Repro- 
ducing these values on the repetition of 
stress diagram (cf. Fig. 347, Vol. I) 
for a 28-ton mild steel, Fig. 97, it will 
be seen that the average stress during 
the passage of the train travels up the line OU from C to F and down 
again; with superimposed oscillations as represented diagrammatically 
in the figure. So far as is known, no repetition of stress experiments in 
which the average stress of the cycle is varied during the experiment 
have been made, but assuming that no injurious effects from fatigue will 
arise, provided that the stress 
does not overstep the limiting 
range of stress represented by 
the lines PU, QU, it may be 
shown that in bridges designed 
by the ordinary conventional 
methods there is no necessity to 
make special allowance for fatigue. 
This conclusion can conveni- 
ently be established by means of a 
Haigh diagram, Fig. 98. 

In this diagram the average Fia. 98. 
stress OF of a cycle is plotted 
along the x axis, and the semi-range of stress FJ ag an ordinate. ThenJ 
represents the maximum stress of a cycle. The limiting range of stress in 
the case of mild steel appears as a Gerber parabola MU (§ 286, Vol. I), 
in which OU represents the ultimate strength = 28 tons/sq. in., and 
OM = ry/2 = 13 tons/sq. in. is the semi-range of stress for reversals of 
stress (0 + 7r,/2). Every point on a line 16.16 at 45° represents the 





Fia. 97. 





148 MATERIALS AND STRUCTURES 


maximum stress in a cycle for which fmax = fav + 7/2 = 16 tons/sq. in., 
and so on. 

Suppose that the permissible working stress in the conventional 
calculations is limited to 8 tons /sq. in.,* and as a safe estimate, assume 
that the indeterminate and secondary stresses enumerated in § 57 
have the effect of doubling all the calculated stresses f, so that in 
reality fmax. = 16 tons/sq.in. Along Oz, in Fig. 98, mark off 
OC + CF = fa + fl to represent the dead and live load stresses, and 
FJ = f, vertically to represent the stress due to the oscillations. Then, 
fmax = fa + fi + fo = 16 tons/sq.in. is represented by the point J. 
But fmax = fd + fi(1+ 1), where + is the impact factor; therefore 
fax =fdt+fitfo=fat+ful+i), and i=f,/fi= tang; see (i) 

ig. 96. 

For the purpose of setting out this diagram the forces have been taken 
from the stress sheet, § 196, and doubied for the reason explained. It is 
evident that the point J lies so far below the line MU representing the 
limiting range of stress, that no question of fatigue can in this case arise. 
M’V’ in the same diagram represents the results of fatigue experiments 
by Haigh“ on mild steel specimens (fult = 26-6 tons/sq. in.) pierced 
with a small hole as a stress raiser, see § 67. The point J lies well below 
this line, showing that no fatigue will occur even at stress concentrations. 
As the worst case which might arise, suppose that in a very short span 
the dead load is negligible compared with the live load, that tan ¢ has 
the maximum value tan ¢, = 1, Fig. 93, and fmax, = 16 tons/sq. in. 
The point J,, Fig. 98, plotted as before, will represent these extreme 
conditions. J, still lies well inside MU, but just outside M’V’, suggesting 
that if the effects of fatigue ever became serious in a bridge, it would be 
at a stress concentration in a short main girder or rail bearer. In such 
members oscillations do not occur, § 62, and failure by repetition of 
stress is unlikely. 

The curve representing the variation in fay for web member No. 24 
is shown in (ii) Fig. 96. On this should be superposed the stress variation 
due to hammer blow. Except that the variation in the average stress 
is rather more complex than in the case of the flange, it is clear that the 
arguments which apply to the flange member will also apply to the 
web member. (iii) Fig. 96 shows the stress variation in bar No. 25 in 
which the stress actually reverses, so that at one moment during the 
passage of the train the point E lies below the origin. It does not appear 
that this fact affects the conclusions reached, particularly as both the 
average and hammer-blow stresses will be small. Also there appears 
to be no necessity or justification for the increase in the area of the 
member to allow for ‘ reversal’ called for in certain specifications. 

67. Effect of Holes and Yield.—In establishing the above theory, use 

* In the B.S.S. for Girder Bridges, 1933, the permissible working stress in 
tension has been increased to 9 tons/sq. in., but the same arguments hold if fmax. 
does not exceed 16 tons/sq. in 


+ It is taken for granted | that the maximum wind pressure is unlikely to occur 
at the same moment in which the other stresses all reach their maximum, see § 52. 
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has been made of the ordinary Gerber Parabola for mild steel. This 
curve is obtained from experiments on plain specimens in which great 
care is taken to avoid stress concentrations. Every riveted bridge 
member is pierced with holes, and theoretically the stress at the edge of 
a hole rises to three times the average stress in the member, Fig. 325, 
Vol. I. It becomes necessary, therefore, to investigate as to what is 
the effect of the holes in bridge members subjected to repetition of 
stress. 

Some experiments by Wilson and Haigh ™ are illustrated in Fig. 99. 
The material was a soft mild steel; ultimate strength = 22} tons/sq. in., 
yield point 13 tons/sq. in., elongation 224 per cent. in 3 inches, The 
specimens were all 1} inches wide and th inch thick, shaped as shown in 
the figure. Specimens /iii) to (vii) were scale models of a 9 x § in. tie bar, 
with #§ in. holes. ‘The holes were drilled. The results of repetition of 
stress experiment; in a Haigh machine were as follows : 





(1) (ii) (im) (1v) (Vv) (vi) (vil) 
Fia. 99. 


Range of stress 
tons/sq. in. 
64 +6 Unbroken at N = 2,852,000. 


(i) Solid bar 74+ 6 ‘eae slowly (fy = 13 tons/sq. 


{ 
oe 
( 

(ii) Similar bar to (1) Se : gee 6 15} Unbroken at N -= 2,786,000. 
hole to produce a stress 64 46 Fractured at N -: 998,000. 
concentration. 

(iii) Model tie bar with rows of holes 6 + 5 Unbroken at N = 2,578,000. 
at & spacing ue to a 3” 8 +5} Fractured at N -: 908,000 
pitch. (slight elongation). 

(iv) With zig-zag scetlag : 7:5 Fractured at N == 534,000. 

(v) Ditto at closer pitch i : T+ Fractured at N == 456,000. 


N = number of reversals. 1a specimens (ii), (iv) and (v) the stress is calculated 
on the minimum net area cf the bar normal to the pull 


Taking the safe range of stress in the material as 64 + 6 tons/sq. in., 
(fmax = 12} tons/sq. in.), it will be seen that in such soft steel the effect 
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of the holes is not large. It will further be observed that in all the speci- 
mens with holes, the crack c which leads to fracture starts at the edge 
of a hole, and is normal to the line of the pull, which suggests that the 
crack was started by the stress concentration at the edge of the hole. 
This is true even in (vi) with the close pitch of holes, showing that the 
arrangement of holes longitudinally has little effect on the fatigue strength 
of the member. Specimen (vii) was unbroken. 

Experiments by Haigh and Beale * on specimens similar to (ii), but 
made of cold rolled high tensile strip, showed that in hard steel the stress 
concentration does reduce the fatigue limits, but the specimen behaved 
as if the stress in the plate were increased 2-15 times, instead of to three 
times its nominal amount as theory predicts. Varying the diameter of 
the hole from 0-0365 to 0-200 inch made little difference. 

Some further experiments on this subject were made by Haigh and 
Robertson * on a 0-16 C rolled miid steel in the normalised condition. 
This steel had a high manganese content (0-75 per cent.). Its properties 
were : ultimate strength 30-2; upper yield point 22-0; lower yield point 
18-75, tons/sq.in; elongation 26-8 per cent. in 134 diameters. The limit- 
ing range. of stress of this material, for reversals, was 0 -+ 14 tons/sq. in., 
and when fay = 3:3, was 3-3 + 14-6 tons sq. in. When a 0:0312 in. 
diameter hole was drilled in the 0-50 in. cylindrical mid-part of the test 
piece, the limiting ranges of stress were 0 + 7:5 and 6-0 + 6-5 tons/sq. in., 
or approximately one-half of those for unpierced test pieces. Professor 
Haigh concludes also from these experiments that in the pierced test 
pieces, while fay < 6 tons/sq. in., the limiting range of stress is nearly 
independent of the magnitude of the avcrage stress. 

It appears, therefore, that while in a very soft mild steel the limiting 
range of stress is very little reduced by stress concentrations due to holes, 
in hard steel or medium mild steels it will +e halved in value. 

The Effect of Plastic Flow at the Yield Point.—Suppose that in a 
repetition of stress experiment on a mild steel, the maximum stress of 
the cycle be gradually increased. When fmax exceeds the upper yield 
point, Liiders’ lines break out and spread over the surface of the specimen, 
which begins to lengthen as in an ordinary tension test, showing that 
plastic flow is taking place. Considerable cyclic permanent set appears, 
but as Bairstow showed (§ 289, Vol. I, p. 556), provided that the range 
of stress remain within certain limits, this cyclic permanent set gradually 
dies out and the specimen regains its elasticity due to strain-hardening, 
but is permanently elongated. Haigh“ found that if a specimen in 
which plastic flow has just started be immediately subjected to 
further cycles of stress, the limiting range of stress is reduced; but 
if a period of rest occur between the first production of plastic flow 
and the subsequent repetitions of stress, the limiting range is not much 
affected. 

It has been seen that local yield may be of great service in relieving 
atress concentrations in structures, and the experimental work cited 
above confirms the practical experience that no deleterious effects due 
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to fatigue are likely to arise as a result of such local yield. This 
conclusion is subject, however, to certain limitations. In the Haigh ” 
diagram shown in (i) Fig. 100, MU represents the fatigue limit and 
YY the yield point. Provided that the real stress in the material, 


U 





Fia. 100. 


as represented by a point such as P, Fig. 101, lies within the area 
OMKY, no question either of fatigue or plastic yield can arise. In the 
ordinary repetition of stress diagram, (ii) Fig. 100, which is lettered to 
correspond with (i), the real maximum stress must lie below the line 
MKJ. If the maximum stress fall within the shaded area, Professor 
Haigh points out that fatigue failure will precede yield, and no benefit 
from the latter is to be expected. 
The following explanation of 
the effect of ductility in miti- 
gating the evils of high stress 
concentration at the edge of a 
hole is due to Haigh.*” In the 
Haigh diagram, Fig. 101, let 
Y,Y, and M,U, represent the 
yield point and fatigue limit in 
a very hard alloy steel, fr = 60 
tons/sq. in., and suppose that a 
nominal stress cycle 10 + 5 
tons/sq. in. be applied to a speci- 
men of this steel pierced by a Tons/ $q. WW. 
small hole. The point P repre- ' - Fre. 10). 
sents the nominal maximum ~~ 
stress of the cycle, but the effect of the hole will be to cause a 
theoretical stress concentration at the edges of the hole of three times 
this nominal value, and the theoretical maximum stress is, therefore, 
45 tons/sq. in., represented in the diagram by the point P’. This 
point lies on the fatigue limit M,U,, which in these conditions would be 
reached before the yield point Y,Y, = 50 tons/sq. in. A crack would 
form at the edge of the hole, and the material would fail by fatigue. 
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Next suppose that a similar pierced specimen of mild steel, fy = 30 tons/ 
sq. in., be tested. YY represents the yield point, and the parabola MV 
represents the fatigue limit. If a gradually increasing stress cycle be 
applied, in which as before the ratio fay/r = 2, when the nominal stress 
cycle reaches 4% -++ 24 tons/sq. in., the real maximum stress at the edges 
of the hole will reach 21 tons/sq. in., represented by P’ on the yield point 
line, the metal at the edges of the hole will flow, and the stress will 
redistribute itself. When the stress cycle 10 + 5 tons/sq. in. is reached, 
the stress at the edge of the hole will still be 21 tons/sq. in., not 45 
tons/sq. in, as in the hard steel. P” falls well below the fatigue limit 
line MV, and it follows that this ductile steel is better able to resist such 
stress cycles than the hard alloy steel of double its ultimate strength. 
Such considerations should be reflected in the factor of safety. 
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CHAPTER V 


THE APPLICATION OF THE STRAIN-ENERGY THEORY 
TO FRAMED STRUCTURES 


68. Work done in Deforming a Framed Structure.—It will be 
assumed that all the members of the frame are simple ties or struts, that 
the cross section of each member is uniform from end to end, and that 
the whole of the work done is expended in straining these members. 
Tensions will be considered as positive forces, compressions as negative 
forces. Then, if F be the force in any one bar due to the deformation of 
the frame, / the longth of the bar, and a its area, the alteration in length 
due to F will be d/ = Fl/Ea; the work done by F will be 4F.8/ = F?1/2Ea, 
and if U be the total internal work stored up in the whole structure 


] l 
U= ape >”, . . . . (1) 


Now I/a is a constant for any one bar, which, if the dimensions be known, 
can be calculated; let J/z2 = 1. Except in the rare cases where E is 
different in different bars of the structure, it is more convenient from an 
arithmetical point of view not to introduce the numerical value of E 
until the final stage of the calculation. 

Kq. (1) can then be written 


lon 
U=5,2 Fa . ° . . ° (2) 


The summation must include all the bars forming the structure. It 
is best to make the calculation in tabular form thus : 


ne a ee nn et or RE RN OR A SNe pew eee, 


l 
Bar No. Length J. Area a. is e | 


‘Force in F2) 


=e)" 
s 
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The addition of the final column is EF*, and U = — SFA. In 


making this table the length and area of each bar must be known, 
A can then be found. The values of F are determined from a stress 
diagram or other appropriate process. It is usually convenient to use 
snches and tons as units. 

69. Deflection of Framed Structures.—The prir- 
ciple of work may be used to determine the deflection 
of a framed structure. In a simple frame, like that 
shown in Fig. 102, the vertical deflection of the 
point C can be found by equating the external 
work done by the load to the internal work stored 
in the structure. It will be assumed that the wall to 
which the frame is attached is sensibly rigid, that is 
to say, that A and B are fixed points. Then if y be 
the vertical deflection of C, external work done by 





the load is vy, since the load increases gradually Fia. 102. 


from zero to the value W. If 1, and J,, a, and a, be the lengths and 
areas of the bars AC and BC respectively, and F, and F, the forces 
therein, then from eq. (1) of the preceding Article, the internal work is 


Le te l, 
U= —_¥F- coe a 
se a im (a, t Ps 2 


Now the triangle ABC, Fig. 102, will cau the triangle of forces for 
the point C. Hence 
BC 


ly. 
F,=W.5; =w2 F, =~ W. “AB -~W; 


WwW (1,2 1, . 1,2 |) W? (iy t,8 
” 38 if oh a eee a 
But the internal work U must equal the external work 4Wy ; 
200 Wil, i 


and, 


(1) 


therefore, -Y=H lige ge og, 

7@. Determination of the Simian of the Node Points in Framed 
Structures.—Given a framed structure in equilibrium under a system 
of loads, as in Fig. 103, to find the displacement of the point of application 
of any load along the line of action of that load. This is the general 
theorem of which the above is a particular case. Let ABCD, (i) Fig. 103, 
be the frame under the action of a system of loads W,, W.,, W,... 
As a result of the application of these loads the frame will deform slightly, 
and each of the points A, B, C and D will move a small distance from its 
original position. The movement of A, the point of application of W,, 
can be resolved into two components, one at right angles to, and the other 
along the line of action of, W,. Call the latter component A,. Then A, 


(2) 
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is the displacement of A along the line of action of W,, and therefore the 
distance moved by that force. Hence the work done by W, is $W,A,. 
No work is done by W, in consequence of the second component at right 
angles to the line of action. If the movement of A along the line of action 
be in an opposite direction to the sense 

of the force W,, then A, is negative, A, (ii) 


and the external work done by W, e go 
would be negative. s 
In a similar way, if A, be the a 






displacement of B along the line of 
action of W,, and A, the displacement 
of C along the line of action of W,, 
the external work done by all the ap- 
plied loads is 
4(W,A, + W,A,-+ W3A3+ . - -) 
which must be equal to U the internal work stored in the structure 
U = $(W,A, + WA, + WsA3 + - - ») . (1) 

Suppose that one of the forces, say W,, be increased to (W, -+ 5W)), 
the structure remaining in equilibrium ; and that, in consequence, A, 
becomes (A, -+ 5A,), A, becomes (A, + 8A,), A; becomes (A, + 5As;) 
and so on. Then, neglecting the second order of small quantities, the 
increase in work done will be, see (ii) Fig. 103, 


| SA, + W,.8A, + W;.35A;+ . 


Fia. 103. 


5U = W, + 


and dividing through by 6W,, 
8U _W dA, , OA, 
ow, > Sw, 20 
In the limit, when 5W, is very small, 
GU dA, dA, dA, { 
aw, = “i gw, t+ Weaw,? Meow, tO 


the symbols of partial differentiation indicate that 5U is the result of a 
variation in W, alone. Differentiate eq. (1) with respect to W,, 


SA, SA, 


+ Wa sw, + Ws sw r 


) OR | 0A, 0A, dA, es 
ww 54 15w, + We aw, + Weaw,t : (3) 

aU 
Multiply eq. (3) by two, and subtract eq. (2), then, A, = aw, In a 
similar manner it may be shown that A, = a A, = aE and generally, 

y 2 ow,’ 3 aw,’ 
dU 

A= aw . . . . ° (4) 


That is to say, the displacement of the point of application of any 
load, along the line of action of that load, is equal to the partial differential 


a 
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coefficient of the expression for the internal work, with respect to the 
load in question. 

Particular Case—This theorem may be applied to the example of 
Fig. 102, in order to find A the displacement of C along the line of action 
of W, i.e. vertically downwards. The calculation is as follows: The 


internal work due to W ia given by eq. (1), § 69, U= +, {2 4 #}. 
2EP ja, a, 
Differentiating this expression with regard to W, A = cae = _ iy ae i,t 
OW Kl? (a, a, 


which is the value obtained for y in eq. (2), § 69. 

If the load in such an example have a definite numerical value, it is 
necessary, in order to differentiate, to call its value W. The numerical 
value is afterwards inserted in the differential coefficient in order to 
obtain the numerical value of A. 

By means of eq. (4) the displacement in any direction of any node point 
of a framed structure can 
be readily determined. Sup- 
pose, for example, it be 
desired to find the displace- 
ment of the point G, Fig. 
104, in a vertical direction. 
Apply an extra load W’ at 
G, acting vertically down- 
ward, and find U the total Pra 104 
internal work due to all the eee 
forces acting on the structure inclusive of W’. To do this it will first be 
necessary to find the extra reactions produced by W’, as otherwise the 
forces in the bars due to W’ cannot, in general, be obtained. The direc- 
tions end magnitudes of these extra reactions will depend on the manner 
in which the frame is supported, and are found in the usual way. Then 
A, the displacement of G along the line of action of W’, i.e. in a vertical 





direction, from eq. (4) is A = - This displacement includes the effect 


of W’. But the equation holds for all values of W’, and therefore when 
W’ = 0. If W’ be put equal to zero in the expression for A, the displace- 
ment of the point in question due to the action of the applied loads by 
themselves will be obtained. 


In symbolic form, 
A (7 
Z TW) rns Lok 


which is the displacement required. 

The value of U is determined by the methods of § 68. It will include 
terms containing W’ (see example below) as well as those due to the 
actual loads. It is then only necessary to differentiate the expression 
a obtained with respect to W’, and to put W’ = 0 in the differential 
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coefficient, in order to obtain the required displacement A. It is to be 
understood that if A comes out negative, the displacement will be in an 
opposite direction to that assumed for the force W’. The load W’ is 
called a virtual load. 

Example.—Given a plane frame ABC, of the dimensions shown in 
Fig. 105, to find the horizontal displacement of C due to a vertical load of 
10 tons applied at that point. The calculation for U should be made in 
tabular form, after the manner of § 68, as set forth below. 





In the second and third columns of 
the table the lengths and areas of the 
members are entered, from which the 


values of A are calculated. In column e 
5 the magnitudes of Fw the force in * 
each member due to the actual load 

(W = 10 tons) are tabulated. These 

are obtained from the triangle of forces ; 
for the point C which is represented W 


by the triangle ABC. Since it is re- 
quired to find the horizontal displace- 
ment of C, a virtual horizontal load W’ 
will be applied at that point, acting 
away from AB. The triangle of forces 
for this load is the triangle bca, (ii), 
and the forces in the members calcu- 
lated therefrom are entered in the sixth Fic. 105. 

column under the head F’. The total 

force F in each member when W’ is acting is Fw + F’; and the 


addition of the final column gives & FA, whence U = xc > F2). 





Us = [50(8 + 0-61W’)? + 28(— 7 + 0-72W’)?] 


= = [4572 + 205-8W’ + 33-1(W’)9] 


| aU ol pane eae 
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Putting W’ = 0 in this expression, the horizontal displacement of C 

in the direction of W’ is A = (sw) = 0-0079 inch, if E = 13,000 
OW] w =o 

tons/sq. in. 


The above method can be simplified as follows: It is evident from 
the table that the magnitude of F, the total force in each bar, is always 
made up of two parts, Fw the force due to the actual loads, and F’ the 
force due to the virtual load W’. Of these parts, Fw is constant with 
respect to W’, and EF’ appears in the form cW’, where c is a coefficient 
independent of W’ and merely depending on the shape of the frame. 
Thus for bar No. 1 of the preceding example, Fw = 8, c= 0-61, 
FY = 0:61W’, and F = (8 + 0-61W’). Hence, for any one of the bars 
composing the frame, the value of F%\ is (Fw + cW’)?A, and the total 


internal work is U = sr x (Fw + cW’)*A. Differentiating this with respect 


) | / 
aw’ = a & 2(Fw + cW ) cA. 


aU 
oW’ 
see eq. (5). It is evident that the value of A is independent of the value 
of W’, for none of the factors on the right-hand side depend on the value 
of W’. Now c= F’/W’ (see above) ; give to W’ the value unity, then 
c = F’, where EF’ is now the magnitude of the force in a bar due to the 


application of a virtual load W’ of magnitude unity. Then the above 
equation, which is true whatever be the value of W’, becomes 


to W’, 


Then, putting W’= 0, A= ( = 7 x Fywea, 
w=o 


A=,2FwFA . 2... @) 


(compare eq. (6), § 144, Vol. I, for the deflection of a beam due to bending). 
Hence, to determine A, the displacement in any direction of any node 
point on a frame, apply a virtual load W’ = unity to the point in question, 
acting in the direction of the required displacement. Find Fw the force 
due to the actual loads, and F’ the force due to the unit virtual load, in 
all the bars; the magnitude of A is then obtained from eq. (6). If 
Fw or F’ be a tensile force, it is to be given a plus sign, if com- 
pressive, a minus sign. If the value of A come out positive, it implies 
that the displacement is in the same direction (sense) as the virtual 
load; if it come out negative, the displacement is in the reverse 
direction. It is best to use a tabular method of calculation as shown 
below. 

Example.—To find the horizontal displacement of C in the previous 
example, Fig. 105, by this modified method. W’ the horizontal virtual 
load is now unity. The tabular calculation becomes— 
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Bar No. Z a A Fw 
in. sq. in. tons. 
1 80 1-6 50 + 8 
2 70 2°65 28 —7 
and .\ (hoz.) = i ! SR WE’A ms 102-9 _ = Q-0079 inch, as before. 
13000 


Similarly, to Tide the vertical displacement of C, a virwual load 
W’ = unity should be applied at C acting vertically downward, in addition 
to the load of 10 tons already acting there. It will evidently produce 
forces in the bars of the same sign, but of one-tenth the magnitude, of 
those due to the actual load. The tabular calculation becomes— 








| a | A 
soa tet he te 
50 
28 
and A (vert.) = 7 UFwE’A = are s= 0-035 inch. 


From these calculations it is evident that since A is positive in each 
case, C moves 0-0079 inch horizontally away from AB, and 0-036 inch 
vertically downward. By combining these two displacements the actual 
movement of C is determined. (Compare the Example § 12.) 

The vertical displacement of C might have been obtained directly 


from eq. (4), using the equation U = oi 2 F?A in order to find the internal 


work, as was done in the first particular case of this article. The 
calculation is— 








a A 
sq. in. 

1-6 50 

2-5 28 








LF*% = + 45-7 WwW? 


1 aU 45-7W 
IPA = 55 (40-7W); A= 55 =—ay— 
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Putting E = 13,000 tons/sq. in., and W = 10 tons, A = 0-035 inch, as 
before. 

In all cases in which a virtual load is applied to a structure, corre- 
sponding virtual reactions will, of necessity, be called into play, in order to 
maintain the equilibrium ; for the structure must be in equilibrium both 
before and after the application of the virtual load. Usually the structure 
will rest on fixed supports, at which the virtual reactions will act, and 
their magnitude can be found by the ordinary means. In the case of a 
structure thus supported, the displacements determined by the methods 
of this article will be displacements relative to the fixed supports. Thus, 
in the case of (i) Fig. 106, the virtual reactions at A and B due to W’ 
can be found by taking moments, and the vertical displacement of C is 
the deflection of that point below the line AB. In general, it is necessary 
to know these reactions in order to determine the forces in the bars due 
to the virtual load, and hence to obtain the internal work. In a few 






Fixed Point 


: ye KE 


WO cto Slide 





Fra. 106. 


simple cases, for example Fig. 106, it is possible to determine the forces 
in the bars without direct reference to the reactions. If, however, the 
frame of Fig. 105 be modified by the introduction of a third bar AB, as 
shown at (ii) Fig. 106, so arranged that B is capable of vertical movement, 
and a virtual load W’ be applied at C in order to find the horizontal 
displacement of that point, it will be found necessary to take the horizontal 
virtual reactions at A and B into account in order to determine the forces 
in the bars. 

Suppose that two such frames be united back to back, as shown at 
(iii) Fig. 106, and that the complete frame is suspended from a fixed 
point A. So far as the applied loads W, W, are concerned, the frame is 
in equilibrium ; but if a virtual luad W’ be applied at C, in order to find 
the horizontal displacement of that point, it must be balanced by a second 
force W’ at D, in order to maintain the equilibrium, and the question 
then arises as to the effect of this second force on the theorems established 
above. It is evident that the displacement of C away from AB will be 
+hé‘same in both (ii) and (iii) Fig. 106, and further, that the displacement 
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of D away from AB will likewise be of the same magnitude. {It may 
be imagined that bar No. 3 of (iii) is a duplicate member consisting of 
two bars each of the same area as bar No. 3 of (ii).] But from eq. (5), 
the horizontal displacement of C in (ii) is 


dU 0 
Ae {= . (7 
(sa) 97 aa 1, + U,gt+ Ust (7) 
where U,, U,, and U; represent the internal work stored up in bars No. J, 
2, and 3 respectively. Applying this same equation to (iii) 


dU Q ) 
A= (aw)... = aw {a+ U,+ U;+ U,;+ U,+ ae . (8) 
which, since bar No. 3 1s a duplicate bar appearing in both the identical 
frames of which (iii) is the combination, is exactly double the displace- 
ment given by eq. (7). In other words, eq. (8) gives the horizontal 
movement of C plus that of D in the opposite direction ; that is to say, 
the displacement of C relative to D. If D were 4 fixed point, and A 
were capable of movement horizontally, eq. (8) would give the actual 
displacement of C. This is an important consideration, and applies to 
any displacement found by the application of a virtual load. Such a 
displacement is the movement of the point in question relative to the 
point (or points) at which the virtual reaction (or reactions) acts. 


REDUNDANT FRAMES 


71. Redundant Frames.—It was pointed out in § 3 that one of the 
necessary conditions for the statical determination of the stresses in a 
framed structure is that the frame must consist of sufficient members to 
divide it into triangles, no more, no less. 


If there be more than the number of 

bars necessary for complete triangula- 

tion, some of the bars are redundant, 

and the frame is called a redundant frame. 

The ordinary statical means of deter- y 
yor Ge. 


mining the stresses being inadequate in 
such cases, a redundant frame is some- 
times referred to as a statically tndeter- 
minate structure, see § 87. 
72. Stresses in Redundant Frames.-— 
The principle of work is a convenient 
method of determining the forces in the Fie. 107. 
bars of a redundant frame. Suppose 
that an extra member CD, (i) Fig. 107, be introduced into the 
frame shown in Fig. 105. This member is not necessary for equili- 
brium, and is therefore redundant. Consider the force Fy, in this bar, 
and suppose it to be a tension. So far as the bars AC, CB are 
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concerned, the force F, in CD has the effect of a horizontal pull at C, 
(ii) Fig. 107 ; so far as the bar CD itself is concerned, F, is a longitudinal 
tension, (iii) Fig. 107; (ii) and (iii) represent, therefore, the component 
parts of the redundant frame shown at (i). From (ii) it will be clear 
that F, the actual force in a bar such as AC of the frame, will be made 
up of two parts, Fw the force due to W, determined in the usual way 
after removal of the redundant member, and FR the force due to the 
load F, which replaces the redundant member, i. F = Fw + Fy. In 
the case of the redundant member itself, (iii) Fig. 107, the only force in 
it is Fy. 

Owing to the action of F,, internal work will be stored up in the bars 
AC and BC of (ii), and in the bar CD of (iii). The internal work due to 
F, in any one of the bars will be 4F, . d/, where Fx is the force in the 
bar due to F;, and d/ is the total alteration in length of the bar. Hence 
the total internal work stored up in the frame due to F, is Ug = $2 Fp . 8I, 
the summation embracing all the members of the frame, including the 
redundant member. Now 9, the total alteration in length of any bar, 
is made up of two parts, that due to Fw and that due to Fg. In symbols, 

iy 


- l 1 
ol = Ea (Fw -+- FR) Ea i E (Fw ++ FR)A, whence 


a st S(Fw+Fa)Feo . we OD) 


This internal work is entirely due to F,, an internal force, and not to 
the action of any external force on the frame. But unless some external 
force does work on the frame, no internal work can be stored up in it, 
and it follows that Up must be zero. Hence, if E be constant, 


2(Fw + Fr)FrA = : : . (2) 


In other words, the total internal work done by the force in a redundant 
member on all the members of the frame, including itself, is zero. 

This principle, embodied in eq. (2), enables the force in the 
redundant member to be calculated. It is best to adopt a tabular 
method of procedure as in the example below. Tensile forces are 
considered as positive, compressive forces negative. 

Exzample.—Suppose that a horizontal member CD, in Fig. 107, be 
introduced into the frame shown in Fig. 105. Its length is 55-6 in., its 
area 1:39 sq. in. To find the force in this member due to a vertical 
load of 10 tons applied at C. The calculation is given in the Table, 
p. 165. The triangle of forces for F, is similar to (ii) Fig. 105; but, 
assuming F’, to be a tension, the signs will be reversed. 

From eq. (2), &(Fw + Fr) FrA = 0, hence — 102-9 F, + 73-1 F,? = 0, 
see the Table, or F, = 1-41 tons, which is the force in the redundant 
member CD. Since the result comes out positive it follows that F, is a 
tension, as was assumed. ; 

The force Fw in CD,. bar No. 3, is quite/correctly given as zero in 
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column 5 of the Table, for the bar has been removed from the frame. 
The total force in CD is Fw + Fp = 0+ F, = Fy, as given in column 7, 
which must be the case. 





» (Fw + Fp) FrA 







14+ 8 — 0-61F, 





—50 (8 — 0-G1F,) x 
-61 F, 
—28( —7 —0-72F,) x 
0-72F, 





—~7—0-72F, 






+ 40 F,? 







Xu (Fw + Fr) FrA — — 102-9 F, + 73-1 F;® 


ee Se ne 


It will be observed that, by the addition of the redundant member, 
the force in bar No. ] has been reduced from 8 tons to 8 — 0-61 x 1-41 
= 7-14 tons, but the force in bar No. 2 has been increased from — 7 to 
—7—0-72 x 1-41 = — 8-02 tons, so that had bar No. 2 been designed 
to carry 7 tons only, it would be overstrained by the addition of the 
redundant member. 

The method may be summarised as 
follows: Remove the redundant member 
from the frame, and find the values of Fw 
the force in each of the remaining bars due 
to the actual loads W, W, . . . Remove 
the Joads W, W, ... replace the redun- 
dant member by the force F, which it 
carries, and find the values of FR, the force 
in every bar, including the redundant 
member, due to Fy. Then the force in the 
redundant member is given by the equation 
X(Fw + Fr)FrA = 0, due account being 
taken of the signs of the forces. The 
theorem holds equally well for a frame of 
any type. In a case like that shown in 
Fig. 108, the redundant bar CD is replaced Bia. 108. 
by the two forces FF, each equal to the 
force in CD. The frame will remain in equilibrium, and the reactions 
will not be affected. The total internal work done by the two 
internal forces F, must be zero, and eq. (2) will therefore be applicable. 
In finding the value of Fy for the various bars, both forces F, must 
be taken into account, but in some cases it may be convenient to treat 
them separately. 

Now the value of Fz for any bar can be written in the form Fg = cF, 
(compare § 70), where c is a coefficient depending on the shape of the 
frame. The coefficient c is the value of Fx when F,, the force in the 
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redundant member, is made equal to unity; let this value of Fy be called 
EY’, so that c = F’. Then eq. (2) becomes, 


X(Fw + cF,y)eFyA = (Fw + FrE’)FrF’A = 0 
or, dividing each term by Fy, 
LFwF’A + FrX(F’)2A = 0 


from which Fr = — San ‘ : . (3) 


an expression giving the force in the redundant member. In each case 
the summation includes every bar in the frame, but as pointed out above, 
the value of Fw for the redundant bar is zero. This formula leads to 
what is probably the simplest method of determining the force in a 
redundant member. Remove the redundant member and find the force 
Fw in all the remaining bars due to the actual load or loads. Fw for the 
redundant member is zero. Next, replace the redundant member by 
unit loads [for example, the two forces F, in (ii) Fig. 108 will be put 
equal to unity], remove the applied loads and find ¥”’ the force in each 
remaining bar due to these unit loads. The value of F’ for the 
redundant member is’ unity. Both Fw and F’ are now known for 
every bar of the frame, and eq. (3) can be solved, giving the value of Fy. 
As before, tensions are positive, compressions negative. A positive 
answer indicates that the force in the redundant member acts on the 
frame in the same direction as the unit loads, a negative answer that the 
assumed direction should be reversed. The actual force in any bar is 
F= Fw -+ F,;F’. 

The application of this method to the worked example on p. 164 is 
as follows : 


AO ree 0 een 


Bar No. l a A Fw ¥’ Fw FA (F’)3 A 





cmemesemeeinantp—ee fat en Se epee 











tons. 
+8 — 0-61 — 244-0 + 18-6 
—~7 “—0-72 | + 141-1 + 14°56 





0 +1-0 0 | + 40:0 
J 
2 = —102:9 + 73-1 
From eq. (3), F, = — uF wih" yee 1-41 tons. 


TR)A 73-1 


73. Frames with more than one Redundant Member.—Suppose 
that a second redundant member CG, (i), Fig. 109, be added to the frame 
shown in Fig. 107. The frame will then dissect into three parts, (ii) 
(iii) and (iv) Fig. 109; (ii) shows the forces acting on the non-redundant 
bars, the redundant bars in (i) being replaced by the forces F, and F, 
which they carry ; (iii) and (iv) show the forces on the redundant bars. 
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Then, as before, the internal work done by the internal force F, on all the 
bars of the frame which remain after removal of the redundant members, 
but including that done on bar No. 3, is zero. Likewise, the internal 
work done by the internal force F, : 

on all the bars which remain, but A 
including that done on bar No. 4, 
is zero. The internal work stored 
in any bar due to F;, is Fp, . 5, 
where Fr, is the force in that bar 
due to F,, and 82 is the total 
elongation of the bar. This elonga- 


(ji) > | 
tion is in part due tu iw, the force 


in the bar due to the artual loads, (ii) E 
in part due to Fr,, and in part +— 3——¢-_-3 
due to F'g,, the force in the bar due D 

to F,. In symbuls, Fia. 109. 


sy 
os] 





él == 5 (Fw + Fry + Fr,)A; and therefore the total work stored in all 


1 
the bars of the frame, due to F;, is Urs = 5 X(Fw + Fras + Fry)F roi, 


which is zero. Hence, if E be constant, 
u(Fw + Fr; + Fp,)F r3A =(Q. : : (1) 


By exactly similar reasoning it follows that the internal work stored 
in any bar due to F, is 4Fg,5/ ; and, therefore, that the total work stored 


in. the frame due to F, is Up, = = X(Fw + Frs + Fr,)FeA; 


consequently, (Fw + Fr, + Fr,)Fr,A = 0 , . (2) 


From eqs. (1) and (2), solved in tabular fashion as in the previous article, 
the values of F, and F, can be obtained. It is more convenient to adopt 
the artifice of replacing the redundant members by unit forces. As 
before, Fp, = cF';, where c is a coefficient for the bar depending on the 
shape of the frame. If F’ be the value of Fx; when F, is made equal to 
unity, c = F’, and Fa, = F,F’. Similarly, Fr, = F,F’, where F” is the 
value of Fr, when F, is made equal to unity. Inserting these values in 
eqs. (1) and (2), 
X(Fw + FE’ + F,F’)F;F/A = 0, 


and 2(Fw + FF’ + F,F’)F,F’A = 0. 
from which LFW’ + F,2(F/)2A + FUERA =: 0 . , . (3) 
LFWwF’A + FLEA + FAX(E’)A- 0. . (4) 


The solution of these two equations will give the values of F, aad F,, the 
unknown forces in the redundant members. 

Example.—Given a frame of the type shown in Fig. 109, of the 
dimensions given in the following Table, and loaded with a vertical load 
of 10 tons at C, to find the stresses in the redundant members, bars Nos. 3 
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and 4. This is exactly the same frame as in the previous example, with 
the addition ‘of the member CG. Tensions are +, compressions — . 


EF’ 


tons.| tons. 





In this Table the values of Fw, the force in the bars remaining after 
removal of the redundant members, due to the load of 10 tons, are the 
same as in the previous example. The values of FE’, the force in the 
bars due to a unit load replacing the redundant bar No. 3, are identical 
with those of Fy, column 6 of the Table on p. 165, if F; = 1. The values 
of F’, the force in the bars due to a unit load replacing the redundant 
bar No. 4, are evidently one-tenth the values of Fw, and of reversed sign. 
It is to be observed that Fw for each of the redundant bars is zero, and 
also that F” for bar No. 3, and EF” for bar No. 4 are likewise zero. Inserting 
the numerical values of the summations in eqs. (3) and (4), 


— 102-9 + 73-1F, + 10-3F, = 0 
aes 457-2 + 10-°3F, +- 95-7F, = 0 


from which F, = 0:75 ton, and F, = 4:70 tons. Since both answers 
come out positive, the assumed directions for the unit loads were correct, 
and both F; and F, are tensions. 

Knowing F, and F,, the forces in all the bars of the frame can at once 
be determined. For example, the actual force in bar No. 1 is Fw + F,F’ 
+ FF’ = 8 — 0-75 x 0-61 — 4:7 x 0-8 = 3-78 tons; and in bar No. 2 
is - 7 — 0-75 x 0:72 4. 4-7 x 0-7 = — 4:25 tons. : 

Note.—In general, two unit forces (F; = 1) must be applied to replace 
each redundant bar, see Fig. 108. 

74, Redundant Frames. General Case.—The method of the pre- 
ceding article will apply whatever be the number of redundant bars in 
the frame. If in a framework of n bars, the pth, qth, and rth be redundant, 
it may be shown, exactly as in § 73, that 


L(Fw + Frp + Frq + Far)FrpA = 0 
(Fw + Frp + Fry + Far)FrgA = 0 - (I) 
(Fw + Fray + Fre + Far)FrrA = 0 


[compare eq. (1), § 73], which equations, solved as simultaneous, will give 
the values of Fy, Fg, and F;, the forces in the redundant bars. If there 
be m redundant bars in the frame, m equations of the above type will be 
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obtained, from which the m unknown forces can be determined. If, as 
in the previous article, Fry = FpF’; Faq = FF”; and Fer = FF”, 
eq. (1) becomes, 
2(Fw + Fok’ + FoF’ + Fe’) FA = 0 
2(Fw + FoF’ + FoF’ + FreR’’)F’A = y 
2(Fw + Fok’ + FoF’ + Fre’) F'A = 0 


(2) 
and 


LEwF’A + Fi, pul’? + F HDEE”A + FU’ E"A = 
Fw’. + FEF" +- FOSE’B’”A + Feo’ = 0 


from which the law of formation is evident, and corresponding equations 
can be at once written down for any number of redundant bars. The 
summations embrace all members of the frame. 

To find the forces in the redundant members, remove allthese members 
from the frame, and find the force Fw in all the bars remaining due to 
the actual loads. iw for each redundant bar is zero. Next, remove the 
actual loads and replace one of the redundant members by two loads of 
unit magnitude, acting one at each point of attachment of the redundant 
bar. Find the force EF’ in all the remaining bars due to these unit loads. 
F’ for this particular redundant bar is unity, for all the others zero. 
Next, remove these unit loads and replace a second of the redundant 
bars by two other loads of unit magnitude. Find the force F’’ in all the 
remaining bars due to these loads; F’ for the second redundant bar is 
unity, for all the others zero. Repeat this process for every redundant 
bar. The value of Fy, EF’, FE’, F’’, . . . for every bar in the structure 
is now known. Effect the summations implied in eq. (3) by a tabular 
calculation. If there be m redundant bars, there wall be 3(m)(m + 3) 
summations necessary, from which the magnitudes of the forces in the 
redundant members can be obtained by inserting the numerical additions 
in eq. (3). Tensions should be called +, compressions — . For con- 
venience in calculation, the forces in all redundant members should be 
assumed to be tensions and called positive. If the roots of eq. (3) come 
out positive, it implies that this assumption is correct ; if negative, that 
the force is, in fact, a compression. 

For a worked example, see § 76. 

75. Principle of Least Work.—It follows from the principle of con- 
servation of energy that the work stored up in an elastic system in 
equilibrium, due to the action of external forces, must always be 
a minimum. This is called the principle of least work, and it is 
true whatever may be the character of the strains produced. By 
its aid the forces in the members of a redundant frame can be 
determined. 

For a framed structure, the principle of least work may be deduced 
from § 70 thus: Let (i), Fig. 110, be a frame containing a redundant 
member CD. Replace the redundant member by the two forces F,yFy, 
each equal to the force in that member, which will be assumed 


LFWRA + FpltFYRYA + FotF’FA + FelF’'F/A == = ol 
(3) 
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tensile, (ii) Fig. 110. The equilibrium of the frame will not be affected 
by this. Then from eq. (4), § 70, the displacement of the point C 
relative to the point D is A = aw = ir , where U is the total internal 
work stored in the system shown at (ii), and W, in the present case 
the force F;, is the force applied at C in the direction CD. Each 
of the points C and D will 
be displaced by an amount W, A 
A/2. 
But if the force in CD 
is a tensile force, the defor- 
mation of the frame must 
have increased the length 
CD; that is to say, both 
C and D have moved away 
from AB to positions such 
as C’ and D’, (ii) Fig. 110. 
The movement of C and 
D is therefore in an opposite 
direction to the sense of the 
forces Fy, and the sign of 
A is negative. Let Sl, be 
the attual increase in length 
of the bar CD, of which 






the original length was I,. Fia. 110. 
Then di, = -- A= — or. . But if ay be the area of CD, the alteration 
of length due to a force F; is, 
Slp 2: i = 5 Pr = - 
and therefore, dU +. te =O. ; ; : : . (1) 
oF, £E 


Now the total work stored in the whole structure is Up = U + or Fr*Ap, 
where U is the internal work — in the essential bars of the frame 
shown at (ii), Fig. 110, and x FyAy is the internal work stored in the 


redundant member. But the first differential coefficient of this expression 
with respect to F; is 7. at i F,Ar, which, by eq. (1), is equal to 
zero ; it is possible to show also that 07U,_/dF;? is positive, whence it 
follows that the magnitude of F, is such that the total work done is a 


Now Ur = am XF*A, see eq. (2), § 68, the summation including the 
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redundant member. Since, for a minimum, 


dUy _ @ 
ar 9% oe {53 Za} = 0, 
and aa EP = oo = Dw +F)N=0 . 2. Q) 
for F = Fw + Fr, § 72. From sbi equation the unknown force Fy can 
be determined. 

In like manner, if there be more than one redundant bar, and each 
be replaced in the frame by forces equal to the force which it carries, 
the first pdrtial differential coefficient of the expression for the total 
internal work stored in the frame with respect to the force in each of the 
redundant menabers wil: be zero, and the second will be positive, therefore 
the total work done must be a minimum. If, in a frame, the pth, qth, 
and rth bars be redundant, three equations similar to eq. (1) will be 
obtained. 


eu Pies dy 

an, + ip tee = O- dF p 

aU 1 aU, 

or, | p Pe = 9 oF, - (3) 
10) l ies 0Ur 


from which the three forces Fy, Fy, and Fy can be obtained, and so on, 
however many redundant bars there may be. 


Putting in the value Uy; = sx XFA, eq. (3) becomes, 


ces 2FA} =O0= _. LF 
aFp oF p I rf ie 


and soon. Hence, since F == Fw + Frp + Frq + Fer, 


EP BE Bar Be 
a Ns 


a. 
These equations, solved as simultaneous, give the values of Fp, Fy, 
and Fy. 

Example.—tThe following is an application of the above theory to the 
example of Fig. 109. F, and F,, the unknown forces in the redundant 
members, will be supposed tensile, as before. The calculation for the 
total work done is given in the following Table (see §73). Frg is the force 
in a bar due to F,, and Fr, that due to F,. Tensions are positive, 
compressions negative. 
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FR; Fae = | (Fw + Fras + Fea) | (Fwt+ Fras + Fag) 















tons.| tons. | tons. 
50 + 8 —0-61F, — 0-8F, (-+ 8 — 0:61F, 50( + 8 aaa 0-61F, 
0-8F — 0-8F,)? 





one . ‘ 

2-5 | 28/~7 |—0-79F,| +0-7F, |(—7—0-72F, | 28(—7 — 0-79F, 

+ 0-7F,) -+ 0:7F,)§ 
55-6|1-30| 40/0 |+F, 0 +Fy- + 40F," 
67-5 11:16} 5010 | 0 +F, +F 4+ 50F,? 





Then Uz, the total internal work stored in the frame, is 


= X(Fw + Frs + Fg.) = a (addition of the last column). 

The magnitude of F, and F, must be such that Ur is a minimum, ie. 
ae and ae must both equal zero [see eq. (3)]. It is convenient to 
differentiate the last column line by line, and then add the results, thus : 
ae = 100(8 — 0-61F, — 0-8F,)(— 0-61) 

+ 56(— 7 — 0-72F, + 0-7F,)(— 0-72) + 80F, = 0 
iF = 100(8 -- 0-61F, — 0-8Fy(— 0-8) 

+ 56(— 7 — 0:72F, + 0-7F,)(+ 0-7) + 100F, = 0 
whence, 


Solving these equations as simultaneous, 
F, = + 0-75 ton, F, = + 4-70 tons, as before. 


It will be seen that the above process is, in effect, a solution of eq. (4). 
For a further worked example of the method, see § 76. 

It may be shown that the equations of § 74 for any redundant frame 
follow from the principle of least work thus : Suppose that the pth, qth, 
and rth bars of the frame be redundant; and, as before, let Fp, Fg, 
and F; be the forces in these redundant bars. Replace each redundant 
member by two forces, each equal to the force in the replaced bar. Then 
the force in any member due to Fp will be c’Fy ; due to Fg will be c’Fy ; 
and due to Fy will be c’”’F, ; where c’,¢”, and c’”’, are coefficients depend- 
ing on the shape of the frame. Hence Ur, the total internal work, will 
be given by an expression of the form 


] , ” mw 
Up = on &(Fw + c'Fy + C Fy + C F,)*A 


the summation including all the bars of the frame (compare § 72, and the 


dVr dUr dr 


Table above). But from eq. (3), aR. = aR, 7 OF 
Pp q r 
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whence, Ay = 0 = 2(Fw + c’Fp + Fy + c’’Fr)c’A 
Pp 
dUy , +1 wt ” 
nO ew Teepe qt+ec Fr)c”’A 
dy , ” mt mn 
ap, = 0 = U(Fw t c’Fp + c’Fg + ¢ Fr)c’’’A 
r 


Since the force in any bar due to Fp is c’F'p, it follows that c’ will be 
equal to F’, the force in the bar due to Fy, if Fp = unity. Similarly 
ce’ = F’,andc’” = F’’”. The above equation becomes, therefore, 

U(Fw + Ppt’ + FoF’ + FF’)FA = > 
L(Fw + Fp’ + FoF’ + Fe’) FA= 01. , . (5) 
O(Fw + FpF + Fok” + FR)F’"A = 0) 

This equation is identical with eq. (2) of § 74, and it follows that the 
other equations and methods of that article are deducible from the 
principle of least work. 

76. Redundant Frame. Worked Example.—<As a practical example of 
the above theory, consider the unsymmetrically loaded plane frame 
shown at (i) Fig. 111. To find the areas of cross section of the members, 
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Fig. 111. 


it must be divided into its component frames (ii) and (iii). The forces 
in all the bars can then be found in the usual way, and are given in the 
Table on p. 174; the combined bar forces for the complete frame are given 
in column 4. ; 

The necessary areas of cross section can now be found, and are given 
in column (3) of the second Table. Knowing the values of | and a, the 
values of A can be calculated ; these are tabulated on p. 175. The gross area 
of the members should be inserted in column (3), both for ties and struts. 
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Bar No ee So ees 

Frame (ii) Total 

1 + 8-67 + 8-87 + 17-33 

2 + 8-67 + 12:0 + 20-67 
8 + 10-0 -+ 12-0 + 22-0 
4 + 10-0 + 10-0 + 20-0 

12 — 12-0 — 8-67 — 20-67 
13 —~— 12-0 — 10:0 — 22-0 

21 — 10-83 — 10:83 — 21-67 

22 + 4-17 — + 4-17 
23 + 2-5 se 4+ 2-6 
24 — 12:5 — 12-5 — 25-0 

42 — — 4:17 — 4:17 
43 — — 2°5 — 2°65 
30 0-0 + 4-0 + 4-0 
82 + 4:0 + 6-5 + 10-5 
33 6-0 + 7:5 + 13:5 


The calculations for the stresses in a redundant frame depend essentially 
on the alteration in length of the bars. In most ties, the rivet holes only 
occur at the ends of the member, and it is the gross area which determines 
the alteration in length 57. In ties composed of sections riveted together 
throughout their length, the area lost by rivet holes would increase the 
total extension from panel point to panel point, but it is usual to neglect 
this increase in ordinary 

calculations. Any effect ,, 


which the attachments at mee ea JN, ow " YN . nee Fy 

the ends of the bars may 

have is also neglected. ce Ese o 
The next step is to C 

remove the two redun- — he 


dant members No. 42 and 


No. 43 from (i) Fig. 111,  «) ~°§ > _ =r 71 is (in) 
and to calculate the ls 2 PN, pA aL 
values of Fw from the IT. For fF! tee 

given loads (i), Fig. 112. Fic. 112. 

Note: Fw must not be 

taken from the combined forces in col. 4 of the first Table; in this case 
the values of Fw are double the figures given in col. (2) of that Table. 
The values of F’ and F” are found by replacing the redundant members, 
one at a time, by two forces of unit magnitude, supposed tensile, as 
shown at (ii) and (iii), Fig. 112, and calculating the forces in the remaining 
bars. In the present instance, as shown in the figure, only one panel is 
affected, the forces in the remaining bars being zero. The values of Fw, 
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F’, and F”’ are carried to the second Table, and the calculation follows 
the course set forth in § 73. If Fy, and F,, be the actual forces in the 
two redundant bars, since there are only two redundant members, eqs. (3) 
and (4), § 73, reduce to, 

LSFwF’A + Fes = (F’)2A + F 4s ZE’F“A — 0 

UF WF’A + Fy, ZE’F’A + Fy, 2(F")*A = 0 
Inserting numbers from the Table, 

— 76:6+ 14-9F,,+ 196-5F,, = 0 
from which, F,, = — 1-63- tons, and F,, = + 0-51 ton. The actual 
force F in every bar may now be calculated. In any bar 
F = Fw + F,F’ + FEF’, 

§ 73. Thus in bar No. 2, 

F, = + 17-33 + (— 1-63)(— 0-8) + 0°51 x 0 = + 18-63 tons, 
and so on for the others. These values are tabulated in the last column 
but one of the second Table, and for comparison the approximate values 
from the first Table are given in the final column. 

As an alternative treatment of the problem, the method of least work, 
§ 75, will next be applied. The calculation is given in the third Table, 
which is self explanatory. The first five columns have been taken 
from the preceding Tables; cols. 8 and 9 are obtained from col. 7 by 
differcntiating line by line. Let Fy, = Fp, and Fy, = Fg; then from 
eq. (4), § 75, and by addition from the last two columns of the Table, 


2m, 2F%A\ = + 625-2 + 393-0Fp + 29-8F yg = 0 


a EA = — 153-24 29-8F, + 398-0F, = 0 


These equations are evidently the same 
as those previously obtained, except that 
the coefficients are doubled. The values 
of F,, = Fp, and F,, = Fp, are therefore 
the same as before, as are also the values 
of F obtained from col. 6 of the third Table. 
77. Displacements of Redundant Frames. 
—Having found the forces in the redundant 
bars, and thence the actual forces in the 
remaining bars, the displacement (Williot) 
diagram, § 12, can then be drawn in the 
usual way for the frame without the re- 
dundant bars, which diagram gives the An r lod 0023 ~ bls 
displacements of all the node points in the es 
frame. Alternatively, the methods of § 15 or §70 may be applied. 
As a simple instance, consider the example of § 73. From the data 
there given, F, = 3-78 tons, A, = 50, and hence 82, = 0:0146 inch ; 
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F, = 4:25 tons, A, = 28, and hence 8/, = 0-0092 inch. The displace- 
ment diagram for the point C is shown to scale in Fig. 113, from which 
Ay = 0-018 inch, and Ay = 0:0023 inch. As a check on the accuracy 
of the working, it will be observed that Ay must be the alteration in 
length of bar No. 4, i.e. 8/,, and Ay the alteration in length of bar No. 3, 


1.0. 0h, But sx 8, 13000 x 0-018 
F, = oy ‘7 : - -" = 4°7 tons. 
4 
i. Bx Bly 18000 x 0-002% ne 
3 


as given in § 73, which verifies the values of Ay and of Ag. It will be 
noted that the displacement diagram indicates an extension of both 
bars, implying that both forces are tensile. 


LEAST WORK—GHNERAL THEORY 


78. General Expression of Least Work.—The principle of least work 
is equally true whatever may be the character of the strains set up in the 
statically indeterminate structure. The total in- 
ternal work stored up, due to whatever agency, (i) Mp 
must be a minimum. If an indeterminate force, : 
bending moment, or shearing force act on the 
structure, the magnitude of that force, moment, 
or shearing force must be such that the total in- 
ternal work, including the effect of the unknown 
force or moment, is a minimum. [If then an ex- 
pression be found for the total internal work 
stored up in the structure, the first differential 
coefficient of this expression with respect to the 
unknown force or moment must be zero. This is 
true for each of the unknowns separately con- 
sidered, however many there be. By equating 
each differential coefficient to zero, a sufficient 
number of equations is obtained to determine all the unknown forces or 
moments. 

The general expression for the total strain energy in a member of 
length J, (i) Fig. 114, subjected to a direct force F, a shearing force §, 
a bending moment Mg, and a twisting moment My has been shown to 
be [see eq. (5), § 148, Vol. I], 

2. Lee 1 ('¢S? ] fo 1?M? | 
U \ de + 5 = de + 5a) 7 + 3) o .dx (1) 
a is the area, J the moment of inertia, ¢ a coefficient depending on the 
distribution of shear stress over the cross section, and ® the torsional 
rigidity of the cross section. 

To make this expression applicable to structures generally, it is 
necessary to modify it slightly. In order to include the case of a curved 
beam, dz will be changed to 61, an elementary length of the centre line, 





Fie. 114. 
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(ii) Fig. 114. Also, in the case of a curved beam, the symbol F for the 
normal force on the cross section will be replaced by N, to distinguish it 
from the longitudinal force in a bar which might form part of the same 
system. Using F to denote such a longitudinal force, and assuming the 
area, of the bar to be constant as in an ordinary braced frame, the first 
integral becomes for a tie bar or a strut 
1 (°F? ‘ Fz] 
2E),a° , 2Ka 
the sign & indicating that all such bars in the frame under consideration 
are to be included. Again, in order that the equation may apply to 
composite frames, § 245, the symbols E and G will be retained within the 
integral. Then eq. (1) becomes 
3 é iN2 CS? 1 Mp? el M;? 
U=r 5 4 | ops dl -+ \ sa dl + er dl4 \ 96 dl (2) 

It is to be understcod that only such terms as are applicable are to be 
included in any particnlar casc, and tuat if more than one member of 
the structure is s :bjected to bending and/or torsion, a summation sign & 
is to be prefixed to the appropriate term. 

If then there be at some place in the structure a force F, on a bar; 
a direct force N,; a shearing force S,; a bending moment Mg,; and/or 
a twisting moment Mz,; each an indeterminate magnitude, it follows 
from the principle of least work that the magnitude of each of these 
unknowns must be such that the internal work U is a minimum with 
respect to each unknown separately considered, i.e. that 


cu 0oU oU 0eU aU a4 

af, ON, 98, My, OMiy © ©) 
Instead of finding U by effecting the integrations in eq. (2) and then 
differentiating, it is often convenient first to differentiate eq. (2) and 
afterwards to integrate, see § 79 following. 

The wider application of the above equations 
will be found in § 91, e seq. 

79. Applications of the Principle of Least Work. 
—Consider the case of a rigid rectangular frame 
subjected to tensile forces WW as shown in 
Fig. 115. This frame is statically indeterminate. ‘ 
Bending moments will be set up in all the bars of 
the frame, the magnitudes of which may be found 
by means of the principle of least work. Due to 
the symmetry of the conditions, the stresses on 
the cross section at A will be equivalent to a 
longitudinal tension W/2 and a bending moment 
M,; the shearing force at this section will be zero. Fia. 115, 

The internal work stored up in the frame can 
be obtained from eq. (1), § 78; to simplify the analysis, the work 
stored up due to the longitudinal tensions, and shearing forces, will 
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be neglected in comparison with that due to the bending moments. 
Then, for the quadrant AB, using the third term of eq. (1), 
Mp? 1 
U,as = ele dx = * ony [Me ax + sar, Mx? . dx 


where Mx = M, + W2/2 is the bending moment at any point K in CB, 
distant z from C; hence, 


phe } 4/3 Wz 
Usas — ——| M,?.d eons M ae 
a ut, \, es saz, ( ot 5 ) az 
or for the whole frame, 

U sf 1 Mil, 1 {eM M,WI,? " W?l, a 





2EI,, 2 ‘2EI,, 2 8 °° 96; 
The statically indeterminate magnitude in this equation is My, and from 
eq. (3), § 78, 
dU Ml ( Wi,? 
= Q0=4 fe ae 
eM, | a + aR. Mole + 8 | 
2 
whence, My = — a 


S(T ,/, + T2,) 

The negative sign implies that M, acts in the opposite direction to that 
shown in Fig. 115. Knowing My the bending moment and stress every- 
where in the frame can be found. 

An investigation of the stresses in the 
transverse framing of a ship calls for an 
application of the principle of least work. 
Fig. 116 represents half such a transverse 
frame. Assume that it is cut through at 
A, and let No, So, and M, denote the 
direct force, the shearing force, and the 
bending moment, respectively, acting on 
the cut section, all at present unknown. 
The.., knowing the external water pres- 
sure, and the internal and deck loads WW 
acting on the frame, the corresponding Fia. 116. 
values of N, S, and M, at any section K, 
can be calculated in terms of No, Sp, and My. The total internal work 
stored up in the frame can be calculated from the second, third, and 
fourth terms of eq. (2), § 78, 


“-BN2 2 BM}2 
U = 2 4 ~ ® aT ° Gs ° dl = Mb’ 

2E), a 2 a 2K), I 
integration being taken right round the frame from A to B; or, if the 
conditions be asymmetrical, right round the complete frame. In this 


problem there are three statically indeterminate magnitudes, No, So, and 
M,, so that the value of U must be a minimum with regard to each 





al 


STRAIN-ENERGY THEORY 18! 


cu aU aU 
(3), § 78]; or = 0. These three equations serve 
(eq. (3), § 78]; oF an = ag. = OM, q 
to determine the three unknowns and hence the stresses everywhere in 
the frame. 
It is convenient in practical cases to write these expressions thus : 


B BYQ@ X B 
aU _ Sed ieee i aMb » _ 
E GJa A 


aN, Ej,a ON, a aN, EJ, 1 ° aN, 
au 1(8N aN 1C¢S as 1(2 Me aMy 
oS Ue 2. Ol sl ee a 
a8, 3 a’ 8,” * al, as,” ' &), 1 8S, 


au BN aN is as 1(® My aMy 
~ —— e- l & . l =a e dl — Q 
oM, =a s aM al 2 om,” oc i aM, 


that is, to differentiate first, and integrate afterwards. 

For practical « camples see Biles, The Design and Construction of Ships, 
Vol. I, Chap. xxvi. 

As a simple exainple i this class of problem, consider the semicircular 
ring DAC shown ‘n Fig. 117, of uniform cross section a, and mean radius 
R, the ends CD of which are tied 
together by a rod of area ar. The 
ring rests on a support at A, and is 
loaded with vertical loads WW at 
Cand D. Itis required to find the 
pull P in the rod CD, and hence the 
stresses inthe ring. The structure 
is statically indeterminate, and in 
thi3 case, it will be convenient to 
take P as the statically indetermin- Fro. 117 
ate magnitude. Suppose that at A oo 
the thrust in the ring is Ng, the shearing force Sg, and the bending moment 
M,, the corresponding values at any section K, making an angle @ with AB, 
being, N, S, and M. Consider the equilibrium of the portion AK of the ring. 





Equating vertical components, S, = N sin @+ S cos 6 
Equating horizontal components, Ny = N cos 8 — S sin 0 
Taking moments about A, M, = M — S(R sin 6) — NR(L — cos 8). 
From the conditions of the problem, Ny=P; 8)= W; and M,= 
PR — WR = (P — W) R; whence, 

W = Nsin@+ Scos@; P = Neos 6 — Ssin@; 

N = Wsin@+ Pcos@; S = W cos 6 — Psin@: 

(P — W)R = M — SR sin 6 — NR (1 — cos @) 

and, M = R{P cos 6 — W (1 — sin 6)} 
From the first term of eq. (1), § 78, and the second, third and fourth 
terms of eq. (2). § 78, the internal work stored in half the structure is 


1 (ope 1 (oN? ros “Nf 
Sa eeapes. ae TP ate 
wel = e+ Sol * oa), a ig, L 
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where dl = R..d@ is an element of length of the arc AC. Putting in the 
known values, 


aR [3 
U= 5 |ae+ R bE ae oe ae 
0 


+ el (W cos 8 — P sin 8)? d8 +5 ail {P cos @ — W(1 — sin 6)*}d0 
_ PR R fr Re (mwa. pr — we! 
- a, + see gt + PY + WE: + 5 Gal o(W be) es 
R 3x ) 
i setae’ — WP + & i 2) we 


In this equation P is the statically indeterminate magnitude, and for U 
to be a minimum, 


au PR OR fx ) Rix ) R(x 
— =Q= —P - + —2:-P— Wi 4+ —./-P — W: 
oP Ea; 2a 2 a (2 + Wi + 30% + spr i2 ) 
Re 1 
9EI " 2Ga = 2Ka 
whence, P= W ee x 
mR oe mL 
4RI ' 4Ga dia * Ea, 


If the work done by the direct and shearing forces be neglected, P = 2W/x. 

This result could have been obtained rather more easily by the device 
of differentiating first and integrating afterwards. Thus, from the first 
expression for U, p. 181, 


{2 
OU SP at wel, N- gp @ 


@P Ea, Ka 
 BERy 8 ap a Mo 
+ 8-5 dO + sal M .— do =0 
aN a8. aM 


Inserting the known values for N, 8, M, =; ap’ ap and —; 5p’ 


PR R RC 
Fa,* zl (W sin 6+ P cos 6) cos 0. w-l" (W cos @— Pain @) sin @.d6 
R 


+ al, RX{P cos 6 — on — sin @)} cos @.d? = 0 


ae out and collecting terms, 


Pe 1 R® 
i ue al (1 — cos 20) d6 + — 5 {ie + at {1 + cos 26) d@ 


Wil ¢ R WR? 
+F leat mi sin 26 . d@ itil cos @.d0 = 0 
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whence, as before, 
tR? xf % ] R? '4 ] 
De ie, es Be ee We He ee 
tir * Ga * dia * ss - a * 36a oat 
The above frame may be regarded as an inverted, semicircular, tied 
arch, loaded with a single load 2W at the crown. 


VIRTUAL WORK 


80. More General Theory. Virtual Work.—The following is a more 
general treatment of the application of the work theory to framed 
structures. It includes the effect of temperature alterations, and of move- 
ments of the abutme.its (reaction displacements). Using the principle 
of virtual work, it leads to the theorems of Maxwell, Betti, and Mohr. 


Let F = the force in a bar of a braced structure due to any cause 
whatsr«:ver. 
a = the area of the bar. 
L == the lengtn of the bar . 
A = the rat‘o lia. 
t = the alteration in temperature. 
a = the coefficient of expansion per degree. 


The positive alteration in length (extension) of the bar due to a 
force + F (tension), and an increase in temperature + ¢°, is 
Fl 


tn Fig. 118, let AB be the 
bar, and suppose that, as the 
result of the deformation of the 
structure, AB move to A’B’. 
Let the coordinates of A be rq, 
ya; of B be xp, yo; of A’ be 
(ta + 52a), (Ya + Sya); and of 
B’ be (xp+ 5x5), (yb + Sys). 
Then the lengths AB and A’B’ 
are, respectively 
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2 = (1h — xa)? + (yb — Ya)? 
(1+ 81)? = {(xp + 820) — (2a -+ Sxa)}? + {(yo + Syd) — (Ya + Sya)}? 
Multiply out the latter equation, and neglect the second order of small 

quantities, since the displacements are very small. Then, 
124. 21. Sl = (ay — 2a)? + 2(xb — xa)(8x — 92a) 

+ (yb — ya)* + 2(ys — ya)(Byb — Bya). 
Subtract from this the expression for /?, and divide all through by 21, 

81 = (8xp -- 52a) cos 8+ (Sys — Sya) cosh. . (2) 
where cos @ = (1p — ta)/t; cos b = (yb — ya) /l. 
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From eq. (1), 
dl = (82) — 5%q) cos 8 + (dy6 — dy¥q) cos d = a +atl . (3) 


By a similar analysis it may be shown that in a space frame, if the 
coordinates of A and B are respectively za, ya, 2a; Xb, Yb; 2b; 


61 = (82p — dxq) cos 0+ (Syb — Sya) cos + (52 — dzq) cos yb 


Sea y » « «¢ & & & «= 


where cos = (2b — 2q)/l. 


Eqs. (3) and (4) give 8/, the alteration in length of the bar, in terms of 
the displacements, parallel to the axes of coordinates, 52a, dya, 52a; 
dxp, 5yb, 52b, of its ends. 

Equilibrium of a Panel Point.—-In a structure in equilibrium, all the 
forces acting at any one panel point must be in equilibrium. If at a panel 
point, W, W, W,; . . . be the external loads, and F, F, F, . . . be the 
forces in the bars, then resolving parallel to the coordinate axes, 


“Wy + LX Feos @ = 0) 

LWy + 2 Fcos d = 0; : . (5) 

EW: + = Feos pp = 0! 
The symbol 2: W: denotes the sum of the components parallel to the axis 
of x of all the external loads; the & Fcos @ denotes the sum of the 
corresponding components of the forces in the bars; and similarly for 
the other equations. In a plane frame the third equation disappears. 

Virtual Work.—In a structure in equilibrium, suppose that a number 

of forces FF .. . act at any panel point. These forces may be external 
and/or internal forces. Each will have a component F cos ¢ parallel to 
any arbitrary axis of reference, where € is the angle which the force 
makes with that axis. For equilibrium, the resultant force in any 
direction must be zero, hence 


X(F cosf)=0 . ; , . (6) 


where tie summation includes all the forces and loads acting at the panel 
point. Suppose that, without destroying the equilibrium, the panel 
point be given a small arbitrary displacement A in the direction of the 
axis of reference. Then the work done by any one force is (F cos ¢)A,* 
and the total work done by all the forces acting at the panel point is 


X(F cos ZA = A x X(F cos f) = 0. , . (7) 


since, from eq. (8), &(F cos £) = 0. 

But the expression (F.cosZ)A may be written F(A . cos Q), and 
(A . cos £) is the projection of the displacement A on to the direction of 
the force F, which for any particular force Fy may be denoted by Ap, hence 


2(F cos fZ)A= 2FpAp=0 . : : . (8) 


* Not 3(F cos ¢)A, for the force F remains constant during the displacement A, 
we (ii) Fig. 103. 
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This is called the law of virtual work. It implies that in a structure in 
equilibrium, the total work done by all the forces acting at a panel point 
resulting from a small arbitrary displacement A of that point is zero. 
This is true for any panel point in the structure and therefore for every 
panel point, and thus for the whole structure. It is to be observed that 
the displacement A is quite arbitrary, and is in no way dependent on 
the magnitude and directions of the forces FF. A might be due to a 
real set of loads acting on the structure, and the forces FF be due to a 
virtual load system, also in equilibrium. It will be convenient to denote 
the forces FF by italic capitals, as has been done in eq. (8), to indicate 
that these forces and the displacement A are quite independ »nt one of 
the other. 

If the dispiacement A be made in a time 8t¢, the velocity of the panel 


_.. @ 
peint is it (Ap), snd eq. (8) becomes 


= rf (Ap) = 4) . . . ° . (9) 
which is called the law of virtual velocities. 


81. Mohr’s Work Equations.*-—Suppose that certain arbitrarily 
chosen loads WW be applied to a statically determinate structure, so as 
to form with the corresponding reactions a system in equilibrium. These 
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loads, combined with any temperature changes, will produce forces 
FF in the members of the structure. Next suppose that all the panel 
points of the structure be subjected to certain very small arbitrary 
displacements AA ; these displacements, for example, might be due to 
a second load system applied to the structure. The magnitude and 
direction of the displacement of each panel point will, in general, be 
different. 

Consider any panel point, (i), Fig. 119, and take the direction of the 
displacement A as the axis of reference. Suppose the external force Wm, 
which acts at the panel point, to make an angle é with the axis of reference, 
and the forces FF to make angles { ¢ with the same direction. Then, 
from the law of virtual work, eq. (8), § 80, 


(Wm cos €)A + X(F cos Z)A = 0 : : - (Id 
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This expression gives the virtual work done at any panel point. It may 
be written 


WmAm + UF pAp = 0 ; . (2) 
where Ayn denotes the projection of A on to the external load Wm, and Ap 


the projection of A on to any particular force Fy. Eq. (2) holds for every 
panel point; hence the total virtual work for the whole structure is 


EWmAm+ UFpAp=0. . .  . (3) 


These summations include every external load, including the reactions, 
and every member in the structure. 

Consider AB, the pth bar of the frame, (ii), Fig. 119. Let the pro- 
jections on to this bar of the displacements AA at A and B be Ag and Ap. 
As shown in (ii), both Ag and Ap are extensions. Hence, at A, the force 
in the bar, Fad, is a tension and acts away from the panel point. Similarly 
at B, the force Fjq acts away from the panel point. Both Fap and Foa, 
therefore, act in opposite directions to their respective displacements 
and the work which they do is negative. This is always true of internal 
forces. It may be noticed, in passing, that if an external load be applied 
to the bar, the displacement which it produces is in the same direction 
as the load, and the work done is always positive, (iii), Fig. 119; if, 
however, the projection of the displacement at a panel point on to an 
external load acting there be opposite in sense to that load, the work 
done by that external force will be negative. 

Returning to (ii) Fig. 119, the work done by the two forces Fab and 
Foa will be — (FapAa + FoaAs). But Fab = Fea = Fp, the tension in 
the bar, and (Ag + Ag) = dlp the alteration in length of the bar. Hence 
the work done is — Fp .8ly. The same reasoning applies to every bar 
in the frame, and therefore the factor LF pAp in eq. (3), which represents 
the total internal virtual work, may be replaved by — X(Fp . dlp), and 
eq. (3) becomes 

LWmAm — U(Fp . dlp) = 0; or, LWmAm = X(Fp . dlp) . (4) 

Given, therefore, a framework in equilibrium under a load system, 
which framework is subjected to very small arbitrary displacements, the 
external virtual work done by the external loads is equal to the internal 
virtual work resulting from the deformation of the frame ; and since the 
total victual work done is zero [see eq. (8), § 80], each component, external 
and internal, is likewise zero. 


LWmAm = X(Fp .dlp)=90 . . (5) 

The term 2 WmAm includes the reactions, see eq. (3). If, therefore, 
the reactions RR suffer small displacements ArAr in their own directions, 
due to movements of the abutments or other causes, eq. (4) may be written 
UuWmAm -|- LRA, — X(F'p ° dlp) = 0 . e . (6) 


where 2: WmAm, now includes only the applied forces. This is the general 
form of the virtual work equation for a framed structure. It must be 
remembered that Am, Ar, and dlp are all displacements brought about 
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by the same cause, which cause is independent of the loads and forces 
Wm, &, and Fp. 

The theory is equally true if W, R, and F, represent the actual loads 
and reactions producing the displacements A, in which case eq. (6) may 
be written, 

Fpl 


CWimAm + LRAp = X(Fp . blp) = x (=F i Fatt) -@ 


In eq. (6), suppose all the arbitrary loads W to be removed except 
one, the magnitude of which is unity, then 


1 x Am + ZRAr — X(Fp « dlp) = 0 
and Am =Z(Fp’.8lp)-ZR’Ar. . . . 8) 


in which equation F’ and &’ denote the forces in the bars and the reactions 
due to the unit lozai. 

From this equation the displacement Am of any panel point, in any 
direction, due to an actual load rystem WW, can be found by applying a 
unit force at the yanel point in the required direction, ard effecting the 
summations implied in eq. (8). In this case 5/p will denote the alteration 
in length of the bars due to the load system WW combined with that 
due to alterations in temperature, if any. In the particular case where 
the temperature remains constant, and A; is zero at each support, 
Sly = Fwlp/Eap = FwAp/E, where, as in § 70, Fw is the actual force 
in the pth bar. Kq. (8) then becomes 


Am = 5 =F wFp’A oe 9) 


[see eq. (6), § 70.] 

Eqs. (6) and (8) are known as Mohr’s work equations. 

82. Relative Displacement.—The relative displacement between any 
two panel points M and N, Fig. 120, of a 
framed structure in equilibrium under a 
system of applied loads WW can be ob- 
tained from Mohr’s second work equa- 
tion, eq. (8), § 81, as follows : Apply two 
unit loads Wm = unity acting in oppo- 


N ASW | 
mH 





site directions along the line MN. Then Wad 
if Am be the relative displacement of M Fic. 120. 
to N, from eq. (8), § 81, 
Am = XF’ .6l — XR’Ar ; ; . (1) 


In this equation 5/ denotes the alteration in length of a bar due to 
the actual load system WW, temperature changes, and reaction dis- 
placements Ar if the latter affect the value of 5! ; F’ denotes the force in 
a bar, and &’ a reaction due to the unit loads. 

Fwl FwA 


Ea + atl = —.- + all 


From eq. (1),§ 80, 8 = E 
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where F'w denotes the actual force in the bar due to the applied loads WW, 
and the reaction displacements. Then from eq. (1), 


Am = LF’(FwaA/E + atl) — uR’Ar ‘ : . (2) 


If the value of Aj, comes out negative, it implies that the displacement 
is in the opposite direction to that assumed for the forces W, = 1. 

83. Self-Stressed Frames.—Let (i), Fig. 121, represent part of a re- 
dundant frame in which the redundant member has 
been made too short by an amount A. By heating 


the bar or otherwise it could be got into place and = \ (1) A 
attached. When it cooled it would shortan and 
stress the frame. Such a frame is called a self- M N 


stressed frame. If the resulting stress in the re- 
dundant bar be F;, the corresponding alteration in (i) 
length of the bar will be d/; = F,A,;/E. Owing to 

the action of the forces F;F, on the frame, (ii) 

Fig. 121, the points M and N will come together Fic. 121. 

a distance Am; and the amount by which the 

redundant bar lengthens, plus the amount by which M and N come 
together, must equal A, 


Am can be found from eq. (2), §82. The applied loads are F;F,, and 
using the symbol FR for the force Fw which they produce in a bar, Am = 
UF’FpA/E; F’ denotes the force in a bar due to the unit loads WmWm 
applied along the line MN ; the other terms in the equation vanish. Then, 
from eq. (1), 

A = FpAr/E + DF’FRAIE 


But if F’ is the force in a bar due to unit loads acting along MN, Fx, the 
force in the bar due to the loads F;F;, which act along the same line 


must be FR = FF’ 


Hence, EA = FyAr + F, 2(F’)2A 
EA 
and, Fy = Mr + SF) ° ° ‘ A ‘ (2) 


In this equation %(F’)?A does not include the redundant bar itself. 
Knowing F,, the initial stresses Fy = Fy’ in all the bars can be found 
directly. 

Worked EHxample—Suppose that the bar CD of Fig. 107 is made 
1/100 inch too short, and forced into place. Find the initial forces in 
the bars of the frame. Remove the bar CD and apply a unit load acting 
from C towards D. The forces F’ produced in the remaining bars by 
this load are F,’ = — 0:61, F,’ = — 0-72, see the Table, p. 166. The 
values of A for the bars are 50 and 28; hence, 


Z(F’)2A = (— 0-61)* x 60+ (— 0-72)? x 28 = 33-1 
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Ar for the redundant bar CD = 40, and A = + 0-01 inch, A is + since 
the redundant bar is short. Then, from eq. (2), 


F, = 13000 x 0-01 
40 + 33-1 
which is the initial force in the redundant bar, and is tensile. The 
initial force in bar No. 1 = Fz = F;-F,’ = 1-78 x (— 0-61) = — 1-09 
tons; and in bar No. 2 = Fp = FF, = 1-78 x (— 0:72) = — 1-28 tons; 
both compressive. 

Note.—Even if the redundant bar is too long, still apply the forces 
F, = 1 in the direction shown in Fig. 121, but call A negative, for the force 
in the redundant bar will be compressive. Any bar in a panel convaining 
superfluous bars can be regarded as a redundant bar. 

If the force F’ in the redundant bar be called + 1, as in the Table on 
p. 166, the term (F’)®A for this bar = A;, and eq. (2) may be written, 

KA 
F;. = X(F)2A . . . . ° (3) 
where the summation now includes the redundant bar. The denominator 
is obtained at once from the sum of the last column 2(F’)?A in the Table, 
and such a tabular solution is by far the best method of treatment. 

84. Reciprocal Displacements. Maxwell’s and Betti’s Theorems.— 
Suppose that a load Wm = unity be 
applied at the point M of the frame 
AB, Fig. 118, in the direction indicated, 
and that it produces forces Fm, and 
extensions FimJ/Ea = FmA/E in the 
different bars of the framework. To find 
the displacement of the point N in the 
direction indicated in Fig. 122, due to Fia. 122. 

Wm, apply a unit load Wn at N acting 
in that direction, and suppose that this load produces forces Fy, in the bars. 
Then, from eq. (6), § 70, the displacement of N, due to Wm applied at M, is 


Anm = 5 ZF m¥nd ey 


since in this case Fy, = Fw and Fn = F’. 

Again, suppose that a load Wy = unity be applied, at the point N of 
the same frame AB in the direction indicated in Fig. 122, and that it is 
required to find the displacement of the point M in the direction indicated 
in the figure. The force Wn will produce forces Fy, and extensions F,A/E 
in the different bars of the frame. Apply a unit load Wm at M, acting in 
the given direction, and suppose that this load produces forces Fy, in the 
bars of the frame. Then, from eq. (6), § 70, the displacement Amn of M, 
duc to Wy acting at N, will be 


Amn = 5 EF nFm) oe 


since in this case F, = Fw and F,, = F’. 


= + ]-78 tons. 
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Now it will be obvious, since both loads are of unit magnitude and both 
are applied to the same frame and in the same directions, that the forces 
Fm and Fr in the bars of the frame will be the same in both equations 
(1) and (2). Hence, 


Recs ge ‘ EF Fn\ = e EF,FmA = Amn 


and, Amn = Anm . _ ; es . (3) 
which is Maxwell’s law of reciprocal displacements.® 

Stated in words, the displacement of any point N in a particular 
direction, due to a unit load applied at a point M in a second direction, 
is equal to the displacement of M in the secom1 direction, due to unit load 
applied at N in the first direction. 

The law is equally true if Anm r present the relative displacement 
between any two points NN,, due to uz::+ loads applied at another pair of 
points MM, along the line joining them ; and if Ayn represent the relative 
displacement between any two points MM,. due to unit loads applied at 
another pair of points NN, aloag the line joining the latter. This follows 
from § 82 by a similar proof. 

Maxwell’s theorem can be proved by a direct application of the 
principle of work as follows: Apply a load Wm = unity to the point M 
of the frame AB in Fig. 122 in the direction shown, and suppose that it 
produces displacements Amm and Anm at the points M and N respectively 
in the directions indicated in the figure. Then the work done by Wm in 
producing these displacements will be 4Wm Amm. Next apply the load 
Wr = unity at N in the direction shown, producing further displace- 
ments Amn and Ann at the points M and N in the said directions. Then 
Wm will do a further amount of work Wm Amr., and Wn an amount of 
work 4WnAnn. The total amount of work dore by the two loads is, 
therefore, 

U = $WrAmm + WmAmn + 4WrAnn . ‘ - (4) 

Again, to the same frame, apply a load Wy = unity to the point N in 
the direction shown, producing displacements Amn and Ann at the points 
M and N 1cspectively in the directions indicated. The work done by 
Wn will be }WnAnn. Next apply the load Wm = unity at M, producing 
displacements Amm and Anm at M and N in the given directions. Then 
the work Jone by Wm will be 4{WmAmm, and Wn will do a further amount 
of work WnAnm. The total amount of work done by both loads is, 


therefore, 
U = 4WrAnn + 4WmAmm + WrAnm . ; - (5) 


But the total amount of work done by applying the two loads to the 
frame must be the same, irrespective of the order in which they are 
applied. Hence, from eqs. (4) and (5), 


U = 4WmAmm + WmAmn+3WrAnn = 4 WrAnn + }WmAmm + WrnAnm 
or, WmAmn = WnAnm ) whence Amn = Anm, 
since Wa, = Wn = 1, which proves Maxwell’s law. 
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Angular Displacements.—Maxwell’s law of reciprocal displacements is 

equally true for angular displacements. Suppose that loads WW be 
applied to the frame shown in Fig. 123 at right angles to the line MM,. 
forming a couple of unit magnitude. 
This will produce an angular dis- 
placement 0mm of the line MM,, and 
an angular displacement @nm of the 
line NN,. The work done will be 
4Mm9mm, where Mm = unity is the 
magnitude of the applied couple. 
Next surpose that a couple My of Fra. 123. 
unit magnitude be applied to the line - 
NN,. This will produce a further angular displacement of the line MM, 
of mn, and an angular displacement of the line NN, of Onn. The work 
done by My, will be 4Mn6nn; and, in addition, the couple Mm will do 
a further amount of work Mm@mn. Hence the total amount of work 
done by both couples is 


U = 4MmO0mm + MmOmn + 4MnOnn . . (6) 
Again, by applying the couples in the reverse order, it can be shown, as 
before, that the total work done is 

U = $MrOnan +- 4MmOmm + Mn€nm . : . (7) 
Since the total work done by the two couples must be the same, 


irrespective of the order in which they are applied, from eqs. (6) and (7), 
since Mm = Mn = unity, 





O@mn == Onm ‘ é ‘ é . (8) 
which is Maxwell’s law for angular displacements. 

Betti’s Law.2A—Maxwell’s theorem is a particular case of a more general 
theorem due to Betti. 

Suppose that a framework is in equilibrium under two systems of 
loading Wm ... and Wy. . . simultaneously applied in given direc- 
tions. Remove all the loads, and then reapply the group Wm. . .; 
this will produce displacements Amm . . . of the points of application of 
the group of loads Wm . . . , and displacements Anm . . . of the points 
of application of the group Wn . . . , all in the given directions. Then, 
as in the preceding case, the work done by the loads Wm . . . will be 
42 WmAmm. Next, reapply the load group Wn... , which will produce 
displacements of the points of application of the load group Wm . . . of 
Amn ..., and of the points of application of the load group Wn... 
of Ann ... The work done due to the application of the load group 
Wn... will be LWmAmn + 42WnAnn; and the total work done by 
the two load systems will be 


U = 4 ZWmAmm + ZWmAmn+ 4 UWrAn . - (9) 
Again, remove all the loads and reapply the load group Wn... 


separately. This will produce displacements of the points of application 
of the load group Wm . . . of Amn . . ., and of the load group Wz . . . 
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of Ann . . ., allin the given directions. The work done by the load group 
Wn... will be 42WnAnn. Next, reapply the load group Wm .. ., 
which will produce displacements of the points of application of the 
load group Wm .. . of Amm . . ., and of the load group Wy . . . of 
Anm ... The resulting work done will be 42WmAmm + XWnAnm. 
Hence the total work done by the application of the two load groups will be 

U = £20WrAnn + 42 WmAmm + GWrnAnm . . (10) 
But the total amount of work done by applying the two load systems 
to the same frame must be the same, irrespective of the order in which 
the loads are applied. Hence, from eqs. (9) and (10), 


U = 42WmAmm + DWmAmn + 42WnAnn 
= $2WrAnn + 42WmAmm + ZWrrnm 


and, uWmAmn = ~WrnAnm : . ‘ (11) 


which is Betti’s law, a generalised form of Maxwell’s law of reciprocal 
displacements. If each load group consist of a single force Wm = Wn 
= unity, eq. (11) becomes Amn = Anm, which is Maxwell’s law. 

It will be evident from the nature of the proof that both Maxwell’s 
and Betti’s laws also hold for redundant 
frames and solid bodies. Betti’s law holds 
equally well for angular as for linear 
displacements. 

85. Maxwell’s Law. Simple Exam- 
ples.—The application of Maxwell’s law 
to some simple examples will next be 
considered : 

(a) Let AB, (i) Fig. 124, be a cantilever Fro. 124 
of uniform cross section, EI = const., loaded = 
with a load W = unity at B. The equation to the deflection curve, 
eq. (2), § 52, Vol. I, is 





W (Laz? x3) 
v= Te — 3 
origin being taken at A. Hence the deflection at C, distant / from A, 
it W = 1, is 1jLe 2B (2 L) 
wb = at {3 — 0} ~ amt Ea, 


Now suppose the load removed from B and placed at C. Then, 
according to Maxwell’s law, the deflection ypc at B, with unit load at C, 
is equal to the deflection yep at C, with unit load at B. Hence 


(2 L l 
Ybe = Yeb = ary —3 


which, as proved in eq. (9), § 55, Vol. I, is the case. 
(6) In (ii), Fig. 124, let AB be a beam, EI = const., supported at 
A and B, and loaded with a load W = unity at D distant /,from A. The 
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equation to the deflection curve between A and D, see eq. (25), § 52, 
Vol. I, is w Le 


ek. as —_— 


origin being taken at A. as the deflection at C, distant J, from A, 
if W = l, is 
L — (L — 1,)l 
Ved = Pag? (ah (2L — 1) — = MS wen —1,) - 9 


Now suppose the load removed from D and placed at C, distant l, 
from A. The equation to the deflection curve between C and B, is 


_~ has 
Y= BRI L {x 
origin being taken at A, loc. cit. Hence the deflection at D, distant /, 
from A, if W == I, is 
Yde = at {1,8 — 3LI,? + 2L2I, —_ ll, — Ll,?} 

It is easy to snow that ycd = Ydc, proving Maxwell’s law for the 
particular case. 

86. Application to Statically Indeterminate Structures.—In certain 
cases of external indeterminateness, § 88, Maxwell’s law is of great help 
in constructing the influence lines. As a simple example, consider the 
case of a two-hinged arch, Fig. 125. Suppose the pin at A be removed 
and a vertical force W = unity be 
applied at the point Q, (i). This 
will produce a horizontal displace- 
ment Aug of the point A. Next 
suppose the vertical force be re- 
moved, and a horizontal force of 
unit magnitude acting in the direc- 
tion B to A be applied at A, (ii). 
This will produce a vertical displace- 
ment Aga at Q, and a horizontal 
displacement Aga at A. Then by 
Maxwell’s law, Agg = Aga. If now 
the unit vertical force at Q be again 
applied, and the unit horizontal force be replaced by one of magnitude 
H, acting from A to B, such that the point A is pushed back an 
amount Agg to its original position, (iii), it 1s evident that H will 
be the actual horizontal force on the pin when the arch is carrying 
the unit vertical load; that is to say, H is the horizontal thrust of the 
arch. But if a unit force at A produce a displacement Aga, and 


— 3La? + 21% + 1,24 + Ll,?} 





Fig. a 
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H d displ (Neg = St 
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l 
and H = A -Aga . : . - (I) 


a 
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Now Aaa depends only on the unit load at A, and is a constant for the 
arch. Therefore Hoc as Aga, the vertical deflection at Q due to the unit 
load at A. If, therefore, a displacement diagram be drawn, showing the 
value of Aga (due to a unit horizontal load at A) everywhere, (iv) Fig. 125, 
the ordinate of this diagram under the unit load W will represent to 
some scale the value of H, and the diagram is the influence line for H. 
The values of Aga for the unit horizontal load at A can be found by the 
methods of §§ 12, 15 or 94. The value of Aga must be similarly calculated. 
Eq. (1) may be written in the form 


S Nge et Rey oe 2) 


where X (=: H) is the statically indeterminate magnitude; Agg@ is the 
displacement of its point of application due to a unit load acting in the 
opposite direction ; and Aga the displ:.:ement of any other point on the 
structure due to the same unit load. 

It will be noticed that the statically indeterminate magnitude always 
acts in the opposite direction (sense) to the unit force at its point of 
application which produces displacements of the same sign as W. 

The application of the above theory to direction-fixed and continuous 
girders is given in §§ 36-38, and to a two-hinged braced arch in § 94. 
The theory may be extended to include the case of redundant frames and 
cases of multiple redundancy [| Molitor,!® p. 127; Miiller-Breslau,!° p. 128]. 
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87. Conditions of Indeterminateness.—(i)} Fig. 126 represents an 
ordinary N girder merely supported at each end. It is statically deter- 
minate ; the reactions can be found by 


taking moments about each end in suc- a 

cession; the forces in the bars can be INN] 
found by drawing a stress diagram or by (1) 

the method of sections. Suppose that, for 

the purpose of strengthening the girder or INININAA4 
otherwise, a central prop or support is in- (in) 
troduced as shown in (ii). It is now no 

Jonger possible to find the reactions by NNN 
taking moments (i.e. by the principle of (ml) 


the lever), and until they are known the Fic. 126. 
forces in the bars cannot be found. The 
structure is now statically indeterminate. Next, suppose that, instead of 
the central prop, extra bars are introduced into the girder as shown in (iii). 
The structure has now become a redundant frame, and although the 
reactions van be found by taking moments, the forces in the bars cannot 
be found from a stress diagram or by the method of sections. The frame 
shown in (iii) is also an indeterminate structure. 

It is apparent, therefore, that there are two possible conditions of 
indcterminateness: (i) external, (ii) internal. The latter condition, 
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brought about by the introduction of redundant members into the frame, 
has already been discussed in § 71 ef seg.; the former condition will be 
considered in the next article. 

From the above simple cases two tests for statical indeterminateness 
may be distinguished : (i) if all the reactions cannot be found by statical 
means (the loads not necessarily being vertical) the structure is externally 
indeterminate ; (ii) if, knowing the reactions, the forces in all the members 
cannot be found by drawing a stress diagram, or by the method of 
sections, the structure is internally indeterminate. A third test may be 
included: if stresses are set up in the structure due to alterations in 
temperature, the structure is statically indeterminate either e:ternally, 
internally, or Doth. 


It should be added that while test (ii) gt i 
shows that the structure is statically inde- yy \ 
terminate, it does not follow that it is a ot 
redundant frame; it might be an imperfect 
frame (§ 3). Fia. 127. 

Tests (ii) and (iii) prove that structures 
such as the arched rib tied together at its feet, the tied arch, Fig. 127, 
are internally statically indeterminate, for the stresses in neither the arch 
nor the tie can be found by statical means, and both stresses are affected 
by temperature. This is typical of many structures where members 
subjected to bending are combined with other members subjected to 
direct stress; see for example Figs. 117, 373, and 386. If, in Fig. 127, 
the tiv be removed, and the feet be anchored down to rigid abut- 
ments, the arch would then be externally indeterminate instead of 
internally. 

88. External Conditions of Indeterminateness.—If a beam be sup- 

ported on rollers at each end, as shown in (i) Fig. 128, the external 
conditions are statically determinate. In this case 
there are only two external restraints, the two 
vertical reactions. A beam thus merely supported D 
is free to move horizontally. Such motion would (il) 
usually be undesirable, but the beam may be 
anchored down at one end as shown at (ii) without 7 
making it indeterminate, for the reactions may _ ” 
still be found by statical methods, and since the 
girder is free to expand at one end, alterations in Fie. 128. 
temperature will not set up stresses in the girder. 
There are now three restraints, the two vertical reactions and possibly 
the horizontal reaction preventing motion, but the beam is still statically 
determinate. If, however, hinges as in (ii) be put at both ends, the 
reactions cannot be found by statical methods ; alterations in the overall 
length due to temperature alterations are prevented, and temperature 
stresses will be set up; the girder is externally statically indeterminate. 
There are four restraints, the vertical and horizontal reactions at both 
ends. 
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It is evident, therefore, that when there are only three restraints the 
structure is externally statically determinate ; when there are more than 
three such restraints the structure is externally indeterminate. When 
there are four restraints, i.e. one more than three, the conditions are 
spoken of as simply or singly indeterminate; when there are more 
indeterminate restraints than one, i.e. more than four restraints in all, 
the conditions are said to be multiply indeterminate. The direction- 
fixed beam shown in (iii) Fig. 128 is an example of multiple indetermin- 
ateness. There are three restraints at each end, the one vertical and two 
horizontal reactions. 

89. Solution of Statically Indeterminate Problems.—-The stresses in 
a statically indeterminate structure must be found from a consideration 
of its elastic properties. Thus in a beam, direction-fixed at each end (see 
Chapter VI, Vol. I), an expression is found for the slope of the beam at its 
ends, which, being equated to zero, gives the magnitude of the end-fixing 
moments. These known. the stresses everywhere can be determined. In 
a two-hinged arch (§ 220) the horizontal motion of the pins is calculated. 
If the abutments are rigid, this motion is zero, a condition which 
determines the horizontal thrust of the arch and hence the stresses in 
the arch. 

In general, use is made of strain-energy considerations, either an 
application of the principle of work (§ 74), the principle of least work 
(§ 78), or the principle of virtual work (§ 80), all of which lead to the 
same fundamental equations (§ 91). 

The general method of treatment is this: Reduce the statically 
indeterminate structure to a statically determinate structure by removing 
one or more restraints in the case of external indeterminateness, or by 
removing one or more redundant bars in the case of internal indeter- 
minateness. The framework which remains is called the principal 
statically determinate system. Find by separate computations the forces 
in the members of the principal system due to (a) the applied loads, and 
(b) each of the at present unknown forces XX which replace the restraints 
and/or the redundant bars which have been removed. From the sets of 
forces thus obtained, the unknown forces XX can be found by means of 
the equations of § 91. Knowing the forces XX, the actual forces in all 
the members of the indeterminate frame can be found. 

The application, in the case of simple and multiple redundancy in a 
plane framework, has been given in §§ 72 and 74. In § 72, F;, the force 
in the redundant bar, is the unknown X, Fw denotes the forces in the bars 
of the principal system due to the applied loads, and F’ those due to 
X = F, = unity; X is made equal to unity for convenience. Then 
from eq. (3), § 72, 

UF wF’A \ 
cay DE’) ° e ° ° ( ) 


and the actual force in any bar of the redundant frame is 
F=FwtFF . ; ; : . (2) 


=F 
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In the case of multiple redundancy (see § 74), sufficient bars must be 
removed to render the principal system statically determinate ; and by 
applying the same process in turn for each bar removed, sufficient equa- 
tions are obtained to find the stresses in them all. 

90. Choice of the Principal Statically Determinate System.—The 
right choice of the principal system has much to do with the accuracy 
and simplicity of the calculations. In some cases the best procedure is 
evident. For example, a two-hinged arch should be transformed into a 
girder supported at cach end by replacing the pins by vertical and hori- 
zontal forces. The horizontal force H is taken as X, the statically inde- 
terminate unknown. In the case of a suspension bridge with a stiffening 
girder without joints, the calculation is much simplified by taking the 
force in the lowest link of the chain as the statically indeterminate 
unknown. The stiffening girder then becomes the principal system, 
and when the saic link is removed, the 
forces Fw due to the applied loads in 
both chain and suspension rods all 
become zero, see 3238. In the case of 
a plate web system, one of the reactions 
may be used as the unknown ; or, again, 
the bending moment at a particular (n) 
point, say over a support, may be more 
suitable. 

As a general rule, the simplest 
possible principal system should be (il) 
chosen, having regard to the calcula- 
tion cf the stresses. It should differ as 
little as possible from the statically 
indeterminate structure, particularly as 
regards the magnitude of the deforma- 
tions. When possible, it is usually best 
to choose the beam which most nearly (v) 
corresponds. As an example of the 
possibilities in the choice of a principal Fra. 129. 
system, consider the case of a direction- 
fixed arch, (i) Fig. 129. One of four principal systems may be used. 
One of the simplest is the corresponding beam, (ii) (cf. § 222). The 
arch may also be transformed into a cantilever (in), or divided in 
the middle and considered as two cantilevers (iv) (cf. Fig. 348). A 
three-hinged arch, (v), may be used as the principal system, but although 
closest in character to the direction-fixed arch, the stresses therein 
are more difficult to determine, and the influence lines more difficult 
to set out, than those for the simple beam, (ii). The relative magni- 
tude of the deflections in these structures stands in the order (i), (v), 
(ii), (iv), (iii) ; but the simplicity of the beam and cantilever makes them 
the more desirable choice. The method of treatment is the same for 
them all. 


(i) 


(iv) 
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91. General Equation for Statically Indeterminate Structures.—The 


general equation for the total strain energy in a structure is 


(S? Mp* M?* 
as E oe + | oes: a+ |. a+ | oe a+ | oo: a 


+ Fail + GRA, : , . (1) 
see eq. (2), § 78, where the symbols are defined. The two last terms for 
temperature stresses and reaction displacements, §§ 80 and 81, have 
been added for com Jleteness, but these effects are best treated separately 
(see § 93), and these terms will be omitted in what follows. 

Framed Structure—For a structure entirely composed of bars sub- 
jected only to longitudinal forces, all the terms of eq. (1) but the first 
will vanish. rr 
U=2-. a ‘ : ; . (2) 


Suppose the structure to be indeterminate, and that it can be made 
determinate by the removal of a single restraint or redundant bar. 
Then, if XX be the forces replacing the restraint or redundant member ; 
Fw the force due to the applied loads in any member of the principal 
system; and EF’ the force due to X -= 1 in that member; the actual 
force in the same member of the indeterminate frame under the applied 


loads will be 
F= Fw XF’ : : . (3) 


[cf. § 72; F,- = X]. Differentiate eq. (2) with eer to x. By the 
principle of least work the first differential coefficient must be zero, 
§ 75, and, 


dU Fl oF 
ax ~~ Ka ax? 
But from eq. (3), OF/dX = F’ ; hence, 
2 
5H OF _y FFI _ SFwPt xe PM 
ox 
oe Q 
and X= — ‘ : ‘ ~ (4) 
y(t 


Ea 
[cf. eq. (3), § 72]. The summations include all the bars of « structure, 
but in a redundant bar Fw = 0. 
Plate Web System.—In a plate web system, for example an arched rib 
subjected to a normal force, a shearing force, and a bending moment, the 
second, third, and fourth terms of eq. (1) are retained : 


N? CS? M? 
U= {sme a+ |X. al + » QE * dl, . (5) 


Let X be the statically indeterminate unknown which replaces a restraint 
or redundancy, and denote by N’, 8’, and M’ the normal force, shearing 
force, and bending moment respectively due to the action of X = 1 
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acting alone on the principal system. Then, if Nw, Sw, and Mw be the 
corresponding values due to the applied loads, the normal force on any 
section of the indeterminate structure will be 


N=Nw+ XN’. ; : . (6) 
the shearing force will be 

S = Sw + X98’ : . (7) 
and tue bending moment will be 

M = My + XM’ : : . (8) 


Differentiate eq. (5) with respect to X; as Silos the first differential 
coefficient must equal zero, 


U N an tS as ‘MoM 


and from eqs. (6), (7), and (8), aN = N’; a8 = Ss uy = M’, 
hence | y , , 
, NN CSS’ MM 
[. ia .dl + [= Ga dl + EI .dl = 0 ; . (9) 


Introduce the values of N, 8, and M, from eqs. (6), (7), and (8); as 
before, each term splits into two of the type 


2 
[a dl+X { ND a 








» Ea Ea 
whence, pee aay } , Mw M’ 
| ap { CBwe a+ [ ear 
X 9 Ha , Ga Kl (10) 
= TINA ”CCCOPeL VAN” oO TAA ° 
_ dl + \, sO) dl 4 -| (Mal 
» Ea "Ga > EI 


Having determined X, the actual values of the normal and shearing 
forces and of the bending moments can be found from eqs. (6), (7), and (8). 

In most cases the deformation and strain energy due to shear are 
relatively small, and the S terms may be neglected. When the direct 
stress is also relatively small, or non-existent, the N terms may also be 
neglected, and l MwM’ 


“Rr Jal 
X= - A oe 6 60h 
(or 
In cases like the tied arch of Fig. 127, where both beams and tie 
bars (or struts) occur in the same structure, eq. (4) must be combined with 
eq. (10) in order to find the value of X. 
FwFl = (' NwN’ ’CSwS’ MwM’ 
ge (SES ane (One a ee an 
X ee see Ea 0 Ea 0 Ga 0 (12) 
7 (F’)?1 j (N°)? ( aT : 


Ea » Ea ee » El i 
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For many purposes this equation may be simplified by omitting the 
N and S terms as was done in eq. (11). 

Applications of these formulae will be found in §§ 94, 238, 245, 
248, etc. 

92. Multiple Indeterminateness.—If there be more than four external 
restraints or more than oue redundant bar, sufficient restraints or redun- 
dant bars must be removed from the structure to make it statically 
determinate. If X,, X,... be the corresponding statically indeter- 
minate unknowns, U must be differentiated with respect to each. In 
this way sufficient equations are Ubtained t« determine all the unknowns. 
Thus, for a framed structure with two redundant bars, eq. (3) § 91 
becomes 

F=Fy+ X,F’4+ X,F’ . ; . (1) 


F’ is the force in a bar of the principal system due to X, = 1; F” that due 
to X, = 1. Then, from eq. (2), § 91, 


au FL oF au Fl aF 

















ox ea OX eX. eX 
OF 1, OF 4g. 
From eq. (1), ax. i: ax, ~ F”’; and 
sw Gg a ED ee 
Ea Ka 
FwF? | (F’)% > VFI 
on on Oe ae EE =| (2) 
: r 
Fw sh ees a ve 41 
ba Aer + Xy : Ea 2 aoe 0} 


[ef. eqs. (3) and (4), § 73]. 

These equations, solved as simultaneous, will give the values of X,, 
X,. . The equations for N, S, and M can be treated in an exactly 
similar way. It is possible in certain cases, by suitably choosing the 
conditions, to make to vanish all terms such as X,2(F’F’l/Ea) which 
contain products of K’ and F”. The equations then reduce to a series of 
the same type as in a singly indeterminate system, each with a single 
unknown. 

93. Temperature Stresses and Reaction Displacements.—The altera- 
tion in length of a bar of length /, when temperature alterations are 
taken into account, is 6l == Fl/Ea + atl, eq. (1), § 80. Hence the internal 
work in a framed structure composed of bars is 42F*//Ea +- Fail. 
If there be reaction displacements A,r, this work will be increased by an 
amount ZRA;. The total internal work is, therefore, 


2 
U=32, + 2Fal+ ERA, 2. (I) 
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Suppose that a reaction be taken as the statically indeterminate 
unknown X, so that R = X, and Ay = Az; then as in eq. (3), § 91, 


F = Fw+ XF’; aFjaX-=-F.  .. (2) 
oU Fl oF oF 
and ax = “Ra gx + Pall ay + Ae 


(the other reactions disappear during differentiation) ; then as in eq. (4), 
§ 91, 
FwFl 


Ka 


x 
Nec nc 


+ DF’ail + Ay 


(Fy 
ia 


(3) 


The parts of X due to temperature and reaction displacements are 


evidently 
XF’ail A 


ca le 2 = see 
Xe ai (F 2] ’ Xr 5 (F')2 . . ° (4) 
Se 
Ea Ka 


so that these effects can be studied separately, as usually is desirable. 
If the reaction displacements be zero, Xz in the temperature equation 
may represent any statically indeterminate unknown, chosen for 
convenience. 

The summations include all the bars in the structure; increase in 
temperature is considered positive ; a displacement in the same sense 
as its reaction is considered positive. 

Temperature and reaction stresses can only occur in cases of external 
indeterminateness unless, in any indeterminate structure, the temperature 
is different in different bars. If the structure rest on elastic supports 
these must be treated as part of the elastic system ; the reaction displace- 
ment equations will not apply. 

94. Design of Two-Hinged Braced Arch. Outline Programme.—<As 
an example of the application of the general formulae, the method of 
design for a large two-hi~zed braced arch will be very briefly set forth. 
The outline of the arch is shown in (i) Fig. 130. The system is singly 
statically indeterminate. Take for the staticaily indeterminate unknown 
X = H, the horizontal thrust of the arch. In the first instance, consider 
only the bending moments on the arch.* Then from eq. (11), § 91, 


i ’ l 
| MwM’ 3 | MyM’ : dl 


o El 0 
{ vd | (M’)? 2 di 
0 KI 0 I 


* To conform with the symbols used in the general strain-energy equations, 
M’ in this article signifies the bending moment due to the unit load, and must be 
distinguished from M’ in Chapter XIII. 
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Here E = const. and disappears; I, is the moment of inertia at the 
crown. Assume that I oc d”, where d is the depth of the frame, and ma 





(de) 
| — w Ie 
4 


F 
y da) is 
| o “etd | 3 
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d, 
<j (iv) g 
. |< 
LL. for H i 
Fia. 130.—Hell Gate Arch. } 
constant ranging from 2} to 3 in braced arches ; m = 3 Ad 


for the Hell Gate arch, Fig. 130 [Krivoshein **]; then 
I,/I = (d,/d)™. 

In such long-span arches, for the preluminary calcula- 
tions, it is sufficiently accurate to take 6] = 52 = const. = 
the panel length, Fig. 131; also when X = 1, M’ = 


1 x y, hence 
d m 
=a (3) 


d.\ ™”* 
m y?( — 
“(z) y 
The depths d, and d can be obtained from the out- | 


line, and X found by tabular calculation (compare § 220 
and the Table, p. 491). Fie. 131. 
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The value of H for a particular load system producing Mw is given 
at once from the summations of the last two columns. 

For the purpose of design it is neces- 
sary to determine the influence line for 
H; to do this the theory of § 86 will be 
used ; H = Aga/Maa, eq. (1), § 86. As- 
suming that 6/ = 52, the vertical deflection 
of the arch anywhere, Aga, Fig. 132, due 
to a unit horizontal load acting at A, can 
be found from eq. (3), § 53, Vol. I, which 
becomes 





Fia. 132. 


“M 
Moist \ la da. de. 


The horizontal displacement Aga is given by eq. (10), § 91, Vol. 1; which, 
if 62 = dx, becomes 
Aaa =( yd 
= \, EI Y .ax 
In both thase expressions M, the bending moment at any section of the 
arch due to a unit horizontal load at A,is M = 1x y. Hence, 


M d,\™ 
a doa Wan Sf?) dx . dx 
= na "mM... fay" 
ja (a) # 
E is constant and cancels out; 1/I is represented by (d,/d)™ as before. 
To find the curve for the deflection Aga, plot a diagram representing 
y(d,/d)"™ everywhere, (iii) Fig. 130 (instead of M/EI as in § 54, Vol. I), and 
using this as a ‘‘ load curve ”’ find the “ bending moment diagram ”’ (iv), 
which will be the required deflection curve. Use the ordinate y(d,/d)™ 
of each division 82, (iii) Fig. 130, as the “load,” not the area y(d,/d)™ x dz, 
when the integral in the denominator becomes Ly*(d,/d)™, the length 6x 
cancelling out top and bottom. This summation is given in the Table 
above. Then from § 86, the deflection curve (iv) Fig. 130 is the 
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influence line for H, but the ordinates must be divided by Ly*(d,/d)™ to 


get numerical values. 
From the influence line, the value of H for any load condition can be 


found, and hence all the forces in the bars and the necessary areas. 
The latter can then be used for a more accurate determination of H and 
of the forces in the members. The effect of temperature variations and 
reaction displacements must also be examined. 

For the application of the above theory to a number of long-span 
bridges, Krivoshein 2° may be consulted. 


eee me we 
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QUESTIONS ON CHAPTER V 
(Unless otherwise instructed, take E = 13,000 tons/sq. 27.) 


1. Find (a) by the principle of work, and (6) from eq. (4), § 70, the vertical 
deflection of the point C of the triangular frame shown in Fig. 133. It is 
constructed of 3 x 3 x } in. angles (area 2-1 sq. in.); W = 2 tons. 

Ans. 0-027 in. 

2. Find the displacement of the point A of the crane shown in Fig. 133 
when loaded with 5 tons. Area of jib = 9 sq. in.; area of tie 3 sq. in. ; 
E = 30,000,000 lb./sq. in. (U.L.) 

Ars... 0:104 in. hoz.; 0-079 in. vert. 

. -<2< Find the horizontal movement of the point C of the frame shown in 
Fig. 133 due to a vertical load of 10 tons applied at the point A. BA = AC = 
CD = BD = 6 ft. 8 in. long, area = 3-75 sq. in.; AD = 4 ft. long, area 
== 2-11 sq. in. 

Ans. 0:0028in. - 

4, Find by means of eq. (6), § 70, the vertical deflection of the point p of 
the girder shown in (i) Fig. 34, § 14, loaded as shown, (a) taking all the members 
of the girder into account, (5) neglecting the deformation of the web members. 

Ans. (a) 0-148 in.; (6) 0-105 in., cf. Figs. 37 and 34. 

5. If the girder of Q. No. 4 be inclined at 30°, Fig. 133, and supported on 
rollers at its lower end, find (a) the vertical displacement of the point m when 
unit load is applied there, and (b) the horizontal displacement of the rollers. 

Ans. (a) 10-3 x 10-*in.; (6) 5:04 x 10-3 in. 


y 
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6. In Q. No. 5, suppose the unit load to be applied horizontally at b 
instead of at m, and find the vertical displacement of m. 

Ans. 5-04 x 10-*in., proving Maxwell’s law for the particular case, see 
§ 84. 

7. The outling shown in Fig. 133 represents @ swing-bridge supported on 
its roller path at A and B. Find the forces in the bars of the central panel 
when loaded as indicated. Assume that the reactions are pene Areas : 
AB = CD = 92; AC = BD = 58; AD = CB = 22 sq. i 

Ans. Forces : AB = — 366; cD = +404; AC BD. = — 132; AD = 
CB = — 35 tons. 

8. Find the forces in all the bars of the redundant frame loaded as shown 
in Fig. 133. 

Ans. Forces: AF = + 
2-41; FB = + 2°44; CE = 
— 3:30; ED = — 3-27; EF 


= + 4-24; DB = — 2-46; 
AE = — 3°40; CF = + 
4-68: FD = + 4:09; EB 
= — 3-05, tons. 


9. State the principle of 
Least Work. A lattice girder 
of the Warren type, loaded 
as shown, Fig. 134, has four 
equal ‘bays in the lower boom. 
Tho girder is supported at the 
ends and in the centre. All 
the members have the same 
area and the same length. 
Find the reactions and the 
force in the top flange above 
the central] support. (U.L.) 

Ans. Reactions: 3-95, 
12-11, 3:95 tons; + 2:44 
tons. 

10. A wall crane ABC, 
Fig. 134, loaded as shown, 
has free pin joints at B and | 





C, and a stiff riveted joint at : 

A: AB may be treated as ft- IS panels of I6 each ae 
rigid. Find the forces in the 

bars and the bending moment Fra. 133. 
at A. (U.L. modified.) 

Ans. Forces: BC = + 3:68; AB = — 3-25 tons; M, = 84 inch-tons. 

11. Three parallel rectangular beams of the same material, each 3 in. 
wide and 9 in. deep, are pitched 10 ft. apart with their ends resting on two 
parallel stone walls 20 ft. apart, the tops of the two walls being in the same 
horizontal plane. A fourth beam of the same material, width and depth, 
supporting c. uniformly distributed load of total magnitude W, rests centrally 
across the three beams. Find in terms of W the pressures exerted by the 
ends of the beams on the walls. (U.L.) 

Ans. Outer Reactions 11W/80; Inner Reactions 18W/80. 

12. A rolled steel beam 10 in. deep, max. I = 166 in.‘, is used as a beam 
of 20 ft. span. It carries a load of 10 tons uniformly distributed. The 
centre of the beam, before the load is put on, just rests in a saddle carried 
by two j-in. diameter bolts, 3 ft. long, Fig. 184. At the upper ends the 
belts are connected to a rigid support, and the two ends of the beam rest on 
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rigid supports. Determine (a) the force in the bolts; (b) the maximum 
can of the beam ; (c) draw the bending moment diagram for the beam. 
(U.L.) 

Ans. (a) 6-11 tons in the two; (b) 0-019 in. (Questions of this type 
can be most easily solved by equating the stretch of the bolts to the deflection 
of the beam, each expressed in terms of P 
the pull in the bolts.) 

13. A davit, 2 in. diameter, consists 
of a vertical part 4 ft. high and a curved 
vart at its upper end forming a quadrant 
«fa circle 4 ft. radius. A load suspended 
from the end of the curved part produces 
a stress in the material due to bending 
of 8000 Jb./sq. in. Calculate the vertical 
displacement of the weight, taking bending 
moments only into account. E = 30 x 10%, 
(U.L.) 

Ans. 1-lin. 

14. Fig. 135 represents part, of a trough 
floor carrying an axle load. If the span 
of the troughs is 12 ft., the spacing of the 
rails 5 ft. centres: the I of a complete 
trough 436 in.‘; that of arail 31 in.4; and 4 
the load is spread over 5 troughs, show 20’ . 
that a unit axle load will be distributed 
as indicated in the figure. [Cf. Martin,” Fig. 134. 

p. 63.] 

15. Find by means of a Williot-Mohr diagram, § 12, the deflection polygon 
for the girder of Fig. 41 when a vertical load of 1 ton is placed at m. Hence 
find from Maxwell’s theorem the vertical deflection of m when the girder is 
loaded as shown in Fig. 41. 

Ans. Q-+272 in. 


1 Ic 
Raut Levet Sac | ee 











16. AB is a uniform beam supported at B and direction-fixed at A. 
Using Maxwell’s theorem, draw the influence line for the reaction R, as a 
load W = 1 travels across the beam from A to B. 

Ans. The I.L. for Rg is the deflection curve of the beam when loadea 
with unit load at B, R, being removed. Cf. § 36. 


CHAPTER VI 
BRACKET LOADS ON STANCHIONS 


95. Bracket Loads on Stanchions.—Stanchions 
are often subjected to bending moments at points 
intermediate between their ends, one of the 
commonest cases is that shown in Fig. 136, 
where the stanchion carries a brackes supporting 
the rails for a travelling crane. In many in- 
stances these applied Lending moments are so 
large that the additional bending moment due to 
the effect of the longitudinal load can be neglected 
in comparison therewith. In such cases, so far as 
bending moments are concerned, the member may 
be treated as a beam in a vertical position, and 
the shearing-force and bending-moment diagrams 
are easy to obtain. The real difficulty of the 
problem is that the end conditions met with in 
practice cannot be defined with precision, and a 
more or less probable assumption must be made 
as to the degree of constraint which will exist. 

96. Bending-Moment and Shearing-Force Dia- 
grams.—Case (1). Let AB, (i) Fig. 137, be a. stan- 
chion of length L, fixed in position but not in 
direction at A and B, and acted on by a moment of 
magnitude M at the point Ddistant! from A. This 
moment will call into play two equal reactions R, 
and R, at A and B, of which the magnitude can be 
found by taking moments about B; R,L = M, or 
R, = Rg = M/L. The direction of R, and R, 
will be as shown in the figure. The shearing 
force will be positive and uniform from end to 
end of the stanchion, (ii), its magnitude is equal to 
R,=+M/L. Due to the reaction R,, the bending 
moment will increase uniformly from zero at A 
to+ R,! at D. This is shown by the line a’g’ in 
(iii), where d’g’ = + R,/ = + MI/L. Due to the 
reaction R,, the bending moment will increase 
uniformly from zero at B to — R,(L — l) at D. 
This is shown by the line b’h’, and d’h’ = — R,(L— 1) 
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= — M(L —1)/L. The bending moment changes in sign (i.e. is zero) 
at D, and there is a point of inflexion in the deflection curve there, (iv), but 
d'g’ + dh’ = g’h’ = M. Knowing the bending moment everywhere, the 
deflection and stresses can be found in the usual way. It does not follow 
that the deflection is zero at D. 








\ 
(i) : (1v) | 
a__ __\a =e 

re R, > . - M- . 


Fie. 137. 





Case (2). Position- and Direction-fixed Ends.—If the ends be fixed in 
direction as well as in position, (i) Fig. 138, the member may be regarded 
as a direction-fixed beam, and the simplest way of dealing with the 





Fra. 138. 


problem is by the Characteristic Point method.* Let e’g’h’f’ in (iii) be 
the bending-moment diagram, assuming that the ends are merely 
position-fixed (Case 1). Then if r, and r, be the characteristic points 
(see § 71, Vol. I), by definition, if EL be constant, 


* For an alternative method see § 97. 
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° 
M1 = 7 {Moment of the area of the Bending-Moment diagram about f’} 





Blass ' nr~u-~-tl 2 
= {05 * (L-1+ 5) amp! x 5a- ol 
_ M ,, %ML—J)., 
d’g’ + 3 ; dh’ = — —"-;—— ; and 
2M (i? 21 (L. — Zé Mi 38 : 
es at eee ~ ; . (i 
pini= a3 5 (E- 9) - “got = gat ae (1) 
— 
Dolo = =y ©, (Moment of the area of the Bending-Moment diagram about e’} 
sis ‘10 L = L — 
“Ble sx et Wh « (t+ ) 
= M QP — (L— XL + 2} = — 4 L4 — 3P 2) 
3L? 3L? 


As shown in (iii), Fig. 138, the values of p,r, and p,r, are plotted from 
the line e’f’ at points L/3 from the ends of the span, due regard being paid 
to sign. Since the beam is direction-fixed at each end, the base line a’b’ 
will pass through both characteristic points, and the bending-moment 
diagram, (iii), can be completed. The ordinate a’e’ represents the 
direction-fixing moment M, and is negative ; 6’f’ represents the direction- 
fixing moment My and is positive. The shaded area is the complete 
bending-moment diagram. 

Consider the double triangle a’e’f’b’ in (ii), which is isolated, for 
clearness, in (v). Draw through p, and p, lines parallel to a’b’. Then, 
from the geometry of the figure, since p, and 7, divide the span into equal 
parts, Ma + (pore) = 2(pyry t+ Poe); Mat (pity) = 2(Dit1 + Dera) 5 
or, = Ma = 2(pyry) + (Dare) ; My = (p7}) + 2(p272). 

In these expressions the signs of the magnitudes involved have been 
ignored for the moment. Inserting the values of p,r,; and p,r, from 
eqs. (1) ge = and neglecting the ay of p.r,, 


This is the numerical value of M,, which is a negative bending moment. 
Giving to it its correct sign, 


= {1-3 =), i ¥ (- 144 4L-30) 


eee 3} = 7 {Lt een (3) 


Similarly, Mg = = 12 M qa — 3(L — 1) ie 513 M — 3/7}; or since Mg is a 
positive bending oie 


Mz = real — 3l} : : ; . (4) 
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Particular Cases.—If 1 = L/2; d’g’ 


= — d/h’ = M/2; pyr, = — Dats 


Ifl = nL; d’g’ = + M; d/h’ = — M(1 — n); pyr, = M{(4—(1—n)%; 
Dot, = — M{4 — n?}; My = M(1 — n)(1 — 3n); Mg = M{n(2 — 3n)}. 


Fig. 139 shows the variation in 
pir, and pr, for different values of 
n. 

From the form of the above 
equations it is evident that the 
signs of M, and Mg will depend on 
the value of n. 

Having determined the direc- 
tion-fixing moments, the reactions 
R, and R, can be found, and the 
shearing-force diagram plotted. 
Take moments about B, R,L = 
M—M,+ Mg [since My is a 
negative moment, this implies 
that the numerical values of all 
three moments add, as indicated in 
(i) Fig. 138] or, from eqs. (3) and (4), 





© 
o 
i 
2 
@ 


Fia. 339. 


of —n)} . ; . (5) 


if = nL. The shearing-force diagram is a rectangle, (ii), of height 





R,L=M-— ral? — 411 + 31%} 

+ Hl — 3} 
and, R, = R, = orl —~R= 
R, = R,. 

te Roe oak co 

2 b \ 

\ 

\ 
M \ 
—) g 

1 IT (it) 
A an a 
Ry Ma I R77 


Fie. 140. 





Case (3). Position-fixed at each End, Direction-fixed at Lower End.— 
If the stanchion be fixed in position but not in direction at the top end, 
Fig. 140, the bending moment there will be zero. If it be fixed both in 
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position and direction at the lower end, the base line will pass through 
the characteristic point r,. Draw the bending-moment diagram v’g’h’f’, 
(iii), on the assumption that the ends are merely position-fixed (Case ]), 
set up the characteristic points r, and r, as before; the heights p,r, and 
Por, are given by eqs. (1) and (2). Then the base line a’b’ will pass through 
f’ and r, as shown in (iii), a’e’ represents the negative direction-fixing 
moment M,, and the shaded area is the complete bending-moment 
diagram. From the geometry of the figure, a’e’ = § p,r,; or, from eq. (L), 
M M 

Ma =~ galt a= "Ff — amb. © 


if{-= nL. To find the reactions, take moments about B ; 


RL = M—My = M+ 0, (Lt — 3(L — 0%; 


3M/ 
whence, KR, = R,= op ste —R= Sr inl? — n)} . (7) 


if 1!= nL. The shearing- 
force diagram is a rectangle, 
(ii), of height R, = R,. 
Casc(4). The Continuous 
Stanchion.—The_ character- 
istic point method of treat- 
ment is very convenient if 
the stanchion be continuous 
past a floor or other lateral 
support, as in Fig. 141, 
which represents the bend- 
ing-moment diagram for a 
stanchion, position-fixed at 
the top end, position- and 
divection-fixed at the lower 
end, and continuous over 
the support B. The point 
B is assumed to remain 
fixed in position. Suppose 
that the moment of inertia 
of AB is I, and of BC is I,. 
Make e’f’ = L,, and f’c’ = 
L,J,/I,. [It is to be under- 
stood that the vertical 
length scale of the. span BC 
is altered in the ratio I, : I,, 
see § 78, Vol. I.] Set up 
the characteristic points r, 
and r, for the span AB, 
asin Case 2; the character- 
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istic points for the unloaded span BC will be r, and r,. Then, since the 
stanchion is position-fixed only at C, the bending moment there will be 
zero, and the base line will pass through c’. Since the stanchion is 
position- and direction-fixed at A, the base line will pass through 
the characteristic point r,. The base line, therefore, is a’b’c’, which 
can be vasily obtained by the methods of §73, Vol. I; the modified 
Ostenfeld construction to determine s, should be noted. The verification 
of the work is that gq, passes through the intersection point 1. The 
shaded figure is the complete bending-moment diagram, a’e’ represents 
the negative bending moment at A, and b’f’ the positive bending moment 
at B. Having determined these support moments, the reactions at A, B, 
and C, can be found in the usual way, and the shearing- 
force diagram can then be plotted. 

97. Deflection Curves.—The support moments and de- 
flection in any of the above cases may be found by the 
methods of §55, Vol. I, or by direct integration. Consider 
the general case shown in Fig. 142. Let the span AB = L, 
and suppose that a bending moment M acts on the stanchion 
at D, distant / from A. Support moments M, and Msg also 
act on the stanchion at A and B respectively. These may 
be of any magnitude and sign, but are shown for convenience 
as positive moments. 

If the stanchion were merely position-fixed at A and B, 
the bending moment due to the applied moment M, at any 
point K lying between A and D and distant x from A, 
would be M’ = +- Mz/L. Due to the support moments, — Fia. 142. 
there will be a bending moment at K of magnitude 


M” = My, + Mp eae (cf. § 57, Vol. J). The total bending moment at 





K is, therefore, 


M’ + M” = sig M, + Ms SrA ai cae 
L L 
where B = M + - 7 Ma Hence, if y be the deflection at K, 

ay ay 

KI dx? == M, “ft Bx 

Wr? — Myr + Pri C (1) 

ap A ; 1 - ‘ ‘i ‘ - 

EI.y = 4Magz?4- [Bx +- Cyr + C, ; : . (2) 


If the end A is fixed in position, y = 0 when x = 0, and C, = 0. 


Consider next the bending moment at any point K’, coordinates 
x and y as before, lying between D and B. If the ends of the stanchion 
were merely position-fixed, the bending moment at K’, due to the applied 
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moment M, would be M’ = — M(L — z)/L. Due to the support moments, 


M’ a M A -+- coe 
The total bending moment at K’ is, therefore, 


x, as before. 


— M M 
MW’ + MW’ = — “ 4 Mgt BE Be = (My — M) + fr. 
Hence, EI . i =: (M, — M) + Bau 
EI. iy (My, — M)z + 48a? + C, ; : ; . (3) 
EI .y = 4(M,y — M)z? + 382° 4+ Crt, . ‘ . (4) 


If the end B be fixed in position, y = 0 when z = L, and 
O = $(M, — M)L? + 3BL? + CsL + Cy 
or, EI.y = — $(M, — M)(L? — 2?) -- §B(L? — 2°) -C,(L—2) . (5) 
At D, where z= 1, EI. wy from eqs. (1) and (3), and EI.y from 


eqs. (2) and (5) must be the same. It is assumed that A and B are 
position-fixed, and therefore that C, = 0. 


dy 
Zul 


whence, C, = M/+ C,; or, C, --C,= Mi . ; . (6) 
(EI . y),. = $Myl*+ $f15+ C,l= — 4(Ma— M)(L?—/?) — $8(L3 — 1») C,(L—1) 


or, $(M, — M)L?+ 4Mi? + 48L* — (C, — C,)i = — CL; whence, from 


eq. (8), O, = — (My — ML — ape 4 a 
and C, = — #(M, — M)L — BL? + 3 7 —M. . = (7) 
Substituting for 8, 
= = (2M — 2M, — Mp} — a ok -} 
Me ee (8) 


C, = “(OM — 2M, — Ms} + 5 


Particular Cases. Case (1). deities a Ends.—M, = Mg = 0; 


B=M/L; C,= = srk — Rh; C= a —= + a Insert these values 


21 
in eqs. (1) and (3), (2) and (5). 
ae if ? = nL, 





d 
ee ~ au 6LI + 3]? + 322} = am {L2(2 — 62 + 3n*) + 32%} 
bales 2. 3 _— . : 
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At D, where z = 1, y = 


From : to B, 
dy _ 
ax cL 


7 (the — 2? - 3i°}{L — x} = 


— nL — 2h = ead — 2) — 2n) 


M 
3niL SET 


M 
2 2 2 {2 2) _ 2 
{212 + 3/2 — 6Lz + 377\— 6E ai (2+ 3n?) — 6Lz + 377} 


ee —, eT 257, __ 
y= a war ele a? — 3r2L2}Y{L — 2} 


From these equations the slope and deflection everywhere can be 
obtained. 

Case (2). Position- and Direction-fixed Ends.—If the stanchion be 
direction-fixed at A and B, dy/dz = 0 when z= 0, and ‘vhen z = L. 
From eq. (1), C} = 0; and from eq. (3), C, = — (Ma — M)L — $BL*. 
Hence from eq. es 


C, = [2M — 2M, — Ms} — sl — 8 =0, 


whence 2M, + Mg = eel — 6LI + 3/7}; 
L Mi? 
further, C, = 52M ~ 2M, — Ma} + gp = — (Ma - M)L — 36/? ; 


whence, inserting the value of B, M, + 2Ms = ral’ — 31}; 


and therefore, M, = pal — 4L/] + 373; Ms = 32L — 3)} 
— l 
{compare eqs. (3) and (4), § 96]. B = mt an Te = ee (L — J). 
Insert these values in eqs. (1) and (3), (2) and (5). From A to D, 
if / = nb, 
dy MM ; ; _M 
__M 3 _ M a se 
Y = spyis {L(L — 3l)x?+ 2ix}(L — 1) = oEIL {(1 — 3n)La? + 2nz3}{1 — 2} 
At D, where zx = l, 
M2 os ML? z : 
From D to B, since from eq. (6), Cs = Mi, 


7 = agipa WL) — (4L — 8) Lie + 3(L — dia 


1 — 3n)La + 3nz7}{1 — n} 


= ary — (4 — 3n)Lx + 3(1 — n)zx*} 


Y = spipa(2L — Dba — 4L — Det — LAL — 2) 


— Me (2 — nlx — 2(1 — nat — LAY — 2) 
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Case (3). Position-fixed at each End, Direction-fized at Lower End.— 
Since the stanchion is position-fixed, merely, at B; Mg = 0. Since it 
is direction-fixed at A, dy/dz = 0 when z = 0, and from eg. (1), C, = 0; 
hence, from eq. (6),C, = MI. From eq. (8), 


Gis: gem 2M,} — 9 GL —}=0 


whence, M, = a {L? — 3(L — 1)*}. 


a eens ats 


L 
(3), (2) and (5), 
From A to D, if / = nL, 


d M 
a a [2{3(L — )? — Ly Le ¢ 3(2L — Dix] 





aos, =o {2L — J}. Insert these values in eqs. (1) and 


"se [2{3(1 — n)? — 1} La + 3n(2 -- n)2?] 


At D, where x = l, 
Mi? P : 
Y = TRIS {(2L -- 1)? — 2L7}(L - Ll) 


= TET n*(1 — nj{2 — 4n + n?} 
From D to B. 
d 
_ seit {4L? — 3(21. — 1)(2La — 2*)} 


2 = ((2L — 1)(2Le — 2%) — 2La(L — 2) 


bom Mn 2 2 
= ARIL {(2 — n)(2Lx -- x?) — 2nL?} (L — x) 

Case (5). Position- and Direction-fixed at A, quite Free at B.— At A 
where zx = 0, y= 0 and dy/dx = 0. Hence, from eq. (1), C, = 0, and 
from eq. (2), C, = 0. Since the stanchion is quite free at B, Mg = 0, 
and for equilibrium, M, = M; therefore B =- 0. Eq. (1) becomes, 
oY pa ; which gives the slope between A and D. At D, where x = I, 

2 
aU 2 From eq. (2), giving the deflection between A and D, y = oat : 


ee 


de KEI 
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which becomes y = at at D. From eq. (3), EI. oY == C,, hence C,/EI 


is the slope from D to B, and therefore at D. But the slope at D is MI/ET. 
Hence C, = Mi. From eq. (4), EI. y = C,z au C,= Miz+C,. At D, 
ae ; therefore C, = — - 9” and y = oRI {2x —}; 
which gives the deflection between I) and B. 

98. Bracket Loads. A Closer Approximation.—In the preceding 
articles it has been assumed that the applied moment acts at a point. 
In many practical cases the moment is applied through the medium of 
a bracket, (i) Fig. 143. If the depth of the bracket be smail compared 


where x=l, y= 


1 Ma i 





Fia. 143. 


with the height of the stanchion, no serious error is introduced by 
assuming that the moment is applied at the centre of the depth of the 
bracket. If the depth of the bracket be considerable, a somewhat closer 
approximation may be obtained by replacing the applied moment by 
two forces FF, such that the moment Fl, = M = Wr, where W is the 
applied load and r its distance from the centre line of the stanchion. 
The shearing-force and bending-moment diagrams can be obtained in a 
manner similar to that used in the previous cases. They are given in 
Fig. 143; (iii) and (iv) are the shearing-force and bending-moment 
diagrams for a stanchion position-fixed at each end. The magnitude of 
R, and R, is M/L = Wr/L, whence the shearing-foree diagram can be 
drawn. The bending-moment diagram is similar to (iii) Fig. 137, except 
that g’h’ is a sloping line instead of being horizontal. 

(v) 1s the bending-moment diagram for a stanchion position- and 
direction-fixed at both ends. The figure e’g’h’f’ is similar to (iv); the 
direction-fixing moment at A is, 


M, = a’e’ = Be {12 — 21,1, — lye} ; 
and the direction-fixing moment - B is, 


My = Of" = bg Qily + Ugly — 11%, 
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hence the bending-moment diagram (v) can be completed. The 
reactions are, 


R, = R, = wr hal + 61,1, + Stl, + 1,7}, 


from which the shearing-force diagram can be set out. It is similar 
to (iii). 

(vi) is the bending-moment diagram for a stanchion position-fixed at 
both ends, direction-fixed at the lower end only. The figure e’g’h’f’ is 
set out as before ; the direction-fixing moment at A is, 


M, = ae’ = — paths 44 211, 7- 21,1, — lJ, — 21,7} ; 
Mg = 0. The reactions are, 


R, = R, = (31 -+ 61,2, + 61,1, + 3l,f, + 21,7}; 
the shearing force diagram is simitar to (iii). 
The characteristic gy for the bending-moment diagram (iv) are, 


Pit, = wate? +911, 4 O11 1 dy 2, 


Wr 
Poe = ay ates" + Ll. — 21,1, — 21, 7 Pa 


These may be used in the case of direction-fixed and continuous stanchions. 
The expressions as they stand give the correct sign to p,7r, and p,f.. 


PORTAL BRACING 


99. Portal Bracing.—lIf a rectangular freme ACDB, (i) Fig. 144, with 
pin joints, be subjected to a sideways force F, it is necessary for the 
stability of the frame +o 
introduce stiffening, such C 
for example as the diag- 
onal AD, to prevent 
lateral deformation. If 
the frame form the portal 
or entrance to a bridge, or 
is part of a building such 
that a passageway is re- 
quired through it, itisnot 4 
possible to introduce the 
diagonal AD, and some 
form of portal bracing 
must be used. The sim- 
plest type of portal bracing is shown at (ii) Fig. 144. The diagonal reap- 
pears as the bar GD, and CDHG forms a rigid panel. If, then, the columns 
ACand BD be made sufficiently strong to carry the bending moments which 


F 
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will be set up in them, the frame will resist the sideways force F. It will 
be assumed in the first instance that all the joints are pin joints, and 
incapable of carrying a bending moment. Suppose that the force F act 
at C; there will be an overturning moment Fh on the frame. This will 
call into play vertical reactions R, and R, at A and B respectively. 
_ R, will be a downward force, and R, an upward force. They will be 
equal in magnitude, and form a couple R,b, equal to the overturning 
‘moment Fh. Then R,b = Fh; and R, = R,= Fh/b. In addition to 
the vertical reactions at A and B, horizontal reactions F, and F, 
respectively will act at these points, such that F, + F,=F. Under 
the action of the force F, the columns will deflect and the panel CDHG 
will move to the right. If the panel were absolutely rigid, it follows that 
the movement of G tc the right of A would be eaual to the movement 
of H to the right of B. If, further, the column AC be of the same length 





Fia. 145. 


and cross section as the column BD, it follows that the force F, would 
equal the force F,, for GA and HB may be regarded as two cantilevers 
projecting from G and H respectively, and each deflected an equal 
amount by the forces F, and F,. Strictly speaking, the elastic deforma- 
tion of the panel CDHG should be taken into account, but to do this 
considerably complicates the analysis. It will be assumed for present 
purposes that F, = F, = F/2. Having determined the reactions, the 
forces in the members can be found by the method of sections, § 8. Cut 
the bar GH and replace it by Faun, the force in the bar. Take moments 
about D of the forces acting on BD. Then FA = Fou.c, Fan = eat =5" 
and is compressive. Next cut the bar CD and replace it by Fop, the 
force in the bar. Take moments about G of the forces acting on AC. 
Then F(A _ Cc) + Fe = Fop.c, and 
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This also is a vompressive force. If Fan be the force in the diagonal 
GD, its vertical component, Fep sin? = R,. Hence, Fen = R, cosec 6 


_ a/b? + c2; a tensile force. 


The bending-moment and shearing-force diagrams for the two columns 
are shown in (ii) and (iii) Fig. 145. The shearing force in AG and BH |. 
is F/2; that in GC is F — Fon = F(h — c)/2c; and that in HD is 
Fea — F/2 = F(h — c)/2c also. The maximum hending moment occurs 
at G and H and is F(—c)/2. In addition, there is a longitudinal force 
Fi/bin AG and BD. The longitudinal force in CG is zero. The members 
AG and BD must be 
designed to carry both 
the longitudinal force and 
the bending moment. 

If the force F may 
act either to the right or 
to the left of the frame, 
it is usual to cross-brace 
the panel, (i) Fig. 146. 
This is the case when F is a load due to wind pressure. If the cross- 
bracing be constructed of flat bars, which are incapable of withstanding 
compression, only the diagonal in tension need be taken into account 
when finding the forces in the members, see (ii) and (iii) Fig. 146. If 
both diagonals are capable of resisting tension and compression, the 
method of superposition, § 7, must be applied, and the frame split up 
into two component frames, each carrying one half of the force F, (ii) and 
(iii) Fig. 147. Having Fc 
found the forces in the —— SS 
members of each simple | 
frame, they must be com- 
bined in the usual way in 
order to find the forces in 
the compound frame. A 

Should the force ¥ act 
at some point other than 
C, or if the length and moment of inertia of the columns AC and BD 
be not the same, the above simple expressions will no longer hold. The 
more general case is treated in § 104. 

100. Portals with Direction-fixed Bases.—-Suppose the column bases 
to be rigidly attached to foundations of such a nature that the columns 
may be considered as direction-fixed at A and B, Fig. 148. As before, 
it will be assumed that AC and BD are of equal length, and that the 
moment of inertia of these members is the same. The force F at C will 
bend the columns to the shape shown at (ii). There will evidently be a 
reversal of the curvature in the lengths AG and BH, and points of 
inflexion such as K, (ii) Fig. 148, will exist, where the bending moment 
is zero. If these points of inflexion can be determined, the methods of 





Fia. 146. 





Fia. 147. 
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the preceding article can be applied, for that portion of the frame above 
the points of inflexion J and K, Fig. 149, is in exactly the same condition 
as is the frame shown in Fig. 144. The reactions R,, R,, F,, and F,, 
may be assumed to act at J and K respectively, instead of at A and B. 
Consider the right-hand column BHD, Fig. 148. If the panel CDHG 





Fic. 148. Fya. 149. 


were perfectly rigid, so that the member DH always remainec parallel 
to itself as shown at (ii) and did not deflect, it is evident that the curve 
BKH would be symmetrical about its centre point, and the point of 
inflexion K would lie half-way between B and H. Actually, if D and 
H are pin joints, the member will bend as indicated at (iii), and K will 
no longer bisect BH. Nevertheless, as will be seen, its true position is 
very close to the mid-point, so that for practical purposes it may be 
assumed to coincide therewith. 
Consider the flexure of the column 
BD. To bend it into the form 
shown at (ili) Fig. 148, which is 
reproduced at (i) Fig. 150, forces 
Fp at D and Fy at H must act 
upon it. These forces are for the 
moment unknown, but if the 
panel CDHG retain its shape, 
their combined action must bend t 
the column in such a way that the Fic. 150. 

points D and H will still lie in a 

vertical straight line after the deformation of the column, (i) Fig. 150. 
That is to say, the deflection of D and the deflection of H, each to the 
right of B, must be equal in magnitude. The deflections produced by 
the two forces Fp and Fy can best be examined by isolating their effects, 
as shown at (ii) and (iii) Fig. 150. In each figure the column can be 
regarded as a cantilever, fixed at its lower end and loaded with a single 
load. From eq. (9), § 55, Vol. I, the deflection at D due to Fx, (ii), is 

_ Fu ae a —ec) Fa(h — 


c)? 
yo 3 | 77 a 
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e . Fr(h — c)§ ° 
and the deflection at H due to Fy is yy = SET The deflection at 
3 
D due to Fp, (iii), is yp = sae ; and the deflection at H due to Fp 


Fp th. (i — )? (hk — oc)? 





} see eq. (2), § 52, Vol. I. Hence 


Pa ey 2) 6 
the total deflection at D, when both forces act: together, is 
_ Fu(h = c)3 ; Fp . h’ 
YD SSS 6EI ‘ {2h + Cy = 3E] ° . (1). 


and the total deflection at H, when both forces act together, is 
Fu(h = c)3 Fn 
H = —--9; 


"3EL ek 

But it D and H lie in the same vertical straight line after distortion 
of the column, yp from eq. (1) must be equal to y_ from eq. (2). Equating 
these values, it follows that 


— c)#(2h + c) . (2) 


Fu 3h? — c? 
Bp 7 3) =e)? » (3) 
At K, the point of inflexion, the bending moment must be zero. The 
bending moment at K is Fa(h — c — x) — Fo(h — x), where BK = z. 
Tf this bending moment be zero, 
Fr h—2x 3h? — c* 
hoo se Bae ot oe ee 


h—c 3h—c 
whence, = Sp Rp os. ye : : . . (4) 


This equation determines the point of inflexion K. In practical 
cases, K will be found to lie very near the mid-point of BH. Thus if 
c=h/3, x== 1-143 (A—c)/2. In view of the approximate nature of the 
assumptions made regarding portal bracings, for all practical purposes 
K may he taken as lying midway between B and H. The error thus 
introduced is on the side of safety, and allows for a small imperfection 
in the direction-fixing. 

All the analyses given in this Chapter for portal bracings of this type, 
and loaded with a force F at C, may therefore be applied equally well to 
portals with pin joints at the feet A and B, or to portals with direction- 
fixed feet. In the latier case the reactions must be assumed to act at 
the points of inflexion J and K, Fig. 149, which can be regarded as virtual 
feet. For practical purposes these points of inflexion can be regarded as 
lying midway between the points A and G, and B and H, respectively. 

It must be remembered that the values of R, and R,, for portals with 
direction-fixed feet, must be determined by taking moments about J 
and K. Thus in Fig. 149, F x DK =R, x JK. From Fig. 148, 


DK = h4—2x, and JK=AB=b. Therefore, R,=R,=F.- >" 
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If x= (h—0)/2,B,=R, =F." 4° 


A and B are pin joints. The fixing moments at the feet of the columns 
are M, =F 2 at A,and M,= Fv at B. If F, = F, = F/2, and xz = (h—c)/2, 





, not F.//b as in the case where 
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then M, = M, = F(h — c)/4. The bending-moment and shearing-force 
diagrams are shown in Fig. 151. 

101. Braced Portals.—Having determined the reactions at the feet 
of the portals, the stresses in the members can be found by the method 





Fic. 152. 


of sections, as in § 99. Alternatively, a stress diagram can be drawn ; 
(vi) Fig. 152 is a typical example. To draw this diagram, the equivalent 
forces acting at the joints must be determined. It is evident that the 
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pressure on the framework at the point H, (i) Fig. 152, due to the force 
F,, will be much enhanced owing to the leverage at which the force F, 
acts. The two members AGC and BHD can be regarded as levers, acted 
on by the forces and reactions shown at (ii) and (iii). Consider BD, (iii) ; 
to balance F, at B, a force F(A — c)/c at D is required. Hence the 
reaction at His F,h/c. Similarly, the force at C is F,(h — c)/c, and at G 
is F,h/c. If, therefore, the portal bracing proper be isolated, the equi- 
‘valent forces acting on it will be as shown at (iv). A little consideration 
will show that the forces acting on the framework will be opposite in 
direction to the reactions on the levers shown at (ii) and (iii). To the 
force at C must be added the applied load F which also acts there. The 


————> 





R, 





R, 
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stress diagram for (iv) is shown at (vi). For the conditions indicated 
R, = R,= FhA/b. If F, = F, = F/2, the force at C is F + Fk — c)2c; 
that at D is F(h — c)/2c, and those at G and H are Fh/2c. 

Direction-fixed Bases.—Tf the portal be direction-fixed at A and B, 
the forces F, and F, may be taken as acting at J and K, the pbvints of 
inflexion (see Fig. 149). If these points bisect the members AG and BH, 
so that GJ = HK = (h — c)/2, then the magnitudes of the forces will be 
as shown at (v). It is evident that in order to obtain the values shown 
in (v) from those given in (iv), al] that is necessary is to substitute 
(hk — c)/2 for (h — c) everywhere ; or, what is equivalent, to substitute 
(4 -+- c)/2 for h. This applies also to the values of R, and Rg. 

Some other types of portal bracings are shown in Fig. 153; and the 
atress diagram for type (i), when A and B are pin joints and a lateral 


PORTAL BRACING 225 


force F acts at C, is given at (v). The equivalent forces on the bracing, (iv), 
are the same as those in (iv) Fig. 152. In cases like (iii) Fig. 153, the 
bracing must be divided up into two component frames each carrying 
one-half the load, and the stresses thus found properly compounded, in 
order to obtain the forces in the actual members. 

102. Portal with Knee Braces.—In this form of portal, Fig. 154, 
the member CD must have a girder cross-section, suitably arranged to 





Fia. 154. 


carry the bending moments set up. As in previous cases, the equivalent 
load at the panel point H, due to the force F,, will be F,h/c, (ii) Fig. 154. 
The triangle QDH will represent the triangle of forces for the point H, 
hence the compressive force in the diagonal HQ 1s F, . hd/ce, and its vertical 
component is F,h/e. The tensile force in the bar DH is evidently 
(F,r/e—R,). If F,=F,= F/2 as before, and R, = R, = Fh/8, 


then the force in the diagonal is F . 2 and its vertical component is ze 


2ce’ 2e 
The force in the bar DH is 


1 ] b — 2e gh 
Fh(3,- 5) = FR“, Se 


The vertical forces on the girder CD, and the corresponding shearing- 
force and bending-moment diagrams, are shown at (ili) Fig. 154. The 
shearingeforce and bending-moment diagrams for the bars AC and BD 
h—c 





are as shown in Fig. 145. The longitudinal force in the bar DQ is F . 


(tensile) ; that in PQ is F. ns —F. > ae a and is compressive ; 
that in CP is — ; —f|. 7 =—F., : a compressive. The member 
CD must be designed to carry these longitudinal loads in addition to 
the. bending moment and shearing force. The force in GP is equal in 


Q 
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magnitude to that in HQ, but is tensile ; and that in CG is equal to that 
in DH, but is compressive. The forces in AG and HB = -+ Fh/b. 

103. Plate Girder Portal.—The panel CH is sometimes made in the 
form of a stiff plate girder, Fig. 155. If the cross-section of this girder 





Fie. 155. 


be symmetrical, the neutral axis NN will lie at a distance c/2 from CD. 
The shearing-force and bending-moment diagrams for the girder CH are 
then as shown in Fig. 155. At DH the shearing force is equal to Rg, 


and at CG equal to R,. The bending moment at DH is F(A = cand 
at CG is F,(h = 5) _R,b. If F, =F, =F/2, and R, = R, = Fh), 


the bending moment at DH is 5 (3 — 3) , and at CG is — 5 (A +. 4 


104. Portals Carrying Lateral Loads. More General Cases.—Let (i) 
Fig. 156 represent a portal, acted on by a force F at C, and a uniformly 





Fie. 156. 


distributed load w per unit of length on the column AC. It will be 
assumed that all the joints are pin joints, including those at A and B. 
Suppose the columns AC and BD to be of different heights h, and h,, 
and that their respective moments of inertia be I, and I,. Let the 
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vertical reactions at A and B be R, and Rg, and the horizontal reactions 
F, and F,, respectively. Then, since the external forces must be in 
equilibrium, 


and, taking moments about A, 
h.2 
Fh, + “5 — Fa(hy — Ay) — Rb = 0 - oo. ) 


Suppose that the panel CDHG remain rigid in shape, and consider the 
column BD, (ii) Fig. 156. From eq. (11), § 55, Vol. I, the deflection of B 
ae 2 
from the straight line DH will be ys, = a . To find the 
2 
deflection of A from the straight line CG, it is convenient to divide the 
forces acting on AC into two groups as shown at (iii) and (iv). From 
the equation used above, the deflection of A due to the force F,, (iii), will 
Fyhi(Ay i c)* 


be, ya’ = — SE] . From eq. (10), § 55, Vol. I, the deflection of A 
1 
due to the uniform load, (iv), will be y,” = wet — les 1? — 5hyc + c%}. 
1 
The actual deflection of A will be the difference between y,’ and y,”. 
, o _ Pyhy(hy— ec)? — why (hy — ©) 
za: ~ = SO 8? — She + FP 
Ya Ya Ya 3EI, 24EI, 1 1 } 
_ tlh = 0) 





— co) — 634.2 — 2 
aEI, [ Fath c) goes Shyc + ¢ | 


But since the panel CDHG remains rigid, the deflection of the two points 
A and B, found as above, must be the same, for it is the actual movement 
of the portal ; in other words, y, = yg, whence 


hy(hy — of w Fyha(hy — c) 
——_—'| F,(h, — c) — _{3h,? — af a 
3EI, 1( 1 c) gt 1 5hyc + ¢ | 3EI, 
From eq. (1), F, = F+ wh, — F,; hence 


I, yh, — ©)? 
Bit Th oF 





w I, hy(hy—e ‘ 
= + why + 8 . i, Bape ga dha? = 5h4c +- c*) . (3) 
From eq. (3) the value of F, can be found, F, is obtained from eq. (1), 
and R, and R, from eq. (2). All the external forces on the frame are 
thus discovered, and the stresses in all the members can be found as in 
previous cases. The shearing-force and bending-moment diagrams for 
the column AC are as shown at (v) and (vi), those for BD are similar to 
(iii) Fig. 145. 
Particular Cuses.—If w = 0, from eq. (3), 


= Th (h, — ©)? 
"= liam — cP? + ITshy(hy — AP 


228 MATERIALS AND STRUCTURES 





and from eq. (1), Tyhy(hy - i e)? a 
iE Tjha(he — c)® + Tyhy(hy — )¥) 
If h, = h, = h, and I, = I,, from eq. (3) 
2F, 1=F 4 wht a A es 
and Fw (11h? — 13he + 3) 
Fi=-+— eh 
2° 16 h—c j 


hence from eq. (1) 


¥, = 
2 h—e 
Direction-fixed Feet.—lTf 
the feet A and B of the F 5” hs 
portal be direction-fixed, 
it may be assumed as a 
rough approximation that 
the points of inflexion J 
and K occur midway be- c 
tween A and G and B and 
H (see § 100 and Fig. 148) ; 
which points may be re- 
garded as the feet of the 
portal, and the above equa- 
tions may be applied. This 
assumption ignores the fact 
that the lateral deflection 
of the parts JA and KB of 
the columns will not, in 
general, be equal. A more 
correct solution may be ob- 
tained as follows: From M, 
eqs. (6) and (3), § 52, Vol. 
I, and eq. (9), § 55, Vol. I, Fia. 157. 
considering (i) Fig. 157, 
why — (Fs — F)h§ fs Fiy(h, = 6)" 


_F | w (6h* — She — ce) 
i 






w per unit of length 





hy R 
—f 2 Ms 2 








Yo = gay gar, + ~ 6er, + 9 - (4) 
Using eq. (5), § 52, Vol. I, 
_ wlhy—c)*(3h,* + 2h,c+ c?) F,—-F ; F,(h, —c)* 
soa GT, A + +g — (8) 
Considering (ii) Fig. 157, 
aid at F,(h, — c)* 


yu = — ont: Fa, — ¢)*(2hg + ¢) + - =O yo. 
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If, as assumed in § 100, the rectangle CDHG remain rigid in shape, 
Yc = Ya = Yp = Yu = A, the sideways deflection of the portal. 
Equate yo to ya, 


¥F, — 12(h, _ c)? oe ° (8) 
Equate yp to yx, 
3h,2 — c? 
FF, = F; 3(h,— o) ; . (9) 


Equate yo to yp, and use eqs. (8) and (9), 

me. I, (3h, + c)(h,—c)  w re 3_ 3h 2c — 3h,c? — c*)(hy — *) 
Bo= (Fa Fy (Shy c)hy—c)* del, (Shy + ety —o) ot 

Also from (iii) Fig. 154, 

F,—F,+ F;-F,=0. ° e ~ (11) 

From the four equations (8), (9), (10), and (11), the four unknowns | 
F,, F,, F,;, and F, can be found. It is simplest to substitute numbers 
before solving. From (i) and (ii) Fig. 157, 


wh,? 





My = —3> — (F; — Fk, + Fj(h,-—c) . , . (12) 
Ms =—__ Fyhs + Fy(ho — Cc) . « e . e (13) 
F, = wh, + F-—F,+ F,; F,=—F,+ F, . . (14) 
Taking moments of the external forces about A, 
1 (wh,? 
R, = R, = } = + Fh, — F(A, — Aa) — (Ma + Mai} . (15) 
Knowing F, . . . KF’, and the reactions R,, R,, the forces in the bars of 


the framework CDHG can be found, (iv) Fig. 157; the bending-moment 
and shearing-force diagrams for the columns AC and BD can also be set 
out. 

Worked Example—In the portal shown in Fig. 157 let h, =h, 
= 25 ft.,c = 7 ft. 6in., b = 17 ft. 6 in., and I, =I,. Let F = 20 tons, 
and wh, = 10 tons. To find the values of F,, F,, F; and F,; F,,F,; 
R, and R,. 


From eq. (8), 588F, = 1164F, — 27,2583 ; 
from eq. (9), 49F, = 97F; ; 

from eq. (10), 396F,, = 396 F, — 8,117; 
from eq. (11), FR, — F,+ F; — F, = 0. 


Eliminate F,, F;, and F, from the last equation, 
F, = 39,060 — 1152 = 33-9 tons; F, = 12,207 ~ 588 = 20-76 tons ; 
F, = 33-9 — 8,117 + 396 = 13-41 tons; F, = 97 x 13-41 + 49 
= 26-55 tons. 
From eq. (14), 
F, = 10+ 20 — 33-9+ 20:76 = 16-86 tons; F, = — 13-41 + 26-55 
= 13-14 tons. 
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From eqs. (12) and (13), 


M, = 10 x 25/2 ~ 13-9 x 25 + 20°76 x 17} = 140-8 ft.-tons. 
M, = — 13-41 x 25 + 26-55 x 17} = 129-38 ft.-tons. 


From eq. (15), 
R, = Ry = 5, ,{10 x 25/2 + 20 x 25 — (140-8 + 129°38)} = 20-28 tone. 


FRAMEWORK WITH STIFF JOINTS 
SLops-DEFLECTION MrTrHops 


105. Stiff Framework.—There are many practical structures which 
depend for stability entirely on the stiffness of their joints : a common 
case is that of the ordinary bicycle ; 
and Vierendeel has shown that it is 
possible, and even economical, to con- 
struct open-web girders of large span 
with no diagonals, the safety of the frame 
depending solely on the stiffness of its 
joints (§ 249). 

It is usual], in calculating the stresses 
in such frames, to assume that the joints 
are perfectly rigid, and to neglect the 
. deformations due to the longitudinal 
loads in the members. The results ob- 
tained are approximate only, and are not 
applicable unless the joints in the frame- 
work possess considerable rigidity. Some 
typical examples are given below. 

Method of Attack.—One of the simplest 
methods of treating a stiff framework 
is to apply the theorems given in § 55, 
Vol. I. It was there shown that if AB, 
(i) Fig. 158, be a uniform beam subjected 
to a bending moment My, at A, and M, 
at B, (ii) Fig. 158 the deflection of the 
beam at the puint A, below the tangent 


a 
= 
F 
4. 
= 
+t 





at B, is equal to = x (moment of the 
area of the bending moment diagram about A). That is to say, 


1 Pal by Mal MY. 


2 
A’A = EI = = Ma + 2Ms} . (1) 


2 "3° 2 *~ 3) 7 6 


and similarly, BB = pureMa + Ms} . ‘ ‘ . (2) 
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Then og, the slope of the heam at A, is 
BB L 
E> jp == 6 Eis + Ms}. ; . (3) 


and og, the slope at B, is 


4 


A’A L 
COR = + AB = + gE Ma + 2My} : e ° (4) 


As indicated, 0, must be regarded as a negative slope, to agree with the 
convention regarding signs, Fig. 80, Vol. I, viz. that a distancd measured 
to the right is positive, and a downward deflection is positive. From 
eqs. (3) and (4), 


Wr 2E 
Ma=—-) 2a, + 05); Me = + 2! (0, + 208) - (5) 


These equations can also be obtained from first principles thus: 


At a distance z from A the bending moment is {Ma + = : : 
Hence, 

El. oY = My + a 

gr. omy. 24 MOMs 2 Ero, 

El.y =M,.% + eet . + El .oaz 
whenz=L,y=0, henceo, = — se (2Ma + Ms} 


a L 
when x = L, a = Gp, hence og = + 6 py Ma + 2M3}. 


The above results are equally true when, as in (iii) and (iv) Fig. 158, 
M, is negative and Mg positive. There is then a point of inflexion at J. 
The particular case when o, js zero, i.e. when the beam is direction-fixed 
at A, is important. From eq. (3), if o, = 0, 
Mp . 

M A= 7 9 : . ‘ ; . e (6) 
i.e. M, is one-half the magnitude of My and opposite in sign. The point 
of inflexion then lies at a distance L/3 from A. If M, = 0, i.e. if the beam 
be merely supported at A, 


MsL? 


2 
iii oct pp. Mal’. MsL MsL 


3EI ° ‘emi 4 ~~ oer’ 8 >t gg) 
If, in addition to the moments M, and Mz, external loads act on the 
beam between A and B producing bending moments represented by the 
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diagram a’e’b’, (v) Fig. 158, of which the area is a and the centre of area 
lies at a — € from A; ay ~~ = same theorems as before, 


a(L— z) 











L a(L — x 
o = — ae + Ms} + “e | 


—\ (9) and (10) 


= + | aie + 2Ma} + sory. aL. 


If the nature of the load be such that 
the bending moment produced is every- 
where negative, i.e. opposite in sign to 
M, and Msg in (i), the area a must be given 
a negative sign. 

The above formulae hold while the 
supports A and B remain at the same level. 
Suppose that, as shown at (i) Fig. 159, the 
support B sink to a point A below A. Let 
W, acting at a distance z from A, be the 
resultant downward load on AB; let Mg 
and Mg, be the support moments at A and 
B respectively. Taking moments about B, 

M, + W(L — z) = R,L+ Mg 


whence, 


Ry = 7{(My — Ma) + WL —2)} . (0) 





Similarly, taking moments about A, 


4 . 
Fg 
(Ms <a Ma) + Wz} . (12) Fira. 159. 


R 2 Lt 
The deflection of the beam at A, below the tangent at B, is 


A’A — 1 {moment of the area of the bending- 
iI moment diagram about A J 


Conceive the beam as a cantilever projecting from B, carrying the load W, 
and acted on at A by an upward load R, and a bending moment Mg. 
Let a’b’d’c’, (ii) Fig. 159, be the bending-moment diagram for the down- 
ward load on AB; area = a,; distance of centre of area from A = 2, ; 
moment of area about A =a,z,. The bending-moment diagram for 
the load R, is the triangle a,’b,’d,', (iii), where 6,’d,’= — R,L. The 
area of this triangle is — R,L?/2; distance of centre of area from 
A= 2L/3; moment of area about A= — = x 7 = — R,L°/3. 
The bending-moment diagram for the moment M, is the rectangle a’d”, 
(iv) Fig. 156; area M,L; distance of centre area from A = L/2; moment 
of area about A = M,L x oe = M,L?/2. Then, from eq. (13), 
, . RD MM, 


. (13) 
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Inserting the value of R, from eq. (11), 
2 
A’A = . Q,%, — = (Ma — M3) 7 W(L ~— z)} te 


a i E (M, + 2M} — re aie 22] (14) 


But we = 2) = (We. — a5) an 


the triangle a‘b’d’ in (ii) os A, for b’d’ = W(L—z). Hence 
Bee (L — z) — ae is the difference between the moment of the area 
of the triangle a’b’d’ and the moment of the area a’b’d’c’, both about A. 
In other words, it is the moment of the shaded area a’d’ in (ii) about A. 
But this shaded ares, is the bending-moment diagram for the downward 
load on AB, considering AB as a beam merely supported at the ends. 
Denoting this shaded area by — a, and the distance of its centre of area 
from A by &, eq. (14) becomes 

AVA = ae (Ma + 2Mp} + an » . (15) 
identical with A’A in eq. (8). 

Similarly, it may be shown that 


— 2) 
BB = = (2M, + Mg}+ — 
In eqs. (15) and (16) the area a, if due to a downward load, is to be 
regarded as essentially negative. 
From Fig. 159, B’B = B’B, : B,B = o,L + A; and, 


a _ a(L—z) A 

The negative sign denotes that co, is an upward slope from left to 
right. 

Also, A’A = A’A, — AA, = ogL — A 


co=+ | ger Mat Mote te]. «08 


If A = 0, eqs. (17) and (18) reduce 
to eqs. (9) and (10). If, also, a = 0, 
they reduce to eqs. (3) and (4). 
Signs.—Unless otherwise specified, 
the conventions as to signs, used in 
Vol. I, will be followed here. A moment 
tending to make the beam convex 
upward will be regarded as positive, Fic. 160. 
(i) Fig. 160. Distances measured to 
the right, and downward deflections, will also be regarded as posi- 
tive. Thus, in (ii) Fig. 160, CD, is a positive direction, and D,D’ is 





M,L? — 


3 which is the moment of the area of 


. (16) 





+ 
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positive. CA, is a negative direction and A,A’ is negative. Hencey 
c= a = a is a positive slope; D,D’ = +ocL; A,A’ = — ool. 
CD, CA, 
D’D and A’A are both deflections below the tangent at C and therefore 
positive : 
D,D = D,D'+ DD=+o0-eL+ DD. ; . (19) 
A,A = A,A’+ AYA = —ocL+ AYA. ; . (20) 


These equations hold equally well for the case shown in Fig. 161, 


A p’ 
A D 
Cc 
| : 5. 2 Slop? 
0: D A . 
D’ A 
Fig. 161. Fig. 162. 


where g¢ is & positive slope as in Fig. 160, but D’D and A’A are deflections 
above the tangent, and therefore negative. 
In Fig. 162, CD, is positive ; D,D’ is upward and therefore negative ; 
CA, is negative ; A,A’ is downward and positive. Hence, 
D,D’_ A,A’ 


c= Gp = CA, is a negative slope ; and therefore, 


D,D’ = + goL; A,A’ = — ool. 
D’D and A’A are both deflections below the tangent and therefore posi- 
tive ; hence, 
D,D=D,D’'+ D’D=+ocL + DD; 
A,A = A,A’ + A’A = — ocL + A’A; 
equations identical with eqs. (19) and (20). 


In Fig. 163, the slope oc is negative as in Fig. 162, but D’D and A’A 
are deflections above the tangent and 


therefore negative ; eqs. (19) and (20) D 
hold as before. D 

Particular Cases.—Suppose that in A, C D 
(ii) Fig. 160, or in Fig. 163, A and A, A c 
coincide, so that A,A = 0, and eq. (20) A’ 


becomes 0 = A,A’ + A’A = — oc L + 


Fia. 163. 
A’A. Then 


AA’ =—A’A; andogh =— A,A’=A’YA. (21) 


Similarly, if in Fig. 161 or in Fig. 162, D and D, coincide, D,D = 0 
and eq. (19) becomes 0 = D,D’ + D’D = + ooL + D’D. Then 


D,D’=— DD; andoQh=+D,D'/=—DD ._ . (22) 
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Slope-Deflection Equations.—If the values of M, and Mg, be found 
from eqs. (17) and (18), 


2EI 3A)  2a/ 3z 
2EI ( 3A) 2a (3% ) 
Ms = + | =e t oe - T)--y| * . (24) 


These expressions are known as the slope-deflection equations, given 
here in their general form. The last term in each will be recognised as 
the values of M, and M, in eq. (4), § 60, Vol. I, since o,, og and A are 
there all zero. When the bending moment due to the external loads 
acting on the member is negative, a is to be given a minus sign. 

In certain cases, particularly where the framework consists of the 
combination of a large number of vertical and horizontal members, it is 
more convenient to adopt the following conventions as to signs : 


A clockwise external bending moment is called positive. 

A clockwise change of slope in an end tangent is called positive. 

A deflection measured away from the base line in the same direction 
as a positive slope is called positive. 


If these conventions be applied to Fig. 159, it will be seen that M, 
must be regarded as a negative moment and its sign changed throughout, 
otherwise the analysis still holds, hence eqs. (23) and (24) become 


2EI { SA) Qa{ 3a 
Mab = Zz + OB —- Tj i — L) : . (25) 
2EI ( 3A) 20/3) 


where Mab = — My, and Mta = Mg. The first suffix denotes the node 
point, the second determines the particular member. 

These equations must be applied in turn to each member of the frame- 
work. A number of equations is thus obtained, and these, treated as 
simultaneous, give the values of the unknown support moments. When 
the number of members is large, these values must be determined to 
many significant figures, otherwise incorrect results are obtained. 
Applications will be found in §§ 109 and 113. ‘ 

Note.—Whenever this second series of conventions is employed, 
double suffixes will be used to designate the moments. When a single 
capital letter suffix is used, it denotes that the ordinary conventions as to 
sign, Fig. 80, Vol. I, are implied. 

106. Stiff Portal Carrying a Vertical Load. Hinged Feet.—As a 
simple example of the application of the theorems of the preceding article 
to a stiff framework, consider the portal ACDB shown in Fig. 164, with 
stiff joints at C and D and hinged feet A and B. Suppose the top member 
CD to be symmetrically loaded with a vertical load as shown. It will 
be assumed that the two columns AC and BD are of equal length and 
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have the same moment of inertia I,, and that the moment of inertia of 
CD isI,. Under this loading the frame will distort into the shape shown 
dotted in (i) ; for since the joints at C and D are rigid, the members CA 
and DB will tend to spread outwards as CD deflects. This will be resisted 
by the hinged joints A and B, and horizontal reactions F, and F,, of equal 
magnitude, will be called into play. The vertical reactions R, and R, 
will be unaffected by the rigidity of the joints at C and D. 

For the purpose of analysing the conditions thus set up, it is con- 
venient to open out the frame as shown at (ii) Fig. 164, by rotating each 
of the legs CA and DB through a right angle. Since the angles at C and D 






see 


pn Oe mT we, 
* 





Fie. 164. 


are right angles, both before and after distortion, the four points ACDB 
will open out into the straight line AB in (ii), and the deflection curve in (ii) 
will be a continuous curve. It is then evident that ACDB is a continuous 
girder ; and the bending-moment diagram will be as shown at (iii), g’n’h’ 
being the negative diagram due to the applied load, and a’c’d’b’ the 
positive diagram due to the horizontal reagtions F, and F,; a’c’d’b’ is 
the base line. Since the feet A and B are hinged, the bending moment 
at these points will be zero; at C the bending moment is Mc = F,l, = 
FJ, = Mp. The magnitude of F,, and hence the bending moment every- 
where, can be found by the methods of § 105. 

Let A’CD’, (ii), represent the slope over the support C. Then A’A is 
the deflection of the beam at A, below the tangent at C, and is equal to 
the moment of the area of the bending-moment diagram a’c’g’ about a’ ; 
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from eq. (7), § 105, A’A = aL , and hence the slope of the tangent at 


A’A Mol, _ F,l,° 

~ AG 3EI, 3EI,’ 
example of the Particular Case given on p. 234, and the value of o¢ used 
above follows from eq. (21), § 105. Again, considering span CD, oo is 
also equal to — D’D/CD, see eq. (22). D’D is the deflection of the beam 
at D above the tangent at C, and is therefore negative ; hence oc is 4 
positive slope, as shown. From eq. (8), § 105, 





since Mc = F,/,. This span, AC, is an 


(ds al,) 3F yl? al 
pean leur. cme e mo “@EI, | 2ET,~ st, qEr, Tala + 4h 


where — a is the area of the negative bending-moment diagram g’n’h’, 
# = 1,/2,andMc = Mp = F,l,. Theslope of the tangent at C is, therefore, 


D/D 
OH ay ony Phils + a}. — this to the value of ao 
previously obtained, oo = aut ~ = — SET. {F,l,/,+ a}; from which 
F,=- hy . Knowing the value of F,, the bending-moment 
Halt tray 


diagram can be dean and the stresses due to bending in all the members 
can be determined. These must be combined with the stresses due to 
the longitudinal loads R, and R, in the members AC and BD, and with 
those due to the longitudinal load F, = F, in CD. 

Particular Cases.—If the load on CD be a uniform load of w per unit 
of length, the negative bending-moment diagram is a parabola, maximum 
ordinate — 4wl,”, and area a = — ,wl,°. In this case, 


wl, 
F,= R,=R,= 3. 


2 
121, was 


For a single concentrated load W at the centre of CD, the bending- 
moment diagram is a triangle, maximum ordinate — }WI,, and area 


— 4W/,?; whence, 
Wi, _W 


2 
afi + § me 


The bending-moment diagram (iii) could very conveniently have been 
obtained by the method of characteristic points, and the value of F, 
obtained from Mo (see § 108). 

107. Stiff Portal Carrying a Vertical Load. Direction-fixed Feet.— 
If the feet A and B of the portal of the previous article be direction-fixed 
instead of hinged, (i) Fig. 165, the deflection curve will take the shape 
shown in (i) and (ii) Fig. 165, and the slope at A and B will be zero. The 
bending-moment diagram is shown at (iii); there will be a negative 
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bending moment M, = Mz at A and B respectively, and the bending 
moment at C is 
Mo = M, + Fil, = Mg + F,l, = Mp ° * (1) 
Since the slope at A is zero, it follows from eq. (6), § 105, that M, = 
— $Moc, and that the point of inflexion in AC is }J, from A. From 
eqs. (21) and (4), § 105, the slope ag is 
ae 
% = AG 
now the span CD be considered, from eqs. (22) and (9), § 105, the slope 
Cc is 


M , 
= sey (Me + 2Mc} = iat » Since Ma, ae a $Mc. If 


DD {(& ay) 1 
ee GET, (2Mo + Mp) + 2EI.I,) ~ gpy,{Mols a) 






oi 


i 
i 


2-2 
-oorm wena, 
— se eencee”” 


cee] 
ee 





where — a is the area of the negative bending-moment diagram g’n’h’, 
and Mc = Mp. LEquating the two expressions for ov, 


vc = guy, ~ — apy,Mols + 4}: 
whence, 
a a 
=—~——*,7 = Mo; and My = —_* (2) 


ijl + tri ahs fet 


FRAMEWORK WITH STIFF JOINTS 239 


From eq. (1), Mc = My + Fy, = — . + F,l,; whence, 


3Mc 3a 


F,=— = 
aN yl + 78 


Ti : . (3) 
Tle) 


Particular Cases.—If the load on CD S a uniform load of w per unit of 
length, the area of the negative bending-moment diagram is — /,wl,*, and 


l,? 2 
aaa” ve real pM ae 9 on ray 
1 
tT ait ty 
1,2 wl 
F, =F, = Co ay R, = Ry = “5? 
Blt ary ia 


For a single concentrated load W at the centre of CD, a = — 4W/,?, 
and, ; 


WI WI 
a ae MMS Ta 
1 wel 
Nh sy eiaie 
: _ 3Wl, W 
F, =F, = ig) Ba Be = g- 


108. Stiff Portals. Application of Characteristic Points.—When, as 
in the two preceding sections, the portal and the load system are both 
symmetrical about a vertical centre line, the method of characteristic 
points furnishes a neat solution. Consider three contiguous spans of a 
continuous beam, AC, CD, DB, (i) Fig. 166, of which CD alone is loaded. 
Both the beam and the load system are symmetrical about the centre of 
CD. If the value of I for the spans AC and DB is different from that 
for span CD, the length scale for AC and DB must be adjusted as ex- 
plained in § 78, Vol. I.* In the first instance, suppose that the beam is 
merely suppofted at A and B. Since the spans AC and DB are unloaded, 
the characteristic point r, will coincide with p,, and 7, will coincide with 
Ps, (ii). Then, if a’c’d’b’ is the base line, and Mc = Mp are the support 
moments at C and D; from the geometry of the figure 


ly ia! 
Pts= Cg + t= C9 + rda-7 = C9 + Fg 
Hence, 


Mo = cg’ = = Mp 


3l, F 
1s 
where 9,7, is the height of the characteristic point for the span CD. To 
determine Mo = Mp, all that is necessary is to draw a horizontal line 


* If the span CD be plotted to a scale 1° = ainches of span, AC and DB must 
be plotted to a scale 1” = al,/I, inches of span. 
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rgk, making jk = 1,/3 (k lies on the vertical through p,), join & to 0, 
the centre point of g’h’, cutting h’j in d’; then a’c’d’b’ is the required 
base line, and Mc = Mp = c’g’ = d’h’. If the ends A and B of the beam 
are fixed in direction, (iii), the same construction holds, but sk = 1,/4; 
also the base line a’c’d’b’ passes through the characteristic points 71, 7¢; 





next to the fixed ends, as shown in (iv) Fig. 166. It is not correct, on 
the ground that r, and r, are points of inflexion, to treat pig and p,h’ 
as spans merely supported at p, and p,, because the deflection at p, 
and p, is not zero. 

The application to stiff portals is shown in (v) and (vi) Fig. 166. 
In (v), the feet A and B of the portal are hinged, and when opened out 
the system is represented by (i). In (vi) the feet are fixed in direction, 
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and when opened out the system is represented by (iii). Provided that 
the portals and the loading thereon are symmetrically arranged, this is 
the quickest method of dealing with such cases. 

If it be preferred to set out AC, CD, and DB, all to the same scale, 
make jk = 1,1,/31, and 1,1,/4I, in (v) and (vi) respectively. 

109. Stiff Portal carrying a Vertical Load. More General Case.— 
If the load on CD be unsymmetrical, or if the legs AC and BD be of 
unequal length or of unequal stiffness, the above theory will not apply. 
In any of these circumstances, the slope over the support C will be different 





Fig 167. 


from the slope over the support D; and, in order to attain a position 
of equilibrium, the portal must deflect sideways as shown in Fig. 167. 
Otherwise the horizontal force F, would be different from the force F,, 
which cannot be the case unless an external horizontal force is applied 
to the frame. The behaviour of a simple model will make this point clear. 

Case (1).—In the first instarce, suppose the feet A and B of the portal 
to be hinged. The distorted shape of the frame is shown dotted at 
(i) Fig. 167. If the frame be opened out, so that the verticals through 
C, and D, come into line with C,D,, the deflection curve AC,D,B, 
(ii) Fig. 167, is obtained; (iii) is the corresponding bending-moment 
diagram. The difference between these diagrams and (ii) and (in) of 
Fig. 164 will be evident. Let the lengths of AC, CD, and DB, (i) Fig. 167, 
be J,, 1,, and /,; and their respective moments of inertia be I,, I,, and 1,. 
From the general conditions of equilibrium the following relations hold . 

R 
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F,=F,; B,+R,=W, the total vertical load. These vertical 
reactions are increased and diminished by an amount R’, found by 
taking moments about the foot B, F,(/, — J) = R’l,; so that the total 
vertical reactions at A and B are (R, + R’) and (R, — R’) respectively. 
The bending moment at C is 
Mc = Fl. and at D is Mp = FI, = Fi4 : . (1) 
Consider the span A,C,, (ii) Fig. 167. From eq. (20), § 105, 
A,A = A,A’ + A’A =— ool, + AVA 
But A,A = A, the sideways deflection of the portal; and from eq. (7), 
§ 105, A’A, the deflection of the beam at A below the tangent at C,, is 
Mol,? /3EI 1? hence, Mol? (2) 
Si, ; ; : 
From eq. (22), § 105, considering the span C,D,, oo = — D’D,/I,. 
D’D, is the deflection of the beam at D, above the tangent at C,, which 
from eq. (8), § 105, is 
a(l, _ 2 


DD, = {3 
- “GRE EI 
where — a is the area of the negative bending-moment diagram g’n’h’, 
and Z is the distance of its centre of area from g’. Then 


A = ocl, -+- 




















D’D, a(l, — Z)) 
ee ae M ae 
w= — 2 lage ag, OMe + Mo) + “So (3) 
From eqs. (2), (3), and (1), 
- a(l, — 2) Mcl,* 
= leer EI,/, “tot + SEI, 
Fa?) Fils all, — #)l, 
= 361+ oer, 24+ 4) + “Ry as 


Next consider the span D,B,. From eq. (19), § 105, 
B,B = B,B’ + B’/B = + onl, + B’B. 
Here, B,B -= — A, measured upward ; and from eq. (7), § 105, B’B, the 
deflection of the beam at B below the tangent at D,, is Mpl,?/3EI,. Hence, 
—-~A= Opl, -- Mp!,?/3EI, ; ; ‘ ‘ (5) 
Ayain, considering the span C,D,, frem eq. (21), § 105, op = C’C,/I,, 
where C’C, is the deflection of the beam at C, above the tangent at D, ; 
hence, using eq. (10), § 105, 

















ook C’C, 
ee ope ae. El,l, at (8) 
From eqs. (5), (6), and (1), 
A= —| lar. KI/ a} - at 
_ FJ FL, ail, 
— SKI, —s 6EI, (l, + 2l,) a El, ° ° ® (7) 
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From eqs. (4) and (7), 
Ba Balals = 2 — LVI si 
. ET aT5t,° + T,1gt(ts? + fils + 15°) + 1,1415%} 

Knowing F,, the bending moments everywhere, the longitudinal 
forces in the members, and the stresses everywhere can be found. The 
value of A is obtained from eq. (4) or eq. (7). 

In cases where the vertical legs are of the same length and cross- 
section, /, = 1, and I, = I,; eq. (8) then bécomes 


F, = ape enneyt 

l 
bh l+ aay } 
the same expression as was obtained in § 106 for a symmetrical load. 
Putting this value in n eq. (4) for A, 

_ a, 2-1, — al, (& : 
which is evidently zero for a symmetrical load, when = }/,. It is to be 
remembered that, for a downward load on CD, a is a negative area. 
Slope-Deflection Method.—-The above results can also be obtained 

from the slope-deflection equations (23) and (24), § 105. Consider span 
AC, (ii) Fig. 167; the foot A is hinged, therefore M4, = 0. The span is 
unloaded, therefore a = 0; taking origin at A and comparing the span 
with AB, Fig. 159, it is evident that A is an upward deflection and 
therefore negative. a these values in as (23) and (24), § 105, 


2KI, ( EI, 3A 
-- [FI don + 00+ a Mc = + a oe on + 200 + l, aa 


Treating the loaded span CD in a similar way, : and D remaining at the 
same level, and A = 


2EI 2a 32 
Mon = [Pine ms a 
2 
2a (3z 
Mp = + [2a {oc + 2op} — in -1} | 
2 
Similarly, for the unloaded span DB, ne A is again upward and 
negative, 





2EI, ( 2EI, | 3A 
Mp = — oe lb ae Ge =, |: ° =+| es ig zt | 
( ii ls | ls 
From the first pair of equations, Moly? 
A= =—-_— oc, + 3EI, ° e e 7 (2) 


From the second pair of 1 he 
a(l, — 2) 


) 
mas ipo meas yt (oe  ® 





244 MATERIALS AND STRUCTURES 


A opl, EI e e e ° (5) 


as previously obtained. The solution follows as before. 

It is evident from the above that had the value of A been assumed 
positive, the values of the moments and slopes would not have been 
affected. 

Case (2).—If the feet of the portal are direction-fixed at A and B, 
Fig. 168, the deflection curve when opened out will be as shown at (ii) 





Fig. 168 ; the corresponding bending-moment diagram is shown at (iii), 
where M, and Mz appear as negative bending moments to agree with the 
deflection curve (ii). Actually, their sign will depend on the arrange- 
ment of the frame and its load. In the working which follows, therefore, 
the sign of M, and Mg will be taken as positive, as shown in (i) Fig. 168. 
If, from the resulting expressions, their magnitude is found to be negative, 
the deflection curve and bending-moment diagram will be as shown in 
(ii) and (iii) Fig. 168, otherwise these figures must be corrected to suit. 
As in the previous case, F, = F,; and R, + R, = W, the total load. 
Taking moments about B, F,(/, — 1;) + Ma, — Mp = R’l,, where the total 
vertical reactions at A and B are (R, + R’) and (R, — R’) respectively. 
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From (ii), C”C,, the deflection of the beam at C, above the tangent 
at A, is — A; from eq. (2), § 105, ” 


" L? 
CC, = gap OMat+My=-A ©. . 


From eq. (20), § 105, considering the span A,C,, A,A = — ool, + AXA, 
l 2 
where A,A =A, and, from eq. (1), § 105, A’A = eer (Ma + 2Mo). 
J 





Hence, 
1.2 
A = — ol, + eur,(M + 2Mc) . (10) 
Considering the span C,D,, as in Case 1, eq. (3), 
D'D, (1 a(l, — Z) 
ee ET, (Me + Mo) + “ET, . (11) 


where — a is the area of the negative bending-moment diagram g’n‘h’, 
and Z is the distance of its centre of area from g’. Inserting the value of 
oc from eq. (11) in eq. (10), 


l a(l, — z l,? 
A= Lg (2Mo + Mp) + (hy = #)) M, + 2Mc) . (12) 
2 


EI, | * 6EI,' 
From eq. (19), § 105, considering span D,B,, : 1B = ols + BB; 


where B,B = — A, and from eq. (2), § 105, B’B = é i, !s” oMp + Ms); 
hence, 
l,? 
aos A = onl, + 6EI, ~~ (2Mp + Ms) . ° (13) 
Again, considering the span C,D,, as in Case 1, eq. (6), 
Oc, |}, ax | 
7 = = 6 aur, Me + 2Mp) + TT.) 


Inserting this value in eq. (13), 


(i az) I 
Crises GET, (Mo + 2Mp) + pr i( ~ eI,” 


From eq. (1), § 105, D’D,, the deflection of the beam at D, below the 
tangent at B is 


Mp + Mg) . (I4) 


Neglecting any bending moment produced by the vertical reactions 
R, and R, in AC and BD, resulting from the deflection A, 
Mo = F,l, +My; My = FJ, + Ms = F,/, + Mz, 

Mo — My _ Mp — Ms 


ee ee 





. (16) 
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Collecting equations (9), (12), (14), (15) and (16), 


l 2 
Ae a ai (2M + Mc) 
a(l, — )) 





ae ae 


11 az | 
os aie + 2Mp) + ET = gM + My) 





[,? 
= err, M> + 2Mz) . 


Mc—M,_ Mp — Mg 
h ds 





El, | 


(9) 


. (12) 
. (14) 
. (15) 


. (16) 


From these five equations the five unknowns My, Mg, Mo, Mp, and A 


can be found ; F, follows from eq. (16) 
R’ = {F,(7, — 1,) + Ma — Ma}/l. 
whence the total reactions at A and B can be found. 
Particular Case.—Let |, = 1,, 1, = I,, then 
6EA 


l 
l * ,(2Ma + Mc) . 
1 





bok 
a PO, 4 2Mo) + ‘22Me pg) 


et 
6az) 
_ iz (Mc + 2Mp) + igj ~ i! 2Mp + Msg) 


i 
one 7 (Mp + 2Mp) 
1 


Mo — Ma, = Mp — Ms ; R’ = (My, = Ms)/l. 
(164 and 17a) 
Equate (94) to (15a) and use (16a), 
2Mp + Ms = — 3M, ; 
My — Mat 2Mo. yy. _ Mo 4My 
Ee 3 
Equate (124) to (14) and eliminate Mp and Mp, 
(Ma — Mc)(21,/, + Il) = 3al, . . (18) 
Equate (9a) to (144) and eliminate Mg and Mp, 
Ma (81,0, + 151,1,) — Mo(51,/. — 31,!;) 
From eqs. (18) and (19) M, and Mg can be 
found, and hence all the other unknowns. 





In Fig. 169, I, = 21,; a = — 36 ft.2/tons; Fie. 169. 


= 8 ft.; from eqs. (18) and (19), 


1M, — Mc) =—9; 48M, + 3Mo = — 16; My = — 0-389; 


My = — 0:467; Mo = + 0-896; Mp = + 0:818 ft./tons. 


. (17) 


. (9A) 


(12a) 


(14a) 


(15a) 
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110, Staff Portal carrying a Single Lateral Load.—Case (1). Hinged 
Feet.—Let ACDB, (i) Fig. 170, be a stiff portal subjected to a lateral 
load F at C. The joints at C and D are rigid, and the feet A and B are 
hinged. Let the lengths of the three members forming the portal be /,, /,, 
and /,, and their moments of inertia I,, I,, and I,, respectively. For 
equilibrium, horizontal forces F, and F,, and vertical forces R, and 














C! LN 
Beat erring et 


Fie. 170. 


R,, will be called into play at A and B, as shown in (i), such that 
F,+ F,=F, and R,=R,. Then, taking moments about A and B, 


R,/, ae Fl, — FA(1, o ls) 
R,/, pas Fi, a9 Fy, = ds) ) 


] ] ; 
and R, = R, = 1 6's + Fy(0, — ls)} = yiFih + F,J3} . » (2) 


Owing to this arrangement of forces, the frame will distort as shown 
by the dotted lines in (i), moving to the right a distance A. Since the 
joints at C and D are rigid, they will remain at right angles after distor- 
tion, and if the frame be opened cut as shown at (ii), the deflection curves 
of the three members will form a continuous curve. The corresponding 
bending-moment diagram is shown at (iii). Let the bending moment 
at C be Mo, and that at D be Mp. Consider the span A,(C,, (ii). From 
eq. (20), § 105, 

A,A = A,A’ + A’A = — acl, + AVA 
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But A,A = — A (an upward displacement), for AA, is the sideways 
deflection A of the portal. From eq. (7), § 105, A’A, the deflection of the 
beam at A above the tangent at C,, is Mcl,?/3EI, ; hence, 


~A=—ocl,+Mcl2/3EI, . . .  . (2) 


From eq. (22), § 105, considering the span C,D,, oo = — D’D,/I,. 
D’D, is the deflection of the beam at D,, above the tangent at C,, which 
from eq. (2), § 105, is 


; l,? 
D’D, = éET, (2Mc + Mp) ; whence oc = gir -(2Mc+ Mp) . . (3) 
From eqs. . (3), 
_ Mel,? 
ea 9 oe 


Next eae the span D,B,. From eq. (19), § 105, 
B,B = B,P’ + B’B = + opl, + B’B. 


Here B,B = + A (a downward displacement) ; and from eq. (7), § 105, 
B’B, the deflection of the beam at B below the tangent at D,, is Mp/,?/3EI,; 


hence A= = Onl, ++ Mp/,” /3EI, ‘ : . (5) 


Again, considering the span C,D,, op = C’C,/l,, where C’C, is the 
deflection of the beam at C, below the tangent at D,. From eq. (1), 


2 
§ 105, C’C, = 651 Me + 2Mp) ; hence, Op = én (Mc + 2Mp). In- 


serting this value in eq. (5), and equating the eeslileiny value of A to 
that given in eq. (4), 


2 2 
fe sth (Mc + 2Mp) + air ~ ght p,(2Mc + Mp) — SED = 80) 
whence, 
M ZL? ote 9] } 21,2 
cf lL Fy | rt Ay) + Mos (1, $+ 215) + i = () ‘ (7) 


But, neglecting any bending moment produced in AC and BD by the 
vertical reactions R, and R,, resulting from the deflection A, 
Mc = — F 1; Mp = F,/, ; hence 
Mc , Mp 
Bin Bees poe or, Mcl, — Mpl/, + Fl,l,=0 . (8) 
1 3 
By solving eqs. (7) and (8) as simultaneous, the unknown bending moments 
Mc and Mp can be found, and hence F,, F,, R,, R., and A. 
Particular Case.—If 1, = 1,, and I, = I,, so that the frame is sym- 
aa oa (7) pacoince Mc + “Mp = 0, ane nO — ae From 


Fl,?{ 1, 1 
oh 6), A = 5. |, 
eq. (6), ri + 3, 
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Case (2). Dtrection-fixed Feet—The analysis in the case of a portal 
with direction-fixed feet, Fig. 171, is of a similar character. As before, 
F,+ F,=F; R,=R,. Taking moments about A and B, 


R,/, = Fl, + F,(l, oe A) Tee (Ma == Ms) ; 
1 
whence R, = R, = piFls + F,(/, — ls) — (Ma — Ms)} 
2 


] 
~ j,tP 4+ Fyl; — (Ma — Ma)} ;. 2 ee 





Fig. 171. 


As in § 109, and as shown in (i) Fig. 171, both My, and Mg have at 
present been taken as positive. Their real sign will be given by the 
equations deduced. 

The distorted shape of the frame is indicated in (i) and (ii) ; (iii) is 
the corresponding bending-moment diagram; Mc and Mp denote the 
bending moments at C and D respectively. 

From (ii), C’C,, the deflection of the beam at C, below the tangent at A, 
is equal to A the deflection of the frame to the right ; hence from eq. (2), 
§ 105, 


V7 i [,? oo 
C'O, = gay PMat Mo)=A (10) 


From eq. (20), § 105, considering the span A,C,. A,A = — ool, + A’A, 
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where a = — A (an upward displacement); and, from eq. (1), § 105, 











A’A = sity a + 2Mc), hence 
—~A=-—o¢l,+ ser, " (My + 2Mo) : . (11) 
From eqs. (22) and (2), § 105, oe the span C,D,, 
D'D, 
Co = — a = ~ get =~ (2Mo + Mp) ° . ° (12) 
Inserting this value in eq. (11), ° 
2 l* byte 
A=-— oni, (M4 + 2Mc) — éEI, (2Mo+ Mp) . . (13) 
From eq. (19), § 105, considering the span D,B,, B,B = onl, + B’B; 
where B,B = A, and B’B = ser. “ + Mg); hence 
A = opl, + set, (2Mp + Ms) : : . (14) 
Again, from eqs. (21) and (1), § : ne the span C,D,, 
_ OC, 
Inserting this value : ~ (14), 
[,? 
= gt 3 (Mo + 2Mp) + éiT, (2Mp + Ms)... . (15) 


From (ii), D’D,, the deflection of the beam at D, above the tangent 
at B, is equal to — A 7 es: displacement), hence from eq. (1), § 105, 


D’D, = at. * (Mp + 2Ms) = —A ‘ ne ° . (16) 


Neglecting any bending moment produced by the vertical reactions 
R, and R, in AC and BD, resulting from the deflection A, 








Mc = M, — FI, ; Mp = F,l, + Ms ; . . (17) 
Hence, ¥, 4 Bye Pa ete, Mo Ms . (18) 
1 
Collecting ve 
A= a . (10) 
= > th. 1 M, + 2Mc) _— BET. f-(2Mo Sa Mp) ‘ ‘ . (13) 
ti (Mo + 2Mp) + & ar 3_(2Mp + Ms). . (15) 
= — se, (Mp + 2Ms) : ‘ ; ; ; . (16) 


_Ma- Mc , Mp — Ms 
qe ee tee 8) 
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These five equations will give the five unknowns M,, Ms, Mo, Mp, 
andA; R, and R, follow from eq. (9), and F', and F, from eq. (17). 

Particular Case.—If 1, = 1,, and I, = I,, so that the frame is sym- 
metrical, M, = — Mp; Mo = — Mp; F, =F, = F/2. 

From the collected equations, 
Fi, (I,J, + 31,J,) 








Ma=—Ms= Siti + 6fy,| a) 
Fl,( 31g, ‘) 
— Mo = Mp = oy hie + 61,1.) . . . . . (20) 
Fl? (21,l, + 31,J,) 
A= idET, (Ti, + Olah | cen 
and from eq. (9), 
i 2 
Rit Bees 281 (22) 


L(Iyl, + 61,1;) 
111. Stiff Portal carrying any Lateral Load.—Case (1). Hinged Feet.— 
As in § 110, Fig. 170, let ACDB, Fig. 172, be the portal ; suppose that the 





Fie. 172. 


lateral load be distributed in any way over the leg AC such that F is its 
resultant, acting at a distance z from A. The joints at C and D are 
rigid, but the feet A and B are hinged. Let the lengths of the three 
members forming the portal be l,, 1, and /;, and their moments of inertia 
be I,, I,, and I,, respectively. For equilibrium, horizontal forces F, 
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and F,, and vertical forces R, and Rg, will be called into play at A and B, 
such that F, + F, = F, and R, = R,. The analysis for this case follows 
very similar lines to that of Case 1, § 110, and the equations have been 
numbered to correspond. Taking moments about A, 


] 
whence, R, = R, = iF + F,)z — F,(/, — /3)} 
2 


2 Fe + Fiz—-l+h)} . 2. 


The distorted shape of the frame is indicated in (ii) Fig. 172 ; and the 
bending-moment diagram in (iii). These are very similar to the corre- 
sponding diagrams in Fig. 170, but there will] be a negative bending- 
moment diagram a’n’g’, due to the load on the member AC, to be taken 
into account. 

Consider the span A,C,, (ii) Fig. 172. From eq. (20), § 105, 

A,A = A,A’ + A’A = — ool, + A’A; as in § 110, AJA = — A, and 
from eq. (15), § 105, A’A = Mcl,? + Bloslle 

; 3EI, ETI,’ 
the negative bending-moment diagram a’n’g’, and Z is the distance of its 
centre of area from A. Hence, 


where — a denotes the area of 


Mc!,? 3 oe 
From eqs. (22) and (2), § 105, conatiotng ches span C,D,, 
DD’), l, 
vc = l, ae 6EI, aay (2Mc 5 Mp) . : : (3) 
From eqs. (2) and (3), 
_ |, Mol? ak 
= — ger, PMe + Mp) — sip A 


In like manner, from eq. (19), § 105, considering span D,B,, 
B,B = B,B’+ B’/B=+ opl, + B’B; where B,B=+ A, and from 
eq. (7), § 105, B’B = Mp/,?/3EI ; hence 

















A= opl, + Mpl,?/3EI, ° ° 2 3 . (5) 
l, 
1“) = 6EI, (Mo ah 2Mp) ; ’ 
— — eqs. (5) and (4), 
Mpl,* Ll. Mol? ak 
- ait p,(Mo+ 2Mp) + gay = — gpy,(2Mot Mo) ~ say — py, * (8), 
whence, 
212 67 = 6az 
Mor" + 7 (21 + 1, +Mp:- [ts —(L, + 21.) + —— " = — saan . (7) 
1 2 ) \L, I; ) I, 


Neglecting any bending moment produced in AC and BD by the 
vertical reactions R, and R,, resulting from the deflection A, 


Mo = — Fl, + Fl, -—z); Mp=FyY;; 
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Mpl, 
* Fz 


or, Mol, — Mol, + Fl,z =f). : ; : . (8) 


hence, Mc = — FI, + (F, + F,)l, — Fz = Fy, — Fz = 





If eqs. (7) and (8) be solved as simultaneous, the unknown bending 
moments Mc and Mp and the reactions can be found. 

Particular Cases.—(a) If the load F be concentrated at C, z= 1 
a = 0, and the equations reduce to eqs. (4%) and (8) of § 110. 

(6) If the load F be uniformly spread over 
the member AC, z = 1,/2, the bending moment 
diagram is a parabola of which the maximum 
ordinate is — Fl,/8, a= —%x 1, x Fl,/8 = 
— Fl,2/12, @=1,/2, and a& = — pyFl,? x 1,/2 = 
— zy, Fl,*. If this value be substituted in eq. (7), 
eqs. (7) and (8) can be solved as simultaneous. 

(c) If the load condition be as in Particular 
Case (6), and 1, = ls, I, == 13, so that the frame 
is symmetrical, Fig. 173, z = 1,/2,a = — ~,Fl,?, 
@ = 1,/2, and a = — o,Fl,3. 

Eqs. (7) and (8) become 


(Mc + Mp)——, aay 


» 





whence, 
_ 3Fl,_ 20,I, + I, 
von er anergy Pay 


Fl, 60,1, + 51, 





Mp = “3 . 31,1. at 911, ° (10) 
From eq. (6), 
Aa etl, + ble) oo. 
48EI,I,°“ *? 
F, = Mp F 61,/,+ 5I,J, (12) 


i, 8 3i1,i,+ 21,, 


_ _ F 1I80,/,+ 111,/, 

Taking moments about B, 
Fl, 
R, a; R, r= 2i, 

Case (2). Direction-fixed Feet-—-The corresponding analysis for a 
laterally loaded portal with direction-fixed feet, Fig. 174, is as follows : 
If F be the resultant of the external forces which act on the member AC, 
F,+ F,=F, and R,=R,. Taking moments about A and B, and 


. (14) 
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assuming for the present, as shown in (i) Fig. 174, that M, and My are 
both positive, 
RJ, = Fz — F,(l, — 3) — (Ma — Ma) 


Rl, = F(z — 1, + Us) + Fy(l; — Us) — (Ma — Mp) . (15) 
R= R= 7 Pet Fe +h)- Mal}. - (18 


The distorted shape of the frame is shown at (ii) Fig. 174; (iii) is the 
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bending-mcment diagram. From eq. (16), § 105, considering the span 
A,C,, 
i? 
C’C, = 6EI, (2M, + Mo) + “on A. . (17) 
where — a@ denotes the area of the negative bending-moment diagram 
e'n’g’, (ii) Fig. 174, and Z is the distance of its centre of area from A’. 
From eq. (20), § 105, considering the span A,C,, A,A = — ool, + A’A, 
where A,A = — A; from eq. (15), § 105, 


A i? ax 
A’A = eer, 4 + 2Mc) + EI,’ 
and from span C,D,, oc = — af (2Mco + Mp); eq. (12), §110. Hence, 
2 
1? Ll, at 
A= — ger, Ma + 4Mo) — gpy (2Mo + Mo) — fy, . (18) 
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Similarly, as in § 110, B,B = = + B’B =A; where 


B’B — ear. (2Mp+ Ms), 
and from span C,D,, op = out, (Mo + - Hence, 
A= git (Mo + 2M) + a *(2Mp + Mp) . — . (19) 
Also, from (ii), 
l, 2 
D’D, — 6ET, =7-(Mp + 2M3) ———— A ° ° e (20) 


Neglecting any bending moment produced by the vertical reactions 
R, and R, in AC and BD, resulting from the deflection A, 


Mc = My, — F,l, + Fil, —z); Mo =F,l,+ Mpg = _ (211) and (22) 
(My — Mois + (Mp — Mp)l,~Flz=0 .  . (23) 
Collecting — . 


Kees ar * (2M, + Mc) + hh Ma 
= — any Me -+ 2Mc) — i *.(2Mc + Mp) — , . (18) 
a sr (Mo + 2Mp) + er. “(Mp +Ms) .  . «(19 
" - er “(Mp +2Mp) . «ee, (20) 

(M, — Mo)lg-+ (Mp — Mp), -Flz=0 . . — . (23) 


The above five equations will give the five unknowns Mg, Msp, Mo, 
Mp, and A; F, and F, can be obtained from eq. (22) ; R, and R, from 
eq. (16). 

Particular Cases.—-(d) If the load F be concentrated at C, z = l,, 
a= 0, and the equations reduce to eqs. (10), (13), (15), (16), and (18) 
of § 110. 

(e) If the load F be uniformly spread over the member AC, z = 1,/2, 
a= — i, Fl,?, = 1,/2, and az = — J, Fl,° [cf. Particular Case (5) above]. 

(f) If l, = 1,, I, = 1,;, 80 that the frame is symmetrical, and the load 
be uniformly spread over the member AC; using the values given in 
Particular Case the five equations become : 





see 
_ Fi 


lle 
A= ent, Me + 2Mp) + str: (2Mp + Ms) ‘ . ‘ ‘ (26) 
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i? 
= A — eer, (Mp + 2Mpg) e e e e e e (27) 
Fl 
M, = Mp + Mc — Mn + ->* e e ° e . (28) 


Eliminate M, from eqs. (24) and (25) by means of eq. (28). Add 
eqs. (24) and (25), and eqs. (26) and (27) ; subtract the Jatter sum from 
the former; a value for (Mo — Mp) is thus obtained. Add eqs. (25) 
and (26), and eqs. (24) and (27); from twice the former sum subtract 
the latter sum; a value for (Mc + Mp) is thus obtained. Mc and Mp 
can now be found; Mg follows from the addition of eqs. (26) and (27), 
and M, from eq. (28) ; A can be obtained from eq. (27), F, and F, from 
eq. (22), and R, and R, from eq. (16). The values are as follows : 


Fl, 161,22,% + 731,1,/,/, + 301,21," 














Moss 1c eee eee . (29 
A 24 (21,7, + Igty)(Li4, + 61,!,) on 
— Fla, sty? + B51 sLol sly + 181,41, (30) - 
a 24 (21,/, + I,f,)(1,/, +- 61,1,) 
Fl,*I, 231,l, + 61,1, 
Se eg ey ee ore ; . (31 
Mo =~ 9a" (oy + Uda + OL) 
Fl,?] 251,1, + 18I,! 
Wig eet pe . (32 
>= 34 Gia + Td) + Oly) es 
F3 Il, + 204 
Ree ae . (38 
16EI, ‘I,J, + 61,4, 2) 
_F 1300,+ 6lg,, . — F 30yl,+ 204), 
eS i  8 hhh 8 
2 
R,=R ise . (38) 


2 LQ + 61,) 


It will be observed that M, and Mp are 
positive moments, and Mg and Mc negative 
moments [see (iii) Fig. 174]. 

112. Lateral Framing of a Bridge.—The 
bending moments induced in the lateral framing 
of a bridge due to cross-girder loading may be 
simply obtained by means of Characteristic 
Points. It will be assumed that the frame 
ACDB, (i) Fig. 175, is continuous, and that all 
the joints are stiff. The area of the bending- 
moment diagram for the cross-girder, (ii), is 
WI,(l, — 15). Hence the heights of the character- 
istic points for this span (see § 75, Vol. I) are 

6 ale _ 2 (moment of thearea of the wee 
eee s 1,2 (ing-moment diagram about a’' 
2 Wi, 

2 


= i, 





Fie. 1765. 





(4-4) = We = & . (I) 
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In Fig. 176, set out the spans AB = |,, BD = 1,, CD = I, as shown, 
and erect the characteristic points p,r, and p,r,, just found, for the span 
AB; those for the spans BD and DC will lie on the datum line AC, since 
these spans are unloaded. Find the intersection points 1, and i,. Since 
the moments of inertia of the three spans are I,, I,, I,, respectively, 

Paks Tata _ Iai og Pata _ ata _ ble 
Psky stg hy’ Pst rs, Id, 
See § 78, Vol. I, at end. 

Suppose that a’b’d’c’, Fig. 176, be the required base line. Since both 
frame and loading are symmetrical about the centre line, it follcws that 
the bending moment at A is equal to that at B, and the bending moment 





Fia. 176. 


at C is equal to that at D. In Fig. 176, a’A = 0’B and d@’D = cC. 
Further, from the theory of characteristic points, 7,7, must pass through 
i,, and q,7, must pass through t,. Then by similar triangles, 


bePq Pale _ Pata _ Pala _ ile 

tD Dd ps sty Ugh 
This relation fixes ¢,, which can be obtained by the construction indicated 
in Fig. 176. A definite point ¢, on the base line is now known. Join 
r,B, draw t,t, and produce it to cut r,B in 8, (cf. Fig. 71); s, is a point 
on the base line a’b’ which can be drawn in (a horizontal line); draw 
b’t,d’ and d’c’ ; then a’b’d’c’ is the complete base line, and the bending 
moment everywhere is determined. 

This construction can be used for a double track railway bridge if 
both tracks are equally loaded ; the characteristic points are found from 
the area of the cross-girder bending-moment diagram as indicated above. 
It breaks down if the conditions are unsymmetrical. 

113. Networks. Moment Distribution.—(i) Fig. 179 illustrates a typical 
network of beams and columns such as might form part of the skeleton 

s 
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of a steel-framed building. As normally constructed, with bolted or 
riveted cleats, the joints between the beams and columns, although 
possessing considerable stiffness, cannot be considered as rigid (§§ 378 
and 378a). Usually the beams are treated as isolated spans. When for 
the purpose of resisting wind pressure. or due to the nature of the 
construction, stiff joints are introduced, an exact and complete solution 
is possible, but becomes very laborious if there are a Jarge number of 
bays. The problem may be solved by slone-deflection methods, § 105 
(sce for example Wilson and Maney! and Wilson, Richart and Weiss 2), 
or the Moment Distribution method of Hardy Cross !% may be applied. 
In certain cases. the tabular procedures of Takabeya and Unoijd % 
possess advantages, and Bateman *8 has adanted,strain-energy methods 
to give a practicable solution. Model analvsis, § 280, has also been 
pressed into service. Usually, however, in prartical cases, simplifying 
assumptions are nade as to the points of inflection and load distribution ; 
‘for a discussion of such practical methods Fleruing’s book, Wind Siresses 
an Buildings (New York, 1930), may be ccnsulted; see also Bib., 
Chapter ITI, Ref. No. 30-41. 

For frames with semi-stiff joints, see Baker.*4 

Moment Distribution.—The method of moment distribution for treating 
stiff framework, mentioned above, is a procedure in which, by successive 
arithmetical approximation, the node-pnint moments in a network can 
be found with sufficient acenracy for practical purposes. For a frame 
in which the node points are all fixed in position, and the I of each member 
is constant throughout its length, the theory is as follows : Imagine that 
all the node points in the framework are prevented from rotating. Each 
member will then be direction-fixed at its ends, and the end fixing 
moments of the loaded spans can be calculated in the usual way; the 
end moments of the unloaded spans will be zero. Next suppose that one 
of the nede pots 1s released, the others remaining direction-fixed. The 
bending moments at the node point at the moment of release will, 
generally speaking, be unbalanced ; that is to say, if clockwise moments 
be called positive and anti-clockwise negative, the algebraic sum of the 
moments at the node point will show a resultant moment in one direction 
or the other. This resultant moment will bend all the members which 
meet at the node point through the same angle; they will share the 
moment in proportion to their stiffness, which may be defined as the 
bending moment necessary to produce unit rotation of the end of a 
member, i.e. as M”’/o, where M” is the end bending moment acting on 
the member and o the angular change which it produces. But from 
eq. (7), § 105, M’‘o is proportional to I/L; therefore the unbalanced 
bending moment at the node must be distributed, i.e. apportioned, 
among the members which meet there in proportion to the different 
values of [/L. But it follows from eq. (6), § 105, that in a uniform beam, 
merely supported at one end and direction-fixed at the other, if a bending 
moment M” be applied at the supported end of the beam, it will induce 
a fixing moment M”’/2 at the other. If, therefore, a bending moment M” 
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is distributed to one end of a member, a bending moment M’/2 must be 
distributed to the other ; this step is termed the carry-over. The following 
procedure, therefore, is to be applied in turn to every node point: 
(a2) From the algebraic sum of the direction-fixing moments there, the 
unbalanced moment must be found. (b) This moment must be dis- 
tributed among the members meeting at the node in proportion to the 
values of I/L. (c) Amoment equal to one-half the value of the distributed 
moment must be carried over to the other ‘end of the member. Due to 
the carry-over, there will again be unbalanced moments at the node points, 
and steps (a), (6) and (c) must be repeated several times until the want of 
balance is negligible. The method is best illustrated by an example : 
Let CDE, (i) Fig. 177, represent a continuous beam merely supported 
at C, direction-fixed at E, and loaded as indicated. The value of I/L 
for span CD is 300/288 = 1-042 and for span DE is 600/384 = 1-563, 


Mod e— Mle (i) MiG Me 
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the ratio being 2:3. Make a table, p. 260, with a column for the moment 
at the end of each member, and a column at each node point for the 
unbalanced moment (U.M.). The symbol Meg denotes the external 
moment at node C acting on the member CD, (ii) Fig. 177. Clockwise 
moments are +, anti-clockwise —. It is convenient to indicate the ratios 
I/L for the different members. Calculate the direction-fixing moments 
at the end of each span and enter them in the top line. For the uniform 
load, the direction-fixing moments are WL/12, and for a concentrated 
load, M’l,/L and M’l,/L, where M’ = WI,I,/L is the bending moment 
under the load when the ends of the span are freely supported (see p. 148, 
Vol. I). 

Step (a).—Calculate the unbalanced moment at each node point, 
i.e. the algebraic sum of all the D-F moments there, enter it in the column 
marked U.M. 

Step (b).—Distribute this moment among the members meeting at 
the node point. At C there is only one member CD, merely supported 
at C, so that this must carry the whole unbalanced moment 384 inch-tons. 
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At D, the U.M. = 640; CD and DE meet there, and this moment must 
be divided between them in the ratio 2:3 (see p. 259), ie. DC carries 
266 and DE carries 384. At E the member is direction-fixed, so that this 
node is not released and there isno U.M. Enter the distributed moments 
in their appropriate column, changing the sign.* 


Units: tons, inches, inch-tons. 







D (continuous). E ra 


aii ai ' 
ee ea worn nen gamrenaaeh ee -Teeener es er 





C (supported). 
Node Point. |{- 


Ratio I/L 

















D-F moment | — 384 | — 384 re ce 1024 | — 640 
Distribution (6) | + 384 384 
Carry-over (c) + 128 | + 128 192 0 
(b) — 128 —115-2 
— 38:9 | — 38-9 0 
+ 38-9 38-4 
+ 12-8) + 12-8 0 
— 12-8! 11-6 
— 3-9:— 3-9) 0 
+ 3°9 | 3°8 
+ ce + 1-3 | 0 
= 1-3 1-2 
— 0-4/— 0-4 0 
+ 0:4! 0:3 
. a 0-0 | — 728-5 
er 0 — 728-3 





Step (c).—Carry over a moment of half the magnitude of the distri- 
buted moment to the other end of the beam. The first distributed 
moment Med is + 384, so that + 192 is added to Mdo and so on. On 
examination it will be seen that the sum of the node point moments in 
the first two lines in the Table exactly balance, but the moments carried 
over are out of balance. There is an unbalanced moment of + 128 at C, 
and of + 192 at D. Hence steps (b) and (c) must be repeated again and 
again until the want of balance becomes negligible ; the algebraic sums of 
columns Med, Mdc, Mde and Meg then give the bending moments at the 
nodes. It will be seen that the values obtained are very nearly exact. 
This method may be applied to networks ; see a worked example below. 

It may also be extended to apply to cases such as that shown in 
(i) Fig. 178, in which the node points are not fixed in position. Suppose 
first that the ends of all the members are held fixed in direction. Each 
vertical will then take the shape shown in (ii). Equating the + and 


_.1® In order that the algebraic sum of the moments in each column may give the 
ting moment. Thus at D, Mg = -- 1024 loses ~ «- 384 and becomes ~ 1024 + 


s —_ 
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- moments on CH, Mc + Mic = — FL, and since from symmetry 
Mch = Mic, Meh = Mac = — F,L,/2, while the ends remain fixed in 
direction. From § 63, Vol. I, the deflection of C relative to H is 


A= a = wat and F, = ia where c= 12EA. Since A must 
be the same for all verticals, c is a constant, and 

F=F,+F,+F,=c 14 Gta whence, R= pdt Dy! 
Mad = Ma = —=S*t= — 4+ Ey 3 Mog = Mgt = _ Fl xt, 
and Mc, = Mie = — oc + uo If L, = L,= Ly, Mad = ar and 


so on. In the direction-fixed condition, if there are no vertical loads, 
all the moments in the horizontal DGH are zero. From these equations 
and the data given in the figure, the D-F moments can be calculated and 
entered in the Table, p. 262; the distribution as far as the first step (c) 


= 144 . 
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follows as before. At this point a modification is necessary. For equi- 
librium, the sum of the moments top and bottom of all the verticals 
must be zero (see for example Fig. 169). As the result of steps (6) and 
(c) certain moments have been distributed to the verticals, of which the 
sum will not be zero. Add these moments for each vertical and enter the 
sum (b) + (c) in the U.M. column in step (c) (the figure should be enclosed 
in brackets). Thus for vertical AD the sum is 0 + 59-1 == (+ 59-1) at 
the bottom and 0 + 118-1 = (+ 118-1) at the top. For the bottom 
of BG the sum is + 339-6 + 60-0 = (+ 399-6), and at the top + 119-9 
+ 169-8 = (+ 289-7), and so on. Add all the moments in brackets ; 
their sum is + 1308-9. Divide this moment between the verticals in 
proportion to the values of I/L?, changing the sign (see the equation for 
Mad = Mda above, which moments are proportional to I,/L,?). For 
this purpose the values of I/L? for the ends of each vertical are given at 
the head of the table. The moments thus distributed are entered in 
step (d). The sum of the ratios I/L? (top and bottom) is 37-52, and 
4/37-52 of — 1308-9 = — 139-6 is distributed to the top and bottom 
of AD, and so on. The U.M. moment for step (c) is next calculated as 
before, to which is added the moment just distributed to the vertical. 
Thus at D, 0 + 49:9 — 180°6 = — 89:7; at A (D-F), UM. =0. 
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The sum is entered in the U.M. column, step (d), and distributed in the 
usual way, step (0), the whole process recurring. When the true moments 
have been found by adding up the columns of the Table, the values of 
F,, F,, F;, and A can be calculated by considering the equilibrium of the 
verticals. 

The above process may be extended to treat cases such as (iii) Fig. 178, 
where the loading is vertical but unsymmetrically applied, and/or the 
frame is unsymmetrical. Assume that‘the frame is prevented from 
detlecting sideways, i.e. that the node points are fixed in position, and find 
all the node-point moments, either by moment distribution, characteristic 
points or otherwise. it will be found that the sum of the moments thus 
obtained, top and bottom of the verticals, Mad + Mda + Mog + Mg 
+... 2M, is not zero. Divide the SMy between the verticals in 
proportion to the values of I/L?, changing the sign as above, enter them 
in the top line of a table, and find the moments at all nodes by moment 
distribution as on p. 262. Add these algebraically to the position-fixed 
moments at the nodes, to obtain the true moments in the frame. 

Use of Characteristic Points ——If the node points be fixed in position, 
the method of characteristic points may be applied to networks.* 

Consider ZA, (ii) Fig. 179, any one of the unloaded spans attached to 
the loaded span at A. From eq. (4), § 105, if o, be the slope of this span 
at A, 

ov, = ser (Mz’ r 2M,’ )s 
a single dash denoting that all the symbols have reference to span ZA. 
Let Mz’ = k’M,’ ; where k’ is a coefficient depending on the end conditions 
at Z. Then, 
LM,’ 
6EV 


The normal shape of the bending-moment diagram for span ZA will 
be as shown in (iii) Fig. 179. There will be a point of inflexion at (’; 
hence Mz’, and therefore k’, will be negative. (In cases wnere the beam 
is cantilevered over the support Z, Mz’ and &’ will be positive.) Let the 


—--(k’ + 2) : ‘ : . (I) 


Ca = 


distance Zt’ = v’; then k’ = — v’/(L’ — v’). If tne span ZA is merely 
supported at Z, v’ = 0 and k’ = 0; if the span is fixed in direction at Z, 
z‘a’ will pass through the characteristic point 7;, v’ = L’/3, and k’ = — 34. 


If the span ZA is continuous with another span ZY, iength L’, the point ?’ 
must be fixed by the Ostenfeld construction shown, (v), but for this purpose, 
to allow for different values of I, the span L” must be adjusted in length 
as explained in § 78, Vol. I; the udjusted length is L” x I’/1”. In (ili) 
Fig. 179, assuming that the span YZ is merely supported at Y, it may be 
shown from the geometry of the figure that 
4 (L’)? ‘ 4 v news 7 Lo — 9 

v Ot a SL and k eT gy 9(L + L’) : (2) 

a See Salmon’s ‘Characteristic Points,’ Select. Pap. 1.C.H., No. 46, 1927, 
Pp. 19, 
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a simple formula from which i’ is at once determined. L” is here the 
adjusted length. If the end conditions at Y are otherwise than merely 
supported, the point ¢” for the span YZ must first be determined, and 
the distance ¢”Z substituted for L” in eq. (2). Thus, if the span is fixed 
in direction at Y, t’Z = L”. If the beam is continuous with a further 
span XY, ¢” must be obtained by the Ostenfeld construction, using 
adjusted lengths of span, or a previous application of eq. (2) may be made. 
For many practical problems the girder may be taken as merely sup- 
ported at Y, whatever may be its true condition. It may be shown (I.c.) 
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that the difference in effect on the loaded span is negligible, whether Y 
be merely supported or fixed in direction. 

x s 6EI’o A 

From eq. (1), Ma = (k’ OL ‘ . . . (3) 

If there be a number of spans all rigidly attached to A, so that at 
support A each bends through the angle o,4, (iv), it follows that M,, the 
total support moment for the loaded span AB, is the sum of all such 
moments as M,’ in all the unloaded spans attached at A, 


M, = 2M,’ = a {6EV’o, /(k’ +- 2)L’} . . ° (4) 


Suppose now that the network to the left of A is replaced by a single 
unleaded span AG, of length Le, merely supported at G, (vi) Fig. 179, 
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and with a moment of inertia I, so chosen that it exactly reproduces the 
effect of the complete network it replaces, M, and o, remaining as before. 
Then, as in eq. (3), since ke = 0, G being merely supported, 


6Eleo,  3ETeo, 


ME lg tg ND 
Equating the values of M, from eqs. (4) and (5), 
_y! an 3Eleo, ate | a 
Ma= pyran} 7 n. * OME eran): 


From eq. (2) the value of k’ for each attached unloaded span can be 
found, and hence Ig/Le can be calculated. From the considerations of 
§ 78, Vol. I, it is immaterial what value is given to I, provided that the 
ratio I¢/Le is correct. Make Ie = I, the moment of inertia of the loaded 
span. Then the span AG is given by 


I 
le~ssayweaiy: °C 
In an exactly similar way the equivalent span BH = Ly, replacing the 
network to the right of B, can be found. The complete bending-moment 
diagram can then be drawn, and the values of M, and Mg obtained. 
The bending moment M,’ at the end of any one of the unloaded spans is 
given by 
al I’ /(k’ + 2)L’ 21’Le (8) 
“Se + QL" WF 
and similarly for me . Knowing the values of M,’ and M,’ the bending- 
moinent diagrams for the complete network can be set out. 
It may be shown from the geometry of the bending-moment diagram 
for spans GA, AB, BH, that 


My = — Myp = 3E{L2hs — Ay) + zp) 





~ 4(L+ Le)(L + Le) 
Mg = + Mpg = 3v{L(2h2 = Aa) + 2Lehs} | 





(9) 


and 


ne oe er 


4(L + Le)(L + Le) 
where h, = pr, and h, = p,r, are the heights of the characteristic points 
for the span AB, and Le, L, and Lf are the lengths of spans GA, AB, and 
BH, respectively. Each loaded span must be separately considered 
and the results combined. 

Worked Example——As an example of the methods of solution for a 
simple network, the case illustrated in Fig. 180 will be treated (i) by slope- 
deflection methods, (ii) by the method of moment distribution, and 
(iii) by the use of characteristic points. 

From eqs. (25) and (26), § 105, the slope-deflection equations are 


ORI | 3A) 2af, 38} 

Mad = “7 |2ea + OB — iy at : . (25) 
2EKI 3A 2a (3% 

Mba = “L {en + Jon — =| mt L Fe = i e . (26) 
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In this case the node points are fixed in position and A= 0. For 
span CD, WL/8 = 576, WL/12 = 384; for span DE, M’ under the load 
= 18 x 128 x 256 = 384 = 1536; M,” = 1536 x 256 + 384 = 1024; 
M;” = 1536 x 128 ~ 384 = 512; units inches, tons. If, in eqs. (25) 
and (26), 04, og and A arc all put equal to zero, the span must be direction- 
fixed at its ends, and 


. 2a . ae; ! 
= = {2 — —-}: === s —- — |; 
Mat ct Eth Mo=- EP VE-Y 


are the direction-fixing moments M,” ana Mg” at the ends of the span, 






] = 300 ~) 16 Tons 


is douse ea 


j 1” 
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le, -+ 384 in span CD and — 1024 and + 512 in span DE, which deter- 
mines the values of the terms containiug % Apply eqs. (25) and (26) 
to each span of the frame in turn : 


Span FC, direction-fixed at F, oy =0; I/L = 50/144; unloaded, 
a= 0. 
2 x 50K 2x 50E 
Myc "144 {0 + Sc}; Mef = ~ 44 10 + 2o¢} - (10) 


heace Me = 2Mfe. 
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Span CD, 1/L = 300/288 ; My” = — Mp” = — 384, 


2 x 300K 
Med = —ggg— {200 + op} — 384 


2 x 300E 
Mae = = — {00 + 2op} + 384 


Span GD, direction-fixed at G,og = 0; I/L = 50/144; unloaded, a = 0. 


Mga = =~ {0 + op}; Mag = “+ OF (04 200} . (12) 


hence Mgg = 2Mgq. 


Span DE, direction-fixed at E, og = 0; I/L = 600/384; Mp” = — 1024; 
Mr” = + 512. 


. (11) 





Made = oP (on + 0} — 1024 
_ (13) 
E 
Med = eR {op + 0} + 512 


Further, since the ces sum of the moments at any node point 
must be zero, 


Mef + Med = 0; Mdec + Mdg + Made =O «~~ . (14) 


From eqs. (12), (13) and (14), 

144 384 | | _ 
SD = — 50905 Mdg = 34008 (Me + 102 ;and Mag = Mdc + Mae. (15) 
whence 9Mdc + 11Mde + 2048 = 0 : i . (16) 


From eqs. (10), (14), (15) and (11), 


144 144 
Cc = 500K Mcf = ~ 900K Med . ° ° (17) 
600E { 288 384 
Med + 384 = S35” | 200m 4 + ago (de + 1074) 
whence 12Med — Mde + 128 == 0 . : . (18) 
From eqs. (11), (17) and (15), 
600E 
a = ) 
e Mdc — 384 O88" | 5058 500E ———Med + Soon Mae + 102 4)} 
whence 6Mdec + 9Mcd — 4Mde — 6400 = 0... : . (19) 


Solving eqs. (16), (18), and (19) as simultaneous, 
9Mdc + 11Mde + 2048 = 0 
6Mac + 9Mcg — 4Mde — 6400 = 0 
Med = — 72:6; Mde = + 680°3; Mde = — 742-8 
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whence from eqs. (13), (14), (10), 2Megd = Mde + 2048, and Meg = 652°6 ; 
Mof = — Mcd = + 72-6; Myc = $Mof = + 36-3; Mag == — Mdc — Mae 
= + 62:5; and Mgq = $Magg = + 31-3. Knowing the node-point 
moments, the bending-moment diagrams for each member can be set out. 


ei Soe ee 


The tabular calculation for the moment distribution method is given on 
p. 269. The direction-fixing moments M,” My,’ for the spans CD and DE 
have already been calculated and are given 1. the top line. The values of 
I/L for the different spans are as follows : FU and GD = 50/144 = 0-347; 
CD = 300/288 = 1-042; DE = 600/384 = 1 568; ratios2:6:9. The 
process is exactly similar to that on p. 260. 

The two methods evidently agree ve.. v closely. 


eee 


Treating the same problem by the method of characteristic points, 
it is first assumed that only -pan CD js toaded. To the left of C, (ii) 
Fig. 180, the only span is FC, for which &’ = — 4, since F is direction- 
Axed, and from eq. (7), 
Le = I _ 300 sip 
SSE + HL} = @ x BO) = WB x 14d) = 
To the right of D, (ii) Fig. 180, spars DG and DE are direction-fixed 


48 


at Gand I respectively, therefore k’ = -- } for each, and from eq. (7), 
390 a 
Ly => { 50 ~ 600 = 117 °8 


(1-6 x 144 7 1-5 x 384; 
For the loaded span CD, L == 288, and the heights of the characteristic 
points are pyr, = h, = per, =- hy = WL/12 = 384. Then from eq. (9), 
— Med = 121:0; Mdc = 366-0 
These values can be checked graphically in the usual way. 
Mef = — Meg = + 121-0; Mfc = 4Mcf = + 60:5. From eq. (8), 
Mie = — Mac 2I’L¢ 366 x 2 x 600 x 117°8 


(E+ 2)fk’ ~~ ~ 1-8 x 300 x Bea = 7 2005. 
Mdg == — Mdc — Mde = — 366-0 + 299-5 == — 66-6; since E and ( 
are direction-fixed, Meg = }Mde = — 149-8; Mgd = $Mag = — 33-2. 
Next assume that only span DE is loaded. The network to thé left 
of D is shown in (iii) Fig. 180. The I of CD is 300, and that of FC is 50, 
hence the adjusted length of the latter, altered in this ratio, is 144 x 300 /60 
= 864. Since F is direction-fixed, the support moment line passes 
through the adjacent characteristic point, and the Ostenfeld construction, 
(iv) Fig. 180, starts at p, =: r,. From this construction * Ct = 38-4, 


4 


* \f preferred, C# can be calculated from the expression yO LLG 


L’ 19 the adjusted length. 
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Di = 249-6, and for the span CD, k’ = — 38-4/249-6 = -- 0-154, 
whence (k’ + 2) = 1-846. For the span GD, k’ = — }, since G is direction- 
fixed. Hence from eq. (7) 


a I 600 


Sosa a. 300 50 
E/E + NL) 2 eae soem + ETH 


On the right-hand side there is no network and the beam is direction- 
fixed at E. Hence the equivalent span L i: “ero (only true when the end 
is direction-fixed). The heights of the characteristic puints for the span 
DE are pr, = h, = 853:3 and pr, = h, = 682-7, exsily found from 
the direction-fixing moments 1024 and 512 previously given, or calculated 
direct. Using these values in eq. (9), 


= 377:0 





Mae = — 443-5; Med = 802-3 
These results may be checked graphically. From eq. (8), 
ge, Le gag 2 800X877 sek: 
Mde = — Mde gs -oyity = 44° © 1. sae x 600 x 208 ~ + 3145: 


Mea = — k’Mde = 0-154 x 314-5 ~ + 48-4; Mag = — Mde — Mac = 443-5 
- 214-5 = + 129-0; Mgd = 4Mdg = | 64:5; Mef = — Meg = — 48-4; 
Mie = sMef — — 24-2. 
Adding the moments for the two load conditions, 
Mfc = + 60-5 — 24-2 = + 36:3; Mef = + 121-0 — 48-4 = + 72:6 
Mcd = — 121-0 + 48-4 = — 72:6; Mdc = + 366-0 + 314-5 = + 680-5 
Mod = -- 33 2+ 64-5=+4 31:3; Mag = — 46-54 129-0 = + 62-5 
Mde = — 299-5 — 433-5 = — 743-0; Med = — 149-8 + 802-3 = + 652-5 
These values agree closely with those found by the other methods. 
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114. Secondary and Deformation Stresses. Effect of Stiff Joints.— 
The conditions, § 3, necessary to enable the forces in the members to be 
determined by statical considerations are fulfilled in very few frames in 
practice. The joints usually possess a considerable degree of stiffness, 
which stiffness, when the frame deforms, sets up bending moments in 
all the members, producing deformation stresses. The centre lines of the 
members frequently do not meet in a common point at a node, whence 
result other secondary bending moments and stresses. The horizontal 
members are stressed by their own weight, and no member can be 
made perfectly straight. The stresses which occur owing to these and 
other like causes are called secondary stresses, and they increase or 
decrease, depending on their sign, the primary stresses produced by the 
longitudini loads in the members. 

It is possible to estimate the magnitude of the secondary stresses 
by making certain simplifying assumptions, but the problem is compli- 
cated hy the fact that the joints are not perfectly rigid and the degree of 


SECONDARY STRESSES 271 


Btiffness is difficult to determine. Also the difficulties are increased by 
the interaction between the primary longitudinal forces and the effects 
of the secondary bending moments, which may Increase any original 
‘curvature in the member, an important consideration in the struts. An 
exact treatment is necessarily very involved, and is usually not attempted. 
Experience has shown that in small frames the seccndary stresses may be 
neglected. When it is desired to take the deformation stresses into 
account, it is common to assume that the joints are perfectly rigid. 

115. Calculation of Deformation Stresses.-—Hor the purpose of com- 
puting the deformation stresses 1n a braced frame, it will be assumed 
(i) that the joints are verfectly stiff, (i) that the effect of the longitudinal 
load on the deflected member may be neglected. 

Sappose that A and B be two node points in a framework of which 
the joints are frictionless hinges, and that the centre line of the member 
AB coincides with the streight Jine 
joining A to B. Should the frame 
distcrt, A will move to A’, B to P', the an 
centre line of the member will vtill (eee 
evincide with the straight line joinmy ae SS 
the two nede points, the member making 
the small angular movement recersary. Te a, i) 


In a frame in which the joints are Le | 
rivid, this angular movement would, in g 
part. be prevented, due to the stiffness (11) 


of the adjacent members. It follows 


7 eee reels 


that when the frame distorts, each % 
member must bend, taking one er other (iV) 
of the shapes shown in (i) or (ili) Fia. 18]. 


Fig. 181. If the tangents to the ends 

of the curved centre line A’B’ make angles oab and oba with the 
straight line joining A’ to B’, the bending moments acting at A’ and B’ 
are given by eq. (5), § 105, 


2KI 2EI 
Mab = -- “77 (eab +- aba); Mba = 4- 7 (gab + 2cba). 


Mab and Moa are to be regarded as moments external to AB, imposed 
on that member by the rest of the framework, analogous to the direction- 
fixing moments in a direction-fixed beam. The notation adopted should 
be observed. The first suffix denotes the node point, the second deter- 
mines the particular bar. It will be convenient, when considering these 
moments, to adopt the convention that clockwise moments are positive 
and anti-clockwise moments negative, irrespective of the manner in which 
they deflect the member. May in Fig. 181 must then be regarded as a 
negative moment, and given a negative sign, when the minus sign will 
disappear from eq. (5) above mentioned, which will become 


El 2ET 
Mab = oF" oad + oba); Mba = 7 (ead + 2oba) - (1) 
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The angles og} and ofa must be found from the deformations pro- 
duced in the framework. They can be calculated either from the elonga- 
tions of the bars, or from the displacements of the node points. Both 
methods are given below. As in the case of the moments, it will be 
assumed that + o is an angular displacement in a clockwise direction, 
measured from the straight line joining the displaced node points A’B’. 

116. Calculation of Deformation Stresses from the Elongations.— 
As a preliminary to this method, it is necessary to determine the 
alterations in the angles of a triangle due to alterations in the lengths of 
its sides. It is convenient for this purpose to use the ordinary trigone- 
metrical symbols. Let ABC, (i) Fig. 182, ke the triangle, a, 6, and c its 


A 





Fie. 182. 


sides, A, B, and C, the opposite angles. Suppose that, due to some cause 
or other, the sides lengthen to a + da, b + 5b.c + 8c; and that conse- 
quentially the angles alter to A+ 5A, B+ 5B, and C+ 6C. From a well- 
known trigonometrical theorem, 
iene ae 
2bc 

Differentiate with regard to A, treating a, 6, and c as functions of A, 
for the magnitude of 5A will depend on the alteration in the length of 
each side, 





ed 








db 6.8 de .66 2a.da 
— Asin A= PA FSR at + 
the a OG ee 7 | 
2 sin A bc a) bc '¢ bc 
b Cc 


a 
sn A sinB sinC’ a=bcosC +c cos B; 
oe 

be sin A 


Using the relations : 


BA = | 5 oot © ~ cot B+ 
c 
a b 


5A, thus determined, is the alteration in the angle A due to the altera- 
tions in the lengths of the sides. Since 8a is the alteration in length of 


bY 


dc ( 
= [e - Fh oot B+ 1 — P| cot 0 : ‘ ~ (I) 
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the side a, 5a/a is the strain in the bar BC = fg/E, where fg is the stress 
in this bar, and so on for the others. Therefore, 


oA = alfa — fe) cot B + (fa — fo) cot C} 


Similar expressions can be obtained for the alterations in the other 
angles, hence 


6A = ila — fc) cot B + (fa — fb) cot C} 
BB = (fo — fa) cot C+ (fo—fe) cot AH} =. 


éC = allie — fo) cot A+ (fc — fa) cot B} 


Since the three angles of the triangle must equal two right angles, it 

follows that 
6A + 6B + 6C = 0 ‘ ; . (3) 

From these formulae the alteration in the angles of any triangle in a 
framework can be calculated from the alterations in the lengths of its 
sides. 

Temperature Changes.—lIf a bar of length J be subjected to an increase 
in temperature é° in addition to a stress f, the alteration in length is 
sll 
a is the coefficient of linear expansion per degree. Thus, for the bar BC, 


31 =F atl; and 


if tq be the increase in temperature, . = al fa + atgE), and so on for 
the other bars of the triangle. Eq. (2) will then become 


SA = allie + ataE) — (fe + atcE)} cot B 


+ {(fa + ataE) — (fo + atpE)} cot C] - . + &) 
and similarly for the other members of the equation. 

It will be evident that if ¢ be the same for all the bars, 6A, 5B, and 5C 
will be unaltered by the change in temperature. 

Deformation Angles.—Let A’B’C’, (ii) Fig. 182, represent the position 
of the three nodes of the triangle ABC after the deformation has taken 
place. If the joints at A, B, and C were frictionless pins, the bars of the 
frame would be represented by the straight lines joining the points 
A’, B’, and C’, and the included angles would change to A’, B’, and C’. 
If, as now assumed, the joints are perfectly stiff, the angles A, B, and C 
must remain constant, and the bars must bend, as indicated in the figure. 
For the purpose of this analysis it will be suppused that the angle a is 
positive at each node, as shown in (ii) Fig. 182, i.e. that o, measured from 
the straight line joining the displaced node points, is an angular displace- 
ment in a clockwise direction. If the value of o is found by calculation 
to be negative, it implies that the angular displacement is anti-clockwise. 

T 
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Consider the angle at A’. Since the connection between the bars is 
perfectly rigid, the angle between the tangents to the bent centre lines 
at A’ must remain constant, and equal to the angle A, as indicated in (ii). 
_ It follows that the angle A’ = A+ oac -- cab; or A’ -- A=8A = Gace — cab, 
and similarly for the other angles. Therefore, 

5A = gac — vb; 5B = oba abe; 8C = och — Oca . . (5) 


and from eq. (3), 
Sac — Gab + Gba — Gbe + Och — Oca = A+ 5B + 8C=0 . (6) 
If Mab be the bending moment actine on the member AB at A, result- 
ing from the angular distortion oaj; and that at B, due to aba, be 
Mba; from eq. (1), § 115, 
lab 


= 2ETab 


Mab = (20ab + Gba); = “Iba = i (cab + 20ba) . (7) 


from which, 
lab 2 : 7 lab ¢ 

Cab = GEL, 7 — Mba); ob¢ =~ 6ET,5 eee Mab) . (8) 

further, however many bars meet af a node point such as A, 
L6A - Lo ; ; ; : . (9) 
Due consideration must be given to 
signs. Thus in Fig. 183, 
6(BAC) -+ 8(DAC) 

= (sac — Gab) + (Gad — Gac) 
and so on 

Unless an applied bending 
moment act at the node, the sum 
of all the bending moments acting 
on the meiubers meeting at the node 
must be zero : Fie. 183. 

Mad =Q, e (10) 

The above equations, applied successively to every triangle or node 
in the fraine, suffice to determine all the unknown bending moments 
Mad é. ee fe 

Worked kxample.—As a simple application of the above theory, the 
deform: tion stresses which would be induced in the frame shown in 
Figs. 23 and 184, § 12, were it constructed with stiff joints, will be 
determined. From § 12, AB = 100 in.; AC = 80 in.; BC = 70 in.; 
Ce’ = ¥-0308 in.; Cc” = 0-0151 in. Suppose that Ige = 0-8 in‘; 
Toc = 2-8 in.*; then the values of 2EI/I are as follows : 


for the bar AC, 2EI /1 = 2E x 0-8/80 = 0-02E 
for the bar BC, == 2E x 2-8/70 = 0-08E 


From the trigonometry of the figure, 
cot A = 1-035; cot B = 0-764; cot C = 0:118. 
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Tn eq. (1), 
Sa ~ 00-0151 8b 00308 sO 
w= — ae = — 0000216 ; = = — ge = + 0-000385; — = 0; 


whence, 5A = — 0-:000236; 6B =- + 0:-000469; 8C = — 0:000233; so 
that eq. (3) is satisfied. 
From eq. (5), 
dA = OCuc — Jab = — ()-000236 
6B = oby -- Obe = + 0:000469 
oC = Och — Oca = — 0-000233 
Since AB is a rigid wall, og> = oba -: J, and ogc = — 0:000236 ; 
Obc = — 0:000169. From eq. (7), 


2E 
Mcb = “1 lobe + 2acb) ; 
io 


Mea = ->- (oac + 20¢ca) ; whence, 
lac 
Mech _ Mea 
0-08E 0-:02E 


== Obe — Gace + 2(Gch — Gea) ; 
from eq. (10), Mea + Mcb = 0. 
Putting in the known values of vac, 
Bbc, and (ach — Gea); 
Mech = — 0:145 in.-tons ; 
Mca = + 0°145 in.-tons ; 
if EF = 13,000 tons per sq. in. 
From eq. (7), see above, 





Mca . loa _ Nes | F 
= 0-000398 ; 1a. 184. 
and Mac = a + Oca) = -— 0:019 in.-tons. 
Me . ) : 
= — - «= -+ 0-000165 
Ocb a ok. a . ee f 
and Mbc = 0-08E(20bc + och) = — 0-803 in.-tons. 


The values of the secondary bending moments are therefore, 
Mac = — 0-019; Mea = + 0°145 
Mbc = — 0°803; Mcb = — 0°:145 in.-tons. 

The corresponding stresses can be found from the section moduli of 
the cross-section, and combined with the longitudinal stress in the usual 
way (cf. J 9, § 118). 

117. Calculation of Deformation Stresses from the Displacements.— 
In the case of triangulated framework, such as ordinary lattice girders, 
the deformation stresses are most conveniently found from the displace- 
ments of the node points by «& method due to Mohr.*6 37 Let AB, (i) 
Fig. 185, be the original position of a member of such a frame, and A’B’ 
its shape and position when the frame has distorted. The movements 
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AA’ and BB’ are the displacements resulting from the distortion of the 
frame, and can be found by the methods of Chapter I, § 12 et seg. The 
curvature is due to the stiffness of the joints. As before, let the angle 
between the straight line A’B’ and the tangents at the ends of the bar 
be gab and oba; iet the corresponding bending moments acting on the 
member be Mab and Mog. The relations between these angles and 
bending moments are given by eq. (1), § 115, 


2EI 2iéI 
Mab = ae (20ab -+ 76a); Moa =: - . (cab + 20ba) » (1) 


A clockwise bending moment is considered as positive. 

In moving from AB to A’B’ the member rotates through an angle #, 
which will be considered positive i! 
it take place in a clockwise direction. 
Let the angles between the origina! 
position AB and the tangents to the 
curve at the ends of the member he 
¢a and gg respectively, as shown in 
(i) and (ii). Like %, the angle ¢ 
will be considered positive when it 
represents a rotation in the clock- 
wise direction. All these angles will 
be very small, and it is unnecessary 
to distinguish between the angle a cies 
and its tangent. Then ene 


fa = b+ Cab; da = + Oba : ‘ . (2) 
These equations hold equally well in cases Lke that of A’, (ii) Fig. 186, 


where both dg and oab are negative, p besay positive. From eqs. (1) 
and (2), 





JhI 2Ei 
Mam") E2Uba- © (bo ~ W} = 7 Oba bbe — BP. (8) 


2KL 2KI 
Mer da - Pda Wh = tbat bw -- Bh}. 4) 


Let (i) Fig. 186 be part C G Mac M 
of a triangulated frame (1) dg 
The secondary — bending 
moments at any panel point D 
such as D will be as shown 3 - i Map ana 


at (iii) (Some will be nega- 

tive); and since this point 
remains in equilibrium under these moments, it follows that 

2&M -= Mah -+ Mdg + Mde + Mab = 0 . (5) 

* In (ii) Fig. 186 the moments shown are external to the member (cf. Fig. 181 


ail the aceompanying remarks on notation). Thus the moment Mg acts at D 
«nd tends to make DB convex upward. 
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As before, an external clockwise moment is considered positive. For 
each member of the frame, equations like (3) and (4) can be written down, 
and for each panel point an equation like (5). If, as assumed, the joints 
be perfectly rigid, the value of ¢ is the same for the ends of all members 
meeting at any one panel point. The value of # is different for each 
member, but it can readily be found from a Williot diagram (see the worked 
example, p. 279); or, having determined the displacements of all the 
panel points by the methods of § 12, the | 
values of 4 can be calculated as follows : 
Let d2q and dyq be the horizontal and 
vertical displacements of the point A, and 
5xb, Syb the corresponding displacements 
of the point B, (i) Fig. i187. In (ii) draw 
AB” parallel and equal to A’B’. Then 
the angle BAB” is the angle %, and if 
the small extension of the rnember be neg- 
lected, 4 = BB’ /l. From the geometry 
of the figure, BB” is made up of two 
parts such that 
BB” = (8yp — dyq) cos 8 + (8x) — 5x) sin 8, 
where @ is the angle which AB makes 
with the horizontal. Hence, 


yp = yb — 84a) cos 8 : (8xp — Sta) sin G -  . 6) 





Fic. 187. 


If 0 be very small, = (Sy) — dya)/l. If the correct signs be given to 
dy and dz [all shown positive in (i) Fig. 187], eq. (6) determines auto- 
matically the correct sign for ¢. 

As will be seen later, eqs. (3), (4) and (5) suffice to determine the 
values of ¢, and hence the unknown bending moments. 

Worked Example.—The deformation stresses in the frame of Figs. 28 
and 184, and § 12, supposing it made with stiff joints, will be determined 
by the above method as an example, and also as a check on the results 
obtained on p. 275. 

The displacements of the point C are given in Fig. 184. The rotation 
c’c about the point A scales 0-0188 inch, and the, rotation c’c about 
B scales 0-0328 inch. The values of ¢ are, therefore, 


Bar AC, b= + Oyo = + 0-000235 
Bar BC, Ps == + pes = + 0-000469 


These values are positive because in each case the rotations are clockwise. 
As on p. 274, 

for the bar AC, 2EI/l = 0-02E 

for the bar BC, 2ET/l - 0-08 
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Eqs. (3) and (4), for each member, become 


Mac = 0:02E (26, + go — 3yf;) 
Mca = 0:02E (f4 + 26c — 3H) 
Moc = 0-08E (243 + do — 3x2) 
Mcb = 0-08E (dn + 26c — 3h) 


and for the point C, from eq. (5), Mca + Meb = 0. 
Assuming as before, that AB is rigid, and that the connections at 
A and B are perfectly stiff, 6, = dg = 0. Hence, 


Mca + Meb = 0-02E (20 — 3x51) + 0-O8E (26c — 3h.) = 0 
10¢do = 3, + 124,; and dco = + 0-000633. 


Taking E = 13,000 tons per sq. in., and substituting in the above 
equations, 
Mac = — 0:019; Mca = + 0:°146 
Moc = — 0:°805, Mech = — 0-146 in.-tons. 


These figures agree, voractically spe-king, with those found by the 
previous method. The difference is due to small errors in scaling the 
values of c’c and c’c. In this particular case the numerical values of 
x, and w, should be respectively equal to 5A and 6B of § 116. If these 
values (¥, = dA = 0:000236; yb, = 5B = 0-:000469) be used, almost 
identical values are obtained for the moments. The displacement method 
is quicker. 

A positive sign indicates a clockwise moment, and the frame will 
bend as indicated in Fig. 184. It is worth while noticing that whereas 
Mcp is negative, oc is positive, § 116. 

118. Deformation Stresses in Braced Girder. Worked Example.— 
To find the deformation stresses in a braced girder, the method of 
procedure is as follows : Set out in tabular form, as in the worked example 
following, the values of % and 2EI// for each bar Write down egs. (3) 
and (4), § 117, for each bar, introducing the values of ys and 2EI/l. If 
there be nm panel points there will be 4n — 6 such equations, giving the 
va'ues of M in terms of ¢. Write down eq. (5), § 117, for each panel 
point, and substitute therein the values of M obtained from eqs. (3) and 
(4) ; » equations will thus be obtained containing ¢ as the only unknown. 
From these equations the n values of ¢ can be found. Substituting in 
eqs. (3) and (4), § 117, the values of Mad . . . are obtained. Knowing 
the values of Mad . . . the maximum stress in any member can be 
found in the usual way. 

Worked Example.—To find the deformation stresses in the braced 
girder shown in Fig. 188. The dimensions are given in the figure ; the 
girder carries a load of 50 tons at its centre point. 

1. Find the forces in all the bars in the usual way, and tabulate them 
(see col. 5 of the Table on p. 279). 

2. Draw the Williot diagram, (ii) Fig. 188, for the frame. In this 
case, since the frame and the load are symmetrical about the centre, 
take D as a fixed point and DG as a fixed direction. It is only necessary 


cE rere ee 


a Sea ie 
| Length) CFOS Moment Force in| 81 = | | | I 
Bar. | l Area. ous noe Fl | pl yb 2EI 2HE I | 
Ga a | Ea | : pe 
| sq. 1n a 3 ae in. ! | 
| \ : 
sa =— es Etech | soeseens iecann ae “| 
AB! 60 | 11-0 | 95-3 | +25 + 136-4 |+ 930-4] 4 15-51) 3-18 [+ 49-32) 
BD | 60 | 11-0 | 95:3 | +25 + 136-4 |-+ 788-8/+13-15' 3-18 |+ 41-82) 
CG | 60 | 13-9 | 200-7 | — 50 — 215-€ | 1107-9/+ 18-47) 6-69 |+ 123-56) 
AC ; 84-85 | 9-6 | 20-7 | — 35-36 | — 312-5 |+ 1003-2/+11-83| 0-49 |+ 5-80! 
CD | 84-85 | 7-4 | 44:3 | 4+ 35-36 | 4 405-2 14+ 710-3)+ 8-37! 1-04 |+ 8-70, 
| CB | 60 5-8 7-6 0 0 |+ 352-2/4+ 5-87, 0-25 + 1-47) 
oo) 60 9-4 | 163 | 50 | — 319-1 on 0 : 0-54 0 | 
| \ 
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to draw the diagram for one-half of the girder. The displacements are 
dimensioned in (ii). Take E as unity for g 
this purpose. 

In general the Williot diagram for the 
whole truss must be drawn, but it is not 
necessary, for the present purpose, to make 
the angular correction given in § 12, because 
a movement of the truss as a whole cannot 
affect the deformation stresses. 

3. From the rotations in the Williot 
diagram, find the angles pb for every bar. 
Tabulate the values; col. 8 of the Table. 
As an example, consider the bar CD and 
take D as a fixed point. The angular 
motion of CD about D is given ky the 
rotation c’c in the diagram. Hence vcd = 
c’c/led. The motion of ©, from c” to c, is 
clockwise with respect to D, therefore cg 
is positive. In this way the value and sign 
of % for every bar can be found. It is 
best to tabulate fl (c’c for bar CD) and 
calculate the value of % therefrom. Start 
with the fixed point of the Williot diagram 
and follow the course thereof. 

4, Assuming the value of E to be unity, 
find the value of 2EI/! for each member. 
Hence find the values of %. 2EI/l, and 
tabulate them; cols. 9 and 10 of the 
Table. 

5. Write out equations (3) and (4), § 117, 
for every bar of the girder. Since in this 
case the conditions are symmetrical, only one-half of the girder need be 
considered. 





Fia. 188. 
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Bar. 

2EI 2EI 

AB. Mad = “7 (pa + dg — 34} Moa= ar {oa + 265 — 3H} 


Mab = 6-364, + 3:186_ — 147-96 
Moa = 3:18d¢, + 6-36¢y — 147-96 

BD. Mod = 6:36¢g + 3:18¢p — 125-46 
Mab = 3-18¢g + 6-36dp — 125-46 


CG. Meg = 13-38do + 6-69¢q — 370-68 
Mgc = 6:69¢9 + 13-38¢q — 370-68 


AC. Mae = 0-984, ae 0:49¢, = 17-40 
Mea = 0-496, + 0-98¢¢ — 17-40 
CD. Med = 2:08¢¢ + 1-04¢p — 26°19 
Mes = 1-04¢¢ ++ 2-08¢dp = 26-10 


CB. Mcb = 0:50bo + 0-25d — 4:41 
Mbdc = 0-25¢¢ -+- 0-50, — 4-4] 
GD. Mga = 1-08he +- 0:54 —Q 
Mag = 0:54¢a + 1-08¢p — 0 
In this particular case it is evident from the symmetry of the conditions 
that there is no angular motion of the panel points D and G. Therefore, 
dp = dy = 0; and Mdg = Mga = 0. 
6. Write out equation (5), § 117, UM = 0, for each panel point. 


Panel 


Mab -+ Made + Mig + Man + May = 0 
Mgc +- Mgd + Mgh = 
From symmetry, in the last two equations, Mgg = 0; Myc = — Mygh; 
Mdg =90; Mdc = — Mah; Map = — Maj. There remain three equations 
to determine the three unknowns dy, ¢p, and ¢co. Introducing the 
values uf Mab . . . from ¥ 5, above, 


A. 7:34¢, + 38-1863 + 0°49¢,— = 165-36 
B. 3-18, + 13-22¢3 + 0-25¢¢ = 277-83 
C. 0-496, + 0-25bp + 16-94¢5 = 418-59 


It is pussible to solve these simultaneous equations directly, but 
when there are many bars in the frame, the work is laborious. It is 
better to use a method of successive approximation suggested by Mohr. 
If the three equations be examined, it will be seen that in the first the 
coefficient of d, is the largest ; in the second that of dg; and in the third 
that of dc. 


A 
B. 
C. Mca + Me 
D 
G 
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As a first approximation therefore, assume that 
da = dap = oo = Gy’ in the first equation, 
ds = os = dc = Gp’ in the second equation, 
da = bp = $0 = Go in the third equation, 
whence, d,’ = + 15-02; dp’ = + 16-69; do’ = + 23-68. 
Now write the equations in the form : 


plat 1s?4 4. 13. + oh} on 83 
B 


ie : + 0.26°8 + 16-94 = 418-59 
$c $c 
Insert the values of ¢,’, dp’, and do’; whence 
fa” = | 14:21; dg” = + 16-91; do” = + 24-02. 
From a third similar approximation, using the values ¢” instead of ¢’, 
bal” = + 13-84; dal” = + 17°10; dol” = + 24:04. 
Collecting the results : 


lst 2nd 3rd Exact 
Approx. Approx. Approx. Solution. 
da = + 15-02 + 14:21 + 13-84 + 13-41 
¢d3 = + 16-69 + 16-91 + 17-10 + 17-34 
do = + 23-68 + 24-02 + 24-04 + 24-07 


As will be seen, the third approximation is sufficiently accurate for most 
practical purposes, the maximum error being about 3 per cent. 

7. Knowing the values of ¢, calculate the magnitudes of Mad... 
from the equations given in 5. (In finding the values given below 
the exact values of ¢ have been used.) 


Mab = — 7°53; Mod = — 15°18; Meg = — 48-62; 
Mba = +- 4°96; Mags = — 70°32; Mgc = — 209-65; 
Mac = + 7°53; Med = + 23:97; Mcb = +- 11-96; Mga = 0; 
Mca = + 12°76; Mdc = — 1-07; Moc = 4- 10-28; Mag = 0. 


The above values are in inch-tons. Checking the moments at each panel 
point by means of equation (5), § 117, 2Mub = 0, 


Panel 
Point. 

A. Mab + Mac = — 7:53 '- 7°53 = 0-00, 

B. Mba + Mtc + Mod = + 4:96 + 10-28 — 15-18 = + 0-06, 

C. Mca + Mcb + Med + Meg = + 12-76 + 11°96 + 23-97 — 48-62 

= + 0-07, 
the error is within 0-1 inch-ton. The moments at D and G must perforce 
satisfy equation (5), owing to the symmetry of the frame. 
The values for Mg, . . . are shown on (i) Fig. 189. 
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8. Although not essential for the calculation of the secondary stresses 
it is of interest to compute the values of co. From equation (2), § 117, 


Cab = a — Hab = + 13-41 — 15-51 = — 2:10 
oba = bp — ab = + 17-34 — 15-51 = + 1-83 
obd = dp — bd = + 17-34 — 13-15 = + 4-19 
Odb = dp — bd = 0 — 13-15 = — 13°15 


and so on. These values are shown on (ii) Fig. 189, together with the 
values of & and ¢. 





b=+134, 7? 
A p =+ 17-34 -(3- 5 D 
d =e 
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9. As a typical example of the method of calculating the deformation 
stresses in the members, consider the case of the top flange GC, (i) 
Fig. 190. The bending moment at G is Mgc = — 209-25, and at C is 
— 48-62 inch-tons, both anti-clockwise moments, (ii), The bending- 
moment diagram is shown at (iii), The maximum bending moment 
at G is carried by a deep gusset, and the maximum: stress will occur at 
the point H, where the bending moment is found to be 155-84 inch- tons. 
If it be assumed that the cross-section at H is equivalent to the normal 

* The moments shown in (i) Fig. 189 are moments external to the member, 


acting at the panel points and imposed on the member by the rest of the frame (cf. 
Fig. 181 and the accompanying text). 
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cross-section of the flange, I = 200-7 in.‘ (see the Table). The neutral 
axis lies at a distance 4°10 in. below the top of the member which is 
10-32 in. deep, so that v, = + 4-10, and v, = — 6:22 in. The area 
of the member is 13-9 sq. in., and the compressive force in it is 50 tons, 
so that the direct compressive stress is 50 ~ 13-9 = 3-60 tons/sq. in. 





ge 
oof ; 
8 8 
os 
S 
ae 
zs 
Secondary S.F.D. (iv) x 
Fria. 190. 


The bending moment, 155-84 inch-tons, will produce a compressive stress 
in the extreme top fibres of 
j— Mor _ 165-84 x 4-1 
~~ T 200-7 
and a tensile stress in the lowest fibres of 
j= Mus _ 155-84 x 6-22 _ 
~~ T 200-7 
The maximum stress at the top of the flange is, therefore, 3-60 + 3-18 = 
6-78 tons/sq. in. (compressive), and at the bottom is 3-60 — 4:83 = 
1-23 tons/sq. in. (tensile). Thus the stresses on the cross-section at H 
are : 


= 3-18 tons/sq. in. 


4-83 tons/sq. in. 


maximum stress = 6-78 tons/sq. in. (compressive) 
mean stress =: 3-60 tons/sq. in. (compressive) 
minimum stréss = 1-23 tons/sq. in. (tensile). 


The deformation stresses in every member can be found in a similar way, 
and combined with direct stress. 
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It will be seen that, according to this calculation, the stress in the top 
flange is almost doubled by the deformation stress. In practice this large 
augmentation of the stress will be mitigated, to some extent, by two 
effects which have been neglected. Due to the bending moments Mgc and 
Meg there will be a shearing force in GC. The shearing-force diagram is 
shown in (iv), and the magnitude of the constant shearing force is evidently 
(209-65 + 48-62) — 60 = 4-3 tons. This means that 4:3 tons will be 
transferred along GC by the shearing force in that member, and an equal 
amount will be similarly transferred along the corresponding member to 
the right. The total load of 50 tons stressing the members of the frame 
will thus be reduced by no less than 8-6 tons due to this shear, with a 
corresponding reduction in the direct forces in the members, which forces 
will be still further reduced owing to the shear in the other members of the 
frame. The actual reduction will, in reality, not be so large as would 
thus appear, because, with reduced forces in the members, the secondary 
bending moments will also be reduced, but both primary and secondary 
stresses will be less than the calculation suggests. 

The riveted joints in a braced frame are not stiff joints as has been 
assumed, but possess considerable elasticity, which again will reduce the 
calculated stresses. To take exact account of these effects would be 
difficult, but it is possible to make allowance for them in the calculation. 
For an example, reference may be made to the work of Wyss (Beitrag 
zur Spannungsuntersuchung an knotenblechen eiserner Fachwerke. Heft 
262, Forschungsarbeiten V.D.I. Berlin, 1923), who also determines the 
stresses experimentally. The above girder has been made to correspond 
approximately with the experiments of Wyss, and it is of interest to observe 
that, at the section H in the member GC, the measured force was 46-17 
tons instead of 50 tons ; and the measured shearing force was 3-05 tons 
instead of 4:3 tons. Instead of a theoretical mean compressive stress of 
0-514 t/cm?, the measured stress at the top of the flange was 0-90 t /cm? 
(compressive), and at the bottom was 0-119 t/cm? (tensile). The metric 
sections used do not correspond exactly with those assumed in the worked 
example above, and at H the area was 15-06 sq. in. Increasing the above 
stresses proportionately to the respective areas, and converting them to 
British units, the 


maximum stress := 6-30 tons/sq. in. (compressive) 
mean stress == 3°60 tons/sq. in. (compressive) 
minimum stress = 0-84 ton/sq. in. (tensile). 


These stresses may be compared with those computed in the worked 
example. 

10. The values of the deformation angles given in (ii) Fig. 189 
can be checked by the method of § 116. As a typical example, consider 
the triangle GDC, (i) Fig. 191, relettered ABC in (ii) to suit the equa- 
tions of § 116. The stresses in the members, found from the Table, 
a ure as shown. Taking E = unity, and substituting in equation (2), 
§ 1i€, _ 
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SA = jallfa ~ fe) cot B + (fa — fo) cot C} 
= {(+ 4:78 + 5-32)1 + (+ 4°78 + 3-60)1} = + 18-48 
BB = A{(fo — fa) cot C+ (fs — fe) cot A} 


= {(— 3-60 — 4-78)1 + (— 3-60 + 5-32)0} =— 8-38 

50 = x fe — fo) cot A -+ (fe — fa) cot B} 
= {(— 5-32 + 3-60)0 + (— 5-32 — 4-78)1} = — 10-10 
Sum = 0-00 


See eq. (3), § 116. 
The results for all the triangles of the frame, thus determined, are 
shown in (i), Fig. 191. Comparing (ii), Fig. 189, with (i), Fig. 191, in the 
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. light of equation (5), § 116, the maximum difference in the angles will be 
found to be 0-01. Thus from (ii), Fig. 191, considering the point C, 


cog — Cd = + 5:60 — 15-70 = — 10°10 v. — 10-10 = 8(GCD) 


ocd — Gch = + 15-70 — 18:20 = — 2:50 v. — 2:51 = 8(DCB) 
Och — Oca = + 18-20 — 12:24 = + 5:96 v. + 5:95 = 8(BCA) 
and s0 on. 


119. Secondary Stresses. Experimental Determinations.—The re- 
sults of five years’ study by the Swiss Commission (*) on secondary 
stresses in 14 bridges, ‘statically loaded, may be briefly summarised as 
follows: Only direct stress measurements give reliable information 
regarding secondary stresses, angular displacements are misleading. 
The measured secondary stresses agree closely with the calculated values. 
Secondary stresses occur in all members about both principal axes of 
the cross-section. The yield of the gussets and riveted connections has 
an important influence, ‘which can only be taken into account approxi- 
mately. Stiffness at the panel points always acts in a favourable sense, 


distributing the moments and diminishing, the stresses. If, owing to 
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““secondary stresses, the proportional limit is exceeded in the extreme 
fibres of the bar, these stresses do not continue to increase proportionally 
to the primary stresses. Except in the case of S-bending, reduction in 
the assumed crippling length of struts as the result of stiff joints is not 
justified. A stiff continuous bridge floor has an important effect in 
diminishing the effect of impact, and in reducing the deflection, and 
consequently the secondary stresses. In an ordinary lattice girder 
bridge, with deep main girders, when the axes of the members intersect 
at a point, and the slenderness catio of the bars in the plane of the main 
girders ranges from 40 to 60, the secondary stresses attain values ranging 
from 15 to 20 % of the permitted primary stresses. Except in rare cases 
the secondary stresses are always increased when the axes do not meet 
in & point. 

Secondary stresses need not be considered in any member in which 
the raiio of width to length, measured parallel to the plane of distortion, 
is less than 1:10 (A.R.E.A. 1935 Spec.) 
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QUESTIONS ON CHAPTER VI 


1, Fig. 192 shows a column fixed at one end and pin-jointed at the other. 
A load W = 1 ton is attached to a bracket 2 ft. long, measured from the 
centre of the column. Draw the diagram of bending moment 
produced on the column. (I.C.E.) 

Ans. Ma = 8; Ms = (0; Mp = 134 in.-tons. 

2. Suppose that the stanchion ABC shown in Fig. 141 is of 
uniform cross section from top to bottom, that the lower end 
is direction-fixed, and the upper end position-fixed. AB = 20ft., 
BC = 12 ft., AD = 14 ft. It carries a load of 10 tons on the 
bracket at D, which load acts at a distanca 18 in. from the 
centre line of the column. Draw the bending-moment diagram 
for the column and find the maximum bending momentanywhere yg 199, 
on the column. 

Ans. M, = 4°68; Mg = 1°69; M,; =0; Mp = 7°93 ft.-tons. (max.). 

8. In the braced portal shown in (i) Fig. 153, h = 25 ft., 6 = 17 ft. 6 in., 
c=7 ft. 6in. If F = 2 tons, find the forces in all the members and the 
maximum shearing force aud bending moment in the legs. 

Ans. Forces in girder: top flange ~ 4}, — 1, + 2} t.; bottom flange 
+13 +t.; diagonals + 3-32 t.; verticals zero. Forces in legs + 2:86 t. ; 
max. B.M. = 210 in.-tons; max. S.F. = 24 t. 

4. If in Q. No. 3 the feet of the portal are fixed in direction, find the forces 
in all the members and the maximum shearing force and bending moment 
in the legs. 

Ans. Forces in girder: top flange — 34, —1, + 1}+t.; bottom flange 
+1-08+t.; diagonals + 2-16 t.; verticals zero. Forces in legs + 1-86 t.; 
max. B.M. = 105 in.-tons; max. S.F. = 1} t. 


5. In the knee-braced portal shown in Fig. 154,h = 25 ft., b = 17 ft. 6in., 
c=7 ft. 6 in, e = 6 ft. If F = 2 tons, draw the bending-moment and 
shearing-force diagrams for AC, CD, and DB, and find the longitudinal forces 
in all the members. 

Ans. In AC and BD, max. B.M. = 210 in.-tons, max. S.F. = 2} t.; 
in CD, max. B.M. = 94:3 in.-tons, max. 8.F. = 2-86 t.; forces in AG and 
BH = + 2°86 t.; in GC and DH = F 1-31 t.; in CP, PQ, QD = — 4}, 
— ]l,and + 2$+t.; in GP and HQ = + 5-34t. 

6. Find the sideways deflection 4 of the portal in the worked example 
of 3304. Take I, = I, = 3000 in.‘, and E = 13,000 tons/sq. in. 

Ans. 0:35 in. 

7. Draw the bending-moment and shearing-force diagrams for the columns 
of the worked example of §104. Find the positions of the points of inflexion. 

An. AJ = 9-4, BK = 9-85 ft. 

8. On the assumption that the points of inflexion occur half-way between 
A and G, B and H, in Fig. 157; find the values of F, to F,. Compare these 
values with the correct values given in §104. 

Ans. F, = 17-43, F, = 12-57, F, = 35-71, Fy, = 23-14, F, = 14-68, 
F, am 27°23 tons. 

9. Suppose that the portal shown in Fig. 169 be loaded with a single load 
of 1 ton at the centre of span CD, find by the method of Characteristic Points 
the bending moments at A, B, C, and D, (a) if the feet A and B are hinged ; 
(b) if they are direction-fixed. 

Ans. (a) Ma = Ms = 0; Moy = Mp = + 0°81 ft.-tons ; (b) Ma = 
Ms = — 0:482; Mc = Mp = + 0:9664 ft.-tons. 

f0. If in the portal of Fig. 169, I, = 300 in.*, E = 13,000 tons/sq. in., 
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find the sideways deflection 4 when the portal is loaded as indicated in that. 
figure. Find also the vortical reactions at A and B. 

Ans. 4 = 0-005 in.; Ry = 0-671 Rg = 0-329 ton. 

11. Assuming that, by fitting a diagonal or otherwise, the points A, B, C, 
and D, of the portal in Fig. 169 are constrained to remain fixed in position, 
find by the method of Characteristic Points, and of Moment-Distribution, the 
values of Ma, Mg, Mc and Mp. Hence find the percentage error which would 
be introduced by neglecting the sideways doflection 4 of the portal in 
Fig. 169. ; 

Ans. Mg = — 0:°495; Mg = — 0°362 ; M, = + 0-991; M) = 
-+ 0-724 ft.-ton; errors + 27 %, — 224 %, + 104 %, — 114 %. 

12. Using the values found in Q. No. 11, verify by Moment-Distribution 
the values given in Fig. 169 when sideways deflection is permitted. 


CHAPTER VII 
ELASTIC STABILIVY PROBLEMS 


120. Buckling of Flat Plates under. Edge Thrusts.—Let OABC, 
(i) Fig. 193, be a thin flat rectangular plate compressed along the edges 
OC, AB by a thrust p, per unit of length, and along the edges OA, CB 
by a thrust p, per unit of length. lt is required to find the conditions 
under which the plate will buckle. Suppose, as indicated in the figure, 
that it has buckled upwards slightly. Take origin at O, let OA be the 





axis of x, OC be the axis of y, and consider an element of plate at Q (z . y). 
Let the upward deflection of the plate at Q be w. Then [see eq. (11), 
§ 186, Vol. Ij, the equation representing the equilibrium of the plate is 


(eae: aw -+ 2 ow = l {7° a aL +. aM’) (1) 
(ax4 " ay | “dat. dyt} DI” dy azxf * 
where Z’ is the resultant normal external force, and L’ and M’ are the 
resultant external moments acting on the element. + L’ and + M’ are 
clockwise moments looking away from the origin [see (ii) Fig. 193]; Z’, 
L’, and M’ are all expressed per unit of area of the element. From eq. 
(6), § 186, Vol. I, the flexural rigidity of the plate 
3b, ™ _ mt 

De get a2) ~ 12 “m-1 
where ¢ = 2/ is the thickness of the plate, and 1/m is Poisson’s ratio ; 
m may be taken as 10/3. In the present case there is no external force 
normal to the plate, and Z’ = 0. 
' Yet the bending moment due to p, on the element at Q, (iii) and (iv) 
Fig. 193, at any section z, be M; and at (z+ dz) be (M+ 6M). Then 


Vw = 
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(M + 5M) — M = 5M is the resultant external bending acting on the 
element at Q which causes the bending moment Myr’ to change to 
(Maz’ + 5Mzz’) in the length dz (see Fig. 245, Vol. 1); and M’, the corre- 
sponding external bending moment per unit of area of the element, is 
; sM oM ,_ 1 OM 

M’ = Sx By? bat 6M = a 6x; therefore M’ = Sy ° az 
The force acting on the width dy is p, . dy. At the section distant x from 
the axis of y it acta at a leverage w, hence M = — p,w.dy. This is an anti- 
clockwise moment about the axis of y and therefore negative. Hence, 


oM ,_ 1 OM _ dw 
ae ee Bye MW’ = Sy" Ox el ae 
nd OF ng te 
* dz Plaga 
Similarly, the external moment L’ acting on the element is 
Lie 8b _1 ob 
da. by da Oy 


where the moment L = p,w .dz. This is a clockwise moment about the 
axis of z and therefore positive; see (ii). Then 


OL bree Yat UL OU 
ay Pay? Ba oy ~ Py 
and aL =p om 
dy ** Oy? 
Substituting these values in eq. (1), 
one Ow 1; @w 
at + at Paar ay ays --5 tpt Paya o 


[It is worth noticing the analogy between this equation and the 
differential equation for the equilibrium of an ideal long column. From 
eq. (1), § 99, Vol. I, 
dty _ WwW diy W dy 
di —aty = — BY? whence, ia ~ El ag 


In this case y, not w, denotes the deflection. Observe that in both cases, 
due to the curve being concave towards the axis of z, the curvature is 
negative, which accounts for the minus sign.] 

Boundary Conditions.—Suppose that the edges of the plate are freely 
supported and remain in the plane of the origin. Then w=0 when 
z=0 andz=1,; also when y=0 andy=lJ/,. Further, there can be 
no bending moment at the edges. From eqs. (7) and (8), § 186, Vol. I, 
the bending moments at any sections x = z and y = y are 


ie Ow 1 dw _ _p{(@w 1 ew) 
Moa! = Dia ta at Myy' = Det a dz8 | 


® 
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Hence it follows that 


(| 027w ] o2w _ _ ; . 
| Ox? : m : >| = U when x = 0 and when z =i, 
ew 1 aw ; 
; a moat 7! oe nay as (3) 
w= U when + =0,x=1,,y=0,andy = 7, 
It will be found by differentiation that all members of eq. (3) are 
satisfied by 
w= Asin Sen OE. 
1 2 


where 7, and r, are integers, and A is a constant. This expression will 
also satisfy eq. (2) if 
ryint ori ort rt ( 9 2ay8 rym | 


mae Pas ae Dae ta 
(r,? r,? l r,* r,* } 
or i, re nf = 5 {Ps “~- Pa jai : ~ (5) 


The minimum values of p, and p, which will cause the plate to buckle 
will correspond to the values r, = 7, = 1, when the plate will bend as . 
shown in (i) Fig. 198, each axis being a semi-sine wave. Then 


] 1) ] 
{iat ash ~ sali Tal 
. p, TE m* (1 1)? 
as i272 ma ‘lit ial 
this equation caine the critical values of p, and p,. If p, = 0, 
wel? m® (1 ah 
l,* 


(8) 


m= a a ili + ) 


Bryan’s formula. If 1,/(, is large, the plate buckles into squares 
mke m? 
(1; =1,), and = Bi, mil , : : . (8) 


121. Buckling of Flat Plates. Strain-Energy Methods.—Solutions 
to many problems involving the buckling of flat plates can be obtained 
by strain-energy methods. An expression for the internal work stored up 
in a slightly deflected plate can be obtained from the equations of § 186, 
Vol. I. It is shown in that article that the stress components on an 
element 5x. Sy of the plate, Fig. 244, Vol. I, are equivalent to stress 
couples (per unit of length) Mzz’ and Mz,’ acting about axes parallel to 
Oy, and stress couples My,’ and Mz,’ acting about axes parallel to Oz. 
As in § 148, Vol. I, the work done by a stress couple is 5U = 4M . 3c, 
where 50 is the change of slope in the length of the element. From 


eq. (7), § 186, Vol. I, ed = 


May’ =~ DISS + Tom’ Bal’ 
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and the stress couple acting on the element of width dy is 


{ Pw 0*w 1 dw} 
Mex’ y= —- Digat ca + Bye) OY 
From Fig. 246, Vol. I, and the descriptive text, ox = — dw/dx, where 
+ wis the deflection of the plate in the z direction, hence 


0c. O*w 
07 = ie éx = — Fai * dx, 


; D (d®w : 1 d?w) dw 
and OU = 4Myz'dy. bor =| > Fat ago sath Be | a dy 


Similarly, for Myy’, using eq. (8) (I.c.), - 
D(dw 1 et dw 
oe -[ slat m bz4| dy3 ay | oy 
—1) @ 
From eq. (9) (l.c.), Mey! = — D|™ — ee 


and the stress couple acting on the width dy about an axis parallel to 
Oz is Mry’dy. The change of slope in the length AD, Fig. 245, Vol. I, 
is doy, where gy = — dw/dy. 


dc. 02w 
== staat == == eee 
Therefore, dey Bn dx oa dx 
z : m — 1 l Pw 


Similarly, for the stress couple ee io suouta an axis parallel to Oy, 


0-2 | fos 


Hence the total strain energy stored in the element ia 


su = 5 et) a ee 
7 Oat + im” dy? ax * | ay? | m’ dxt| dy? 
m—1{ dw |? 
a Mm (Or . Dx . Oy) feo 





and for the whole plate, 
ois» (SI AP Tew 
2 Ox: dy? m| dx?" dy?) " om la dy 
which may be written 
v= PIP feel 2m ow, elt, 2 (Pe a 
~ alia; +2 ax ae Las) tla al 
oa ow wd. Ow i d 
02? © aya t m Ox . dy} ] y 


Om 3( {Liver 2 71 Se (ara) | Je 


—2 
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This expression gives the total strain energy stored in the plate, due to 
the stress couples, in terms of the deflection w. In problems on the 
buckling of thin plates, the strain energy due to the stress resultants 
Xe’, Yy’ .. ., § 186, Vol. I, may be neglected in comparison with that 
due to the stress couples, just as in Euler’s formula for long slender 
columns the direct compression is neglected. The integration is to be 
taken over the whole area of the plate. - 

Particular Case-—Applying the above analysis to the case discussed 
in §120; from eq. (4), § 120, ifr, =r, = 1, 





w= Asin sin 7Y 
1 2 
aw wA . we . my dw mA , mt. Ty 
i [Ae en tay pee ee de 
Oc ei ecg 
Oz. dy Ll, l, l, 
Then, 
ato , Ow 1 1) we. my 
ea (OU a OM 2 al ara my 
(V2w) = ti + at mA +. [a sin i, sin i. 
[fore dx dy = nA 1 Aydt 2. @ 
0J0 " 1? 1,8) 4 
and 
Jodatat ay (sem) [*@no 
D 1 1)21 
H , U = ~] w#Atle. 4 2 re] _ 
zs 5 | = A i + iat 4 | (4) 


This is the internal strain energy. The external work done will be 
due to the external couples L acting about the x axis, and M about the 
yaxis. Asin the case of the stress couples, the work done is 5U = 3M . 3c, 
where 6a is the angle through which the couple rotates. At the point Q, 

2. 
(iii) Fig. 193, M = — pw. dy, and o = + a ; hence do = ~~ . 52, 
and the work done on the element by M is 


d*w 
8U = — EP\w . a5 Ox dy 


[Note: As in the case of struts, where M = — EL. d*y /dx* = 
— EI . do/dz, if M is assumed positive, do/dz must be negative, and 
vice versa.] 
Similarly, the work done by couple L = p,w . dy is 
0*w 


and the total external work is 


heh ay aw 
Ue = — il) \. ‘py sat Pa | dedy .  . (6) 
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Integrate seach term by parts,* thus 


h aw h dw fh fdw\? 
\. Pw — 4 dx = [. pu. ar a |" (=) dx 
‘since w is zero when z = 0 and when z = l,, the first term on the right- 


bs dw 4 dw\ ? 
hand side vanishes, and { Pi’ > dx = — | ps (5. dx 
0 0 


Ox 
a ly aw ly Ow 
_—" fjeve Sev = J) ma(5y) 
l, tl, Ow\ 2 dw\ 2) 
wt weal fal) em). 
Since w = A sin - sin am 
1 4s 
dw wA me. my Ow awA . we my 


COs ~—- sin - = —— Sin cos 


be de a Oy te de Ee 
p p,\ l,l. 
and Ue = mane Pye Se wo we se « 4) 
Equating the internal and external work, eqs. (4) and (7), 


Dnt AE] = es 


Ty 2} 4 
1 (p1 | Ps (1 1 |? 
whence, ain 5+ j Pst ii fr i, ; . . (8) 


Cf. eqs. (5) and (6), § 120. 
It will be noted that the integral 


i [ O*w ow é O*w + ded 
oJo | dat” Gy? ~ \ae. Zay) nes 


from eq. (1) vanishes; see eq. (3). It may be proved that this is true for 
all slightly bent rectangular plates 
whose edges lie in a plane (w= 0) and 
are freely supported (M=0 every- 
where on the boundary). It is also 
true for a similar plate with clamped 
edges ; see the following example. 

- 122. Rectangular Plate with Clamped 
Edges subjected to Edge Thrusts.—Let 
ABCD, Fig. 194, be a thin flat rectangu- 
lar plate subjected to compressive forces 
p; per unit of length along the edges 
AB, CD, and to compressive forces p, 
per unit of length along the edges AD and BC. In this case the edges 
are fixed in direction. ‘It is required to find the conditions under which 


aw 
ax’ 





*Ifu=w,du = 5 dz; if dv = 22 dav = 
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the plate will buckle. Suppose, as indicated in the figure, that it has 
buckled upwards slightly. Take origin at O, the centre of the plate. 
By analogy with § 120, suppose that the curvature is sinusoidal, and let 


w= A(1+ cos =) (1+ cos) ; » (2) 


It will be found that this equation will satisfy all the boundary con- 
ditions, viz, that w = 0 and dw/dx = 0 where x= +a; and that w = 0 
and dw/dy = 0 where y = +b. From eq. (1), 


BoA (tom 5) Fn ~ Ap in 2(1 + 008 =) 
—* — AZ, cos ™ (1+ 0082) ; Soa = — Aga 008 (1 + cos =) 
eo = + AT sin © sin 

2 2 
wen (i+ op) 


I ay \ l ay Wa 
= —~ a2 a ao oe ae 
mal COs ™(1+ cos) + gz 008 (1+ 008%) | 


The internal strain energy can be found from eq. (1), § 121, 


D 2 m—1(d?w dw ow \? 
Om fLi%} 2 alae at - (ae ay) | Jee 


the integration being taken over the whole area of the plate. Considering 
the second term of the integral separately, for the four quarters of the 
plate, 


lS (ss) 
0 o | Ox? ° ay? Ox . Oy ) 
wWA2(4(?( ax ory TX Ty 
= £75 | | ‘cos ~ cos B(} + COS =| (1 +- cos 


_g WE , , TY 
and = eint 
sin® —- sin’ — | dx dy 
a= Q. 


This is true of any slightly bent plate when the edges are direction-fixed, 
for, as proved in treatises on Analytical Solid Geometry, 


(d2w d?w Ow \?2 dx . dy 
|) iar ay ~ (ara) #4 ~ |, =~? 


where R,, R, are the principal radii of curvature of the curved middle 
surface at the point zy, and the integration is taken over the whole area 
of the closed surface; the normals all round the boundary remaining 
parallel and normal. 
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The internal strain energy for the four quarters of the plate is, 
therefore, 


U= a Ne (V2w)? da dy 
= 2npas{ | {2 1 ?) aca (4 =) “ded 
= : ao a =( + 608 5 - + 5008 ( 1 S08 y 
ADAM(3 3 S | : 
A + ha + ait ; : : : ~ (2) 


The external work done can be obtained from eq. (6), § 121, which 
will hold equally well for the clamped plate. Adjusting the limits to 
include the four quarters of the latter, 


v= Ho) +) es 


= arias i {Pint : ™(1+ 008) + Psint (14 008%) | de dy 
0 


we 
—— 


b 53 b 








_ Sn? Atab { P1 Pe 
2 la? ‘| (3) 
Equating the internal and external work, eqs. (2) and (3), 
mDA*%b(3 3 2)  37*A*tab.p, Dg 
2 att ot aa{ ~ 2 att Be 
BY ge Pa), oe = 
me E; - A = 3 (a+ ott aap 
— Ké a 
Let 2a = 1,, and 26 = l,, as in Fig. 193; also D = 12 ‘mol? see § 120, 


where ¢ is the thickness of the plate. Then 


1 ~p m mks 3 2 
(fi ioe 9 litt it aay ) 


which gives the critical values of the loads p, and p, which would cause 

the plate to buckle. If p, = 0, and /, is very great compared with l,, 
m 7K ‘ 

Pe | . 31 e ° e . (6) 

which gives the side-crippling thrust on a long thin plate stiffened along 

its edges. 

The above is a classic problem and the solution given is only an 
approximation. 

123. Slender Cantilever.—A simple experiment with a thin flat strip, 
placed on edge and used as a cantilever, will demonstrate that the free 
end may refuse to remain in the plane of bending, but will deflect sideways, 
twisting the strip as it goes, until a position of equilibrium is reached, 
or complete failure occurs. The effect is due to want of elastic stability, 


P= 
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and may occur in any cantilever or beam in which the lateral and torsional 
stiffness are relatively small. (i) Fig. 195 shows a slender X beam thus 
deflected by a terminal load W which is applied at the neutral axis. Let 
I, = y?.da and Iy = 2*.da be the maximum and minimum moments 
of inertia of the cross-section, and @ its torsional rigidity. Take origin 
at O, and let Oz, Oy, O7, as shown in the figure, be the co-ordinate axes ; 
OKB is the bent centre line of the cantilever. Consider the stresses on 
the cross-section at K, the co-ordinates of which point are z, y, and z, and 
suppose that the angle of twist there is 8. If L denote the length of the 
cantilever, the bending moment at K is M = W(L — =), with components 
about the two principal axes of the cross-section at K of Mcos@ and 


MSin@ 
/ 


_= Moose +9 






a 
K 





Plan on xO7z, M=- WiL-x) 


Fig. 195. 


M sin 9, (iii) ; which, since @ is very small, may be written W(L — x), and 
W(L — z)@. Then the differential equations giving the shape of the bent 
centre line are 


dy M_ WL-2) Ai 


oe 


dx? KEI ~—s«éEC, ~| 
Gz WL — z) 
dx” Ely 0. ; , . (2) 


In addition to these bending moments there will be a twisting moment 
M; at K which can be found from the plan, (iv). Okb is the bent central 
axis ; kb,, tangent thereto, is a prolongation of the axis of the beam at K. 
The twisting moment, see (iv), is 


W . bb, = WI —z)-(L— "| = Mz 


This moment will be resisted partly by the torsional stiffness of the 
cross-section, and partly by the lateral stiffness of the flanges. In moving 
- through an angle 6, a torsional resistance moment (® .d8/dz) will be called 
into play [see eq. (1), § 130, Vol. I]; also the flanges will be deflected a 
distance 2’ from their normal position [see (v), Fig. 195]. If I’ be the 
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moment of inertia of a flange about the axis Oy, the shearing force in the 
flange corresponding to this deflection will be 


: , az! EI’D 4°30 
Sa — ED aso des 
for 2’ = 9 x D/2. There will be similar shearing forces in both top and 
bottom flanges acting in opposite directions, and the two will produce a 
torsional resistance moment of 


S’x D= — 





EID! a 
2 dz? 
The total twisting moment M; must equal the sum of the two torsional 
resistance moments, whence 





d dé EI’D? a0 


Differentiate with regard to z, and substitute the value of d*®z/dz? 
from eq. (2), 
EV’D* d46 a6 WL — x)*0 
ae —@® ia — ii, = 0 ; . (4) 
which gives the condition for elastic stability. 
Particular Cases.—If the cross-section of the cantilever be a thin deep 
rectangle, so that I’ is zero, eq. (4) reduces to 


ao. Ww? 
ae -; + a%(L — z)9 = 0; where a? = bil, 
This equation can be solved in terms of Bessel functions. The solution 
13 


_——- — (a ) a 
6=Vvi-a| A.3ys ey + B.J3/ (L = 2) | . (5) 


(2 


where A and B are constants of integration. When x= L, z= 2; 
therefore, from eq. (3), since I’ = 0, d@/dzy =0, and A=0. When 
z = 0, 0 = 0, hence, 


L? L? 
ifs | =(Q; se 2, very nearly ; 





2 2 
Wwe 4 OEFI, 


which gives the critical value of the load which produces instability. 

For a thin deep rectangle, D x ¢, the value of ® is 4Di8G approx., and 
Iy = pyDeé*. Inserting these values in eq. (6), 
2 D#®/EG 

W= 3° Li ; : : - (7) 

In the case of a thin deep rectangular beam, span L, carrying a central 

load W, if the ends are prevented from twisting, then each half of the 

beam may be regarded as a cantilever similarly situated to that in Fig. 195, 
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but of length L/2 and carrying a load W/2 at its end. From eqs. (6) and 
(7) the critical load is given approximately by 
SE 8 W/E 
w — Lov OEly _ 8 DeV EG . (8) 
L? 3.6L? 
It will be observed that eq. (4) may be written 
EI’D* .d*6 ao MY (9) 
2 dx dx* Ely — : 
and it may be shown that thia equation holds generally. In the case 
of a deep rectangular cantilever, length L, carrying a uniform load of w 
per unit of length, M = w(L — 2)*/2, and 





a6 =wi(L -- x)4 
oat ro a 6=0 


of which the solution, in terms of Besse! functions, is 


d= VJ/L — 2| A Jy (50 ~ at] +B. 54{5 _ ot | . (10) 


where a? = w*/4MEI,. As in eq. (5), when x = L, d0/dz = 0, and A=0; 
when z = 0, 6 = Oand 


(a ae aL? 9-15: 
J—4)3(h — x*)} = 0; whence 3° 2-15; 
w* _ 6-45 _ 12: al hate 
Ve L? » an nd w : ° (11) 
If the sides of the rectangle are D x ¢ 
eee } LED EG 


ag Owe) 


In certain simple cases of slender Z beams, eq. (9) cun be solved 
directly. Suppose the cantilever of Fig. 195 to carry a terminal couple M ; 
then eq. (9) becomes 

a gfe 
dz4 "dz" 
where B = 20/EI’D? ; and y = 2/E*I’I,D*. The solution 
6 = 06(1 — cosmz/2L) will satisfy the end conditions; @=0 when 
z=0; 6= 6) whenz=L. Differentiate eq. (13) with respect to z, 
ad 39 dé 


—yM@=0 . , : . (13) 


ee en es ce ov _ a. 
dx® dz? ve dx oF 
: 70 mx Oh . 1x 
from which 39r5 9" a ae a7 ara in oF, _ yM oT, sin ST, = Q 
a 7 
BN, te es 
whence, M yLieLe +B a 





mELy®[72EI’D? 
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This gives the critical value for M at which the cantilever will buokle 
sideways. 

Timoshenko,’ using strain-energy methods, has solved the sroulets for 
a number of different conditions. A few of his results are given below : 

(a) For a cantilever, length L, carrying a terminal load W, the critical 
value of the load is given by 


W = (k VEL,®) /L* ; where if 


0-1 1:0 2:0 4-0 8-0 12:0 24:0 40-0 
44:3 15:7 12-2 9-76 8-03 7:20 6°19 5-64 


BL* 
k 


ll il 


(6) Beam, span L, supported at each end, carrying a single central 
load W ; the critical value for W is W = (k «/Ely®)/L*; where if 
BL?= 0-4 4:0 8-0 16 32 64 96 160 oc 
ke = 86-4 21-9 25-6 21-8 19-6 18-3 17-9 17-5 17-0 
kK” = 268 88-8 65°5 50:2 40:2 34:1 31:8 30:0 
If the ends of the beam are restrained from rotating about a vertical 
axis, use k” instead of k’. In both cases the load is supposed to be applied 
at the neutral axis. 
(c) Beam, span L, supported at each end, and carrying a uniformly 
distributed load w per unit of length, the ends being free to rotate about 
a vertical axis ; the critical value of wis w = (k ~/EIy®)L’; where if 


pL? = 0-4 4-0 8-0 16 32 64 96 160 oC 
k,/8 = 17-9 6-63 65:32 4-64 4:08 @-81 3:73 3°65 3-54 
k,/8 = 11:6 4:54 3-80 3:43 3-28 3:22 3:25 3:27 3-54 
k,/8 = 27:7 9-77 7-43 6-01 5-09 4-50 4-30 4°08 3-54 


Use k, when load is applied along neutral axis; k, when load is applied to top 
flange ; ; k, when load is applied to bottom flange. 


If the ends of the beam are restrained from rotating about a vertical 
axis, k, becomes k,”, where if 
pL’ =0-4 4 8 16 32 96 128 200 400 
k,” = 488 160°8 119:2 91-2 73:04 58:00 55-84 53-44 51-20 
If the beam be subjected to an axial thrust W’ in addition to the 
lateral load, the critical values for the latter should be multiplied by 
4/(1 — W’L?/n*E1y) when the ends are free to rotate about a vertical 
axis; or by +/(1 — W’L?/47*EI,) when the ends are restrained from 
thus rotating. 


For a number of additional results see Case, Strength of Materials, 
(London, 1925), pp. 383-4. 


ELASTIC VIBRATIONS OF FRAMED STRUCTURES 


124. Elastic Vibrations of Open Web Girders.—Rayleigh’s device, 
§ 155, Vol. I, in which it is assumed that the elastic displacement 
y. of a beam is everywhere proportional to the deflection Y produced 
by the static effect of the load thereon, can be used with success to find 


302 MATERIALS AND STRUCTURES 


the periodic time of vibration of an open web girder, if it be assumed 
that the proposition holds for every panel point of the girder 
separately and simultaneously. 

Let it be assumed that all the panel points are vibrating with the same 
frequency, and that they all pass their mid-points together. Then, as in 
§ 155, Vol. I, if U be the total energy in the system at any moment, 
U = U’ + U’, where U’ is the strain energy and U” the kinetic energy 
in the system. At the mid-position the strain energy U’=0, and 


» 1 
n= 3 
its velocity in a vertical direction. Since, in a framed structure, the dis- 
placement of a panel point will not in general be vertical, both z and y 
components of the motion should be taken into account, but in a girder 
the z component is always relatively small and can be neglected. The 
vertical component of the retarding force acting on a weight W will vary 
from zero at the mid-position to a maximum F in the extreme position, 
and the work which it does in bringing the weight to rest is }Fyp, 
where y, is the maximum vertical displacement. But this retarding force 
is the elastic resistance to motion of the beam, and therefore 4Fy, is the 
corresponding strain energy stored in the beam when in the extreme 
position ; that is to say, U’ = & 4Fy,. In this position the weights are 
at rest, and U”=0. Then, if the total energy in the system remain 


constant, U = U’ + U” =0+ 5 2 Wv,? = 4Fy,+ 0; and 


2% Wo,?, where W is the weight at any panel point, and v, is 


22 We = 2; Fy, : . (I) 


Suppose that the equation of motion is 


d 
y = yo sin (at + B) ; v= SE = as COs (at + B) 
then, since the maximum value of cos (at + 8) = 1, v0) = ayy. Using 
Rayleigh’s device, let yy = gY ; and in consequence, F = qW; where Y 
is the actual static deflection at the weight W; then eq. (1) becomes 


2 2 
a 2 Wy,?= 2 Fy,; whence, 7 WY? = 2 WY 


and the periodic time 7 is given by 

dnt _ dot WY? 2) 
a? ae g ° > WY » e ® e 
identical with eq. (9), § 155, Vol. I. In many cases it is simplest to find 
the values of Y for the complete load system by means of a Williot diagram, 
or by one of the other methods given in Chapter I. Howland *® suggests 
the following alternative. If M and N be any two loaded panel points 


of the frame, and a unit load at M produce a vertical deflection ynm at N, 
a load Wm at M will produce a deflection Wm ynm at N. Therefore the 


r= 
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value of Y at N is & Won ynm, where the summation includes all the loaded 
panel points. Hence eq. (2) may be written 
eo An? & Wr(% Win ynm)? (3) 

g = 2% Wn(Z Wm ynm) 

Howland’s paper may be consulted for more exact methods of treat- 
ment, including an analysis taking the inertia of the frame into account. 

125. Lateral Vibrations in Columns.—-‘The equation for the equili- 
brium of a rotating shaft under the action both of centrifugal force and 
an end thrust T is 








way war. | dy 
Ei oY ~ Tie ; : % ~ (2 


see § 164, Vol. I, at end. In this equation the term wa’y/g represents 
the lateral force due to centrifugal action. The corresponding equation 
for lateral vibrations in a column will be exactly similar, except that the 
term representing the steady, outwardly acting, centrifugal force will be 


replaced by — the accelerating force produced by the vibrations, 


w dy 
g  dt® 
which always acts toward the centre of the column and therefore is 
negative. The symbol w denotes the weight of the column per unit of 


length. Then eq. (1) becomes 
d‘y w d’y d*y 


ee qi — Tree : . (2) 
d*y 
The equation of motion is y = yp sin (at +- B), and - Tai a’y, whence 
eq. (2) becomes 
d‘y wa? dy 

As in eq. (1) the solution is (2bzd.), 

y= Asin y,z+ Beosy,x+ Csinhy r+ Deoshy . ~ (4) 
where 


2 wa2 : 

2EI * V (sa) +; Y gE 
ee ee ae 
Ya 2EI 2EI gEI 


d 
{f the ends are merely position-fixed, y = 0 and —- 0 when x = 0 


(5) 


and x = L, whence (y,? + yaya sin y,L = 0; sin y,L = 0, and y,L= rn. 


Putting r = 1, 
et V (a * | wat ; 
vv = Te = opr Tt smi) tom C8 CO 


a 
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The fundamental periodic time + = 2rr/a is, therefore, 
2 (4 LS - ( , <L*\)3 
= —~ TE To ° ° (7) 
gEL EI ), 
Solutions for the cases in which the ends are perfectly, or imperfectly, 
direction-fixed will be found in Bateman.” 


Sc = 


a 





“TORSION IN THIN-WALLED PRISMS AND FRAMED 
STRUCTURES 


126. Torsion in Thin Cylindrical Shells.—The effect of torsion on a 
cylindrical shell of any shape of cross-section, in which the wall thickness 
is small compared with the dimensions of the cross-section, may be found 
as follows (see Batho *) : 

Let Fig. 196 represent an elemen- 
tary length of the shell cut off by 
two parallel planes 5! apart. The 
shell is subjected to a twisting 
moment M; acting about an axis 
parallel to a generatrix. Let dc be 
an element of length of the circum- 
ference, and consider the equilibrium 
of the rectangular element 4I . dc, 
indicated in Fig. 196. Suppose FF 
to be the shearing forces tangential 
to the boundary acting on the sides dc, and SS the longitudinal shearing 
forces acting on the sides 81. Then, for equilibrium, 8 . dc = F . 8, or 

F S 
dc 

If O be any point in the plane of the cross-section JK, and r the 
perpendicular distance of the force F from O, the moment of F about O 
is Fr. The sum of the moments about O of all such forces as F on every 
element right round the circumference is evidently the twisting moment. 
Mz on the cross-section, 





Fia. 196. 


Ss 
ae \ ok 


But r.dc is twice the area of the shaded triangle in the figure, hence 
2 r.dc, taken right round the boundary, is twice the area A of the cross- 
section, and 


SM 
Mi = 5. 2A; or, 38-5 . (Il) 


where s is the shearing force per unit of length on any generatrix of the 
shell. The shear stress, 


fo- 39M 7G, ° ° . ° (2) 


TORSION 305 


where Z; = 2A? is the torsional section modulus; ¢ is not necessarily 
constant, but the maximum shear stress occurs where ¢ is a minimum. 
The shear stress fg must be equal to the shear stress on dc at right angles 
to 51. The latter stress is evidently 

een re 

t.8c ¢.81 2At . 

Since Mz and A are constant for every cross-section, it follows from 
eq. (1) that ¢ is constant everywhere. If, in addition, ¢ be constant, 
fs is alao constant. Further, since O is any point in the plane of the 
cross-section JK, the stresses are independent of the position of the axis 
of the twisting moment; see § 132, Vol. I. 

The angle of twist 50 in the length 5! can be found from the principle 
of work. The work done by the twisting moment in moving through 
the angle 50 is 4M-.50. The shear strain energy stored in the element 
dl . dc is 

Ss” 1 / Mz \?2 
U= 9G (vol. of the element) = 9 - ai) t. dl. dc. 
Then, 
1 (Mz: \? 
the summation being taken right round the boundary ; and therefore 
M;.odl 6c = Mee 
9 = aaa? “7 = AGAY 
if c be the total length of the circumference and ¢ be constant. Hence 
the angle of twist @ in a length J of the shell is 


Bias: Miel a Mil 
~ 4GA% = @D 


bo. 8) 


(4) 


4GA%. 


where ® = is the torsional rigidity of the shell. 





Applying the above theory to a 
thin rectangular section B x D, wall t, t 
thicknesses ¢ and ¢,, of which ¢ is the a) oF 
smaller, (i) Fig. 197, A=BxD; : 
c=2(B+ D); Z == 2At = 2BDi. be 9. Lo P= 
From eq. (1), Fra. 197. 
oe Me 

* = SBD 

From eq. (2), fs in the side B = M;/2BD¢#, ; and, 





(5) 


max. fs = , . ; : . (6) 


From eq. (3), 
M; . 5 dc M;.62 (2B 2D) 


0) = 4Gaa 4 = 4GBeD tet at 


. 
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Bt + Dé, Mil 
whence 6 = Myl (samipa. Sa : ‘ . (7) 
_ 2GB*D%2, | : 
where ® = B+ Dt, ; see § 132, Vol. I. 


For a square cross-section of side D and constant thickness ¢, (ii) 
Fig. 197, 
- “@.,_ M. 
$= ops! Se = ony 
If it be assumed that fs is constant, this stress can be found from first 
principles thus : Total shearing force in ont side = Dtfs ; moment about 
central axis = Dtfs x D/2; hence, 


M;: = 4Dtfs x J/2 = 2D tf 
and fe = My/2D% 


In a riveted tube, the shearing force due to M¢ on a longitudinal or a 
transverse seam of rivets wii be ¢ per unit of length, and the rivets must 
be designed to carry this. Fépp! found by experiment that the value 
of ® in riveted cross-sections was considerably reduced owing to the give 
of the rivets ; see § 132, Vol. I. 

127. Application to Framed Structures.—The theory may be applied 
to framed structures.2”7 Let Fig. 198 represent a framed structure 


® = GDY ‘ 5 . (8) 





Fig. 198. 


composed of two similar plane frames JK, J’K’ connected together by 
lateral bracing. These frames may be the girders of a bridge or an arch, 
their outline being immaterial. Suppose that due to settlement or 
otherwise, up and down reactions RR are called into play at JJ’KK’, 
as shown in the figure, such that the structure is subjected to a twisting 
moment R x J. Considering a panel QT in the upper lateral bracing, let 
SS be the lateral shearing forces, due to the twisting moment, acting on 
the panel (cf. Fig. 196), and let FF be the longitudinal forces acting at 
the panel points which balance them. Then for equilibrium, 


Sxc=Fxl 
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where c is the length of the longitudinal member. Since there are no 
external forces acting on the lateral bracing, it is evident that the 
magnitude of S must be the same in each panel; S is therefore constant 
from end to end of the girder. 

Let O be any point in the plane JTK, and r the perpendicular distance 
of F from O. Then the moment of F about O is Fr. The sum of the 
moments of the forces FF, at all the panel points of both top and bottom 
flanges of the framework JK, must evidently be equal to the twisting 
moment R x L produced by the two external forces RR acting at J 
and K in the same plane, i.e. 

RL = 2 Fr = ae, = S Ler. 
But cr is twice the area of the shaded triangle in Fig. 198. Hence, twice 
the sum of areas of all such triangles, formed by joining the ends of each 
bar in both flanges to O, represents Xcr. The sum of the areas of all 
these triangles is equal to the total area A of the frame JK, hence 
RL = A oS = ye : ; . (I) 

It will be evident that, had a panel of the bottom lateral system been 
considered, the same value for S would have been obtained ; it follows 
that S is constant and has the same value in each flange. 

If the moment Ri = M;’ about an axis parallel to the plane JK be 
regarded as the twisting moment on the structure, 

‘ M;’T, 

S = YN a : . (2) 
Knowing §, the forces in all the bars of the lateral bracing can be found, 
and also those in the main girders due to the forces acting at the panel 
points. The stress diagram giving the forces in the members of the 
girder JK of Fig. 198 is shown in Fig. 199, R being taken as unity. 





Fia. 199. 
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CHAPTER VIII 
MANUFACTURE OF STRUCTURAL STEELWORK 


128. Structural Material.—Ordinary steel structures are built up of 
plates and sections of mild steel (ult. tensile str. = 28 to 33 tons/sq. in.) 
rolled to definite sizes and shapes. 

Plates-——These can be obtained in all sizes up to the following 
maximum sizes: length 40 ft., width 108 in., thickness 1} in., but the 





Plate 
Flat 12"*}" 
eee se ee eee eae T 
[ae wisi | 6-6 5x4" 
= 6x35" Tees. 
Angles Bulb Angle 
Fria. 200. 


dimensions, area, and weight of any particular plate are subject to certain 
limitations, and extreme sizes are charged extra (see § 140). Such plates 
must be sheared to the exact size required. Plates rolled in a universal 
mill can be rolled to a definite width (usually not exceeding 45 in.) and 
have square edges; edge planing after shearing to width is then un- 
necessary. 

Flats.—These are uarrow plates with square edges rolled to a definite 
width and thickness. They can be obtained in widths ranging from 
2 to 20 in. and in thicknesses ranging from } to 1 inch. 

The more common rolled sections are illustrated in Figs. 200 and 201. 

Equal Angles—These can be obtained in sizes ranging from 1} x 
1} x %& to9 x 9x # in., and in lengths up to 60 ft. When the sum of 
the width and depth of the angle is less than 6 inches or greater than 12 
inches, extras are charged ; also when the thickness is less than } inch. 

Unequal Angles.—These range in size from 2 x 14 x ¥ to 10x 4 
x # in. They can be obtained up to 60 ft. in length, and are subject 
te similar limits and extra charges for extreme sizes and thicknesses as 
the equal angles. 
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Bulb Angles.—These are chiefly used for shipbuilding work. They 
range in size from 4 x 2} x 6-29 lb./ft. to 15 x 4 x 45-40 Ib./ft., and 
can be obtained up to 60 ft. in length. When the sum of the width and 
depth of the angle is less than 9 inches or greater than 12} inches, extras 
are charged ; also when the thickness is less than 3 inch. 

Tees.—These range in size from 14 x 1} x } to6 x 6x gin. They 
can be obtained up to 60 ft. in length. When the added width and 
depth of the tee is less than 6 inches or greater than 12 inches, extras 
are charged ; also when the thickness is less than 3 inch. 

Channels —These range in size from 3 x 14 x 4-6 lb./ft. to 17 x 4 
x 51-28 Ib. /ft., and cun be obtained up to 60 ft. in length. Extreme 
sizes are subject to extra charge. 

Zeds.—These may be obtained ranging in size from 3 x 3 x 2} to 
12 x 3} < 34 in., of different thicknesses, and up to 40 ft. in length with- 
out extra charge for length. Extreme sizes are charged extra. 


BS. 123} BS. BS. Broad 
Channel Zed Beam Heavy Flange 
12" 3h" 1255" Beam Beam 


10"« 6” 104" 10,” 
Fia. 201. 


Beams.—In 1924 the British Standards Institution standardised two 
series of beam sections. The first series (girder sections) referred to as 
NBSB range in size from 3 x 1} x 4 Ib./ft. to 24 x 74 x 95 Ib. /ft. 
The second series (heavy beams and pillars) referred to as NBSHB range 
from 4 x 3 x 10 lb./ft. to 18 x 8 x 80 lb./ft. In BS. No. 4, 1932, 
the two series are merged into one, and additional sections have been 
added. Beams are obtainable up to 50 ft. in length without extra charge. 
Extreme sizes are charged extra. 

Broad Flange Beams ranging in size from 4 x + < 13} lb./ft. to 
40 x 12 x 234 lb. /ft. can be obtained. These sizes are approximate only, 
the actual dimensions are in metric units. Broad flange beams are rolled 
in a Grey Mill, and by this process it is possible to obtain a wider flange 
than in ordinary rolls; which, in some cases, is an advantage. 

Tables of the properties of the normal rolled sections are given in 
the Appendix. These are reproduced from the Handbook of Messrs. 
Dorman Long & Co., Ltd., by their kind permission. 

129. In the Girder Shop.—It is now proposed to follow the course of 
a steel structure, such as a girder bridge, through the shops. This 
description is in no sense intended as a treatise on the practical manu- 
facture of structural steelwork, but is intended to give to the student 
who is unfamiliar with the different shop processes, ideas as to the methods 
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employed. The practical art of structural steel construction can only 
be learned in the shops. 

130. Drawing Office Work.—It will be assumed that the order has 
been secured for the construction of a girder bridge, and that a specifica- 
tion and detailed plans have been supplied. Working lists of material 
are first made, showing the size and shape of every piece of material and 
its position in the job. For the bridge in question there would be separate 
lists for the main girders, cross girders, rail bearers, flooring, and so on. 
From these lists the orders for the material are written out. In ordering 
plates from the mills, } inch 1s added tv the length and width of each 
plate, so that there is a margin of } isch all round for planing off. 
Sectional material (flats, angles, channels, etc.) may be ordered to the 
net length, but a margin 
of 1 inch is often added. 
If there are many short 
lengths of the same sec- 
tion, a long bar is orderea 
from which they may be 
cut. An extra } inch is 
added to the length for 
each cut. 

Meanwhile shop draw- 
ings are got out, detailing 
each separate part, and 
showing the position of 
every rivet hole. Prac- 
tical operations can now 
be commenced. 

131. The Template 
Shop.—The first step is 





to set out a main girder fo 
full size on the floor of W) \e 
the template shop. This Fia. 202. 


is done with chalk and 
line, steel tapes, etc. Wooden templates of the exact size of each finished 
steel part are then made, the dimensions for which are taken from the 
full size set out. Some typical examples are shown in Fig. 202. (i) is the 
template for a girder flange ; (ii) that for a web ; (iii) shows the method 
of constructing a template for the flange angles. A template for a corner 
gusset is shown at (iv); and (v) shows how the template for a tension 
member of an open web girder would be made. Templates for small 
gussets, such as those for a roof truss, might be made of sheet zinc, 
sometimes even of cardboard or brown paper. In simple roof trusses, 
where the angles between the members can be easily ascertained, the 
shape of the gussets is sometimes set out directly on the templates, thus 
dispensing with the full size set out. 

As will be seen from Fig. 202, all the necessary rivet holes are drilled 
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in the templates, exactly in the positions where they are to be placed 
in the job. The finished templates will thus show the shape and size of 
each piece of material, and the position of each rivet hole therein. These 
sizes and positions will correspond with the full size set out, and if the 
actual plates and sections be cut and holed to these templates, they should 
be of the correct sizes to build the structure. 

In marking off a long row of holes in a template, the template maker 
squares across from a long steel scale fixed to his bench. If the rivets 
have been arranged on a regular pitch of even inches, 3 in., 4 in. or 6 in., it 
is easy to do this ; if the pitches are odd and uneven, a great deal of time 
is wasted and mistakes are likely to occur. 

It will also be readily understood that great economy will be effected 
if as many parts as possible be made of the same size, so that only one 
template need be made for them all. 

132. The Material. Sorting and Straightening.—In the meantime 
the material will be arriving from the mills. It is first sorted and laid out 
in proper order, so as to be readily available when required. The next 
step is to straighten it. Material direct from the rolling mills is seldom 


Se . 


— wh Bar to be 
Straighteneo 


Fie. 203. Fia. 204. 


or never straight, the plates are slightly buckled and the sectional material 
slightly curved. The plates are straightened by passing them through 
rolls as indicated in Fig. 203. These rolls may have three or more rollers. 
Thin plates are straightened by hammering on a heavy surface plate. 
Sectional material is straightened by bending in a bending machine, 
illustrated diagrammatically in Fig. 204. For heavy sections the machine 
is power operated, either hydraulically or by means of gear. Light 
sections may be straightened on a hand-operated machine, or by 
hammering. 

133. Planing and Cutting to Length.—The edges of the plates are 
now planed down to size in an edge-planing machine. The plate or 
plates are clamped down to the bed of the machine and the tool moves, 
reversing at the end of its travel and cutting both ways. The sectional 
material is cut to length, either in a cold saw or cropped in a shearing 
machine. Large sections are cut in a circular saw; small sections in 
a power hack-saw. Angles and flats may be cropped ; gussets, etc., are 
sheared to size. 

134, Marking Off.—The plates are next carried to the marking-off 
tables, the templates are clamped to them, and the holes marked with a 
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centre punch of the type shown in Fig. 205. This punch should be a good 
fit in the holes in the template. The centre of every hole is thus accurately 


transferred to the plate. In some yards a short 
length of tube dipped in whiting is afterwards passed 
through the hole in the template, leaving a white 
circle on the plate, which indicates more clearly the 
position of the hole. Instructions to the puncher 
or driller are usually painted on the plates at this 
juncture. 

If the plate has to be cut to a special shape, as 
indicated by the shape of the template [for example 
a corner gusset, (iv) Fig. 202], this shape is also 
marked off on the plate. It should t+ remembered 
that there is no easy way of making « curve in a 
girder shop. If a curved edge is required, it is 
marked off from the template, and, if convex out- 
ward, sheared as closely as possible in a shearing 
machine. The edge is afterwards trimmed to 





snape by means of a pneumatic chisel. When convenient, as in the 
web of a plate girder, this may be done after the flange angles have 


been riveted to the plate; the angles then form a 
guide for the chisel. If the curve be concave, the 
only way of producing it is to go round the curve 
with a punch, and afterwards trim the rags off 
with a chisel.* It is not difficult to understand 
why girders with curved flanges cost more per 
ton than those with straight parallel flanges. 

In some yards the wood templates are dis- 
pensed with as far as possible, and the marking 
off is done on the plates themselves, or from one 
part to another, the rivet holes being centre- 
pinched as before. There is considerable differ- 
ence of cninion as to which system leads to the 
more accurate work. In the highest class of 
modern bridgework, steel templates and jigs, 
someti~nes with bushed holes, are used. 

135. Punching, Reaming, and Drilling.—The 
next step is to make the rivet holes. There are 
three methods of doing this: (a) punching, (d) 
punching and reaming, (c) drilling from the solid. 
Punching is the oldest and quickest method of 
holing the plates. The modern punch is of the 
type shown in (i) Fig. 206. It carries a small 
nipple at its centre which is intended to enter 
the hole left by the centre punch. The rivet 





(iv) 


Fia 206. 


hole should then be correctly centred. In good punched work the holes 
should come together so well that a mandril 7; in. less in diameter than 


* Flame cutting with an oxy-acetylene blowpipe is a modern alternative. 
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the rivet holes will pass easily through them. The normal rivet is yy in. 
less in diameter than the hole it is to fill, and it should then pass freely 
into the holes. If not, the hole should be reamed out true, and a larger 
rivet used. Owing to the necessary clearance in the bolster, the punched 
hole is always slightly tapered, (ii) Fig. 206, and the plates should be 
punched from the sides which are to be in contact, otherwise the state of 
things shown at (iii) will exist, and it is open to question whether the rivet 
will fill the hole. The two top plates are correctly placed in (iv), but if 
a third plate is added as shown, it is impossible to avoid an irregular hole. 
Another disadvantage of punching is the lengthening of the member 
which takes place slong a row of punched holes. This may be quite 
appreciable unless the punch is kept sharp, and the clearance in the 
bolster is made as small as possible. If the row of holes in the bar is 
not symmetrically placed, curvature is the result, which necessitates 
re-straightening. In wide stiff plates the lengthening of the punched 
edges tends to crinkle the margins of the plates. All this helps to 
destroy the accuracy of the work. 

These objections to punching have led to its prohibition in first-class 
work, though an enormous amount of successful structural steelwork, 
even of the largest type, has been constructed with punched holes. Until 
recent years the usual alternative was to punch the holes } in. less in 
diameter than the finished dimension, and afterwards to ream them out 
to size. The work was assembled as far as possible, service-bolted 
together, and the drill or reamer put through the holes with the plates 
in position. The process ensures true parallel holes, and, in addition, any 
material injured by punching is removed. Troubles due to lengthening 
are not entirely overcome, but most of the objections to punching are 
obviated. For the purpose of reaming, a series of radial drilling machines 
are used, the work is assembled on trolleys and then run under the drills. 
In structures tuo large to be handled in one piece, such for example as 
large open-web girders, the separate parts would be assembled, and all 
the holes reamed at the radials except those for connecting the different. 
parts together, which would be reamed in sttu after the work as a whole 
is assembled. 

With the advent of modern high-speed tool steels, this process has 
been very largely superseded by drilling from the solid, thus eliminating 
the initial punching altogether. As far as possible the plates are 
assembled in batches, the top plate only being centre-punched, and the 
drill passed right through the batch. For example, the several thicknesses 
of a girder flange would be assembled, clamped together, and drilled as 
one piece. In tank work, where many plates are alike, the top plate of 
one batch may be used as a template for the purpose of drilling the next 
batch. The accuracy of the process is evident, and when care is taken 
in the design to make many plates alike, both as to size and arrangement 
of rivet holes, the method ig very economical. There is one drawback : 
after drilling, the plates in the batch should be taken apart and the fraze 
or burr left by the drills removed, otherwise the rivets cannot draw the 
plates up together tightly, and rusting between them will be the inevitable 
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result. To do this is not only an extra expense, but in a case like the 
girder flange with many plates, when once the plates have been separated 
it is never possible to get them back absolutely in the same place, so that 
to some extent the accuracy of the process is sacrificed. Nevertheless, 
drilling from the solid is by far the best method of making the rivet holes, 
and is gradually eliminating the other methods. 

136. The Smithy.—The plates and sectional material are now ready for 
erection, with the exception of those parts which have to be worked hot. 
These are made in the smithy The commonest of these parts are the 
kneed and joggled stiffeners used in plate girders (Fig. 262). There are 
two methods of constructing such members; they may be hand forged 
(Fig. 207 will suggest the smith’s method of forging a kneed stiffener), or 
if there are many alike, they may be more quickly and easily produced in 
a hydraulic press by means of suitable dies. Bent gussets and plates are 
also made in the smithy, and such parts as require welding in the forge, 
though such welding should be avoided as far as possible in structural 





Fria. 207. Fie. 208. 


work. Trough sections for bridge floors form part of the smith’s work. 
These are pressed between blocks in heavy hy lraulic presses as indicated 
in Fig. 208. With the exception of stiffeners for plate girders, all parts 
which have been made hot should afterwards be properly annealed. 
Heating the steel injures the microstructure, ainealing is necessary to 
restore it to a proper condition. For this reason, as far as possible, all 
bends should be made cold. 

Ali smith’s work should be sound and clean; if the metal has been 
burnt, the part should be rejected. 

137. Erection.—The next step is the assembling and erection. The 
various parts are brought together in position, drifted up tight, and 
service-bolted together. Drifts are either taper pins 6 to 8 in. long 
with about }-in. taper in their length, or cylindrical pins turned down 
a little at each end so that they may easily be driven in and out either 
way. Their function is to bring the work up together tightly before 
the service bolts are putin. It will easily be understood that by flogging 
a taper pin into the rivet holes with sufficient force, much damage may 
be done to the plates, and the use of drifts to enlarge unfair holes is 
rightly prohibited. 

Where two surfaces come together permgnently, they should first be 
cleaned and given a coat of hot linseed oil. Much rusting between the 
plutes is obviated by this precaution. 
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After everything is properly adjusted and bolted up tight, any 
necessary réaming, and odd holes needing countersinking, are attended 
to, and the work is then ready for riveting. 

138. Riveting.—If the work is not too large for transport in one piece, 
it will now be completely riveted up. This is the ideal state of affairs, 
for ‘shop’ riveting is always better than ‘field’ riveting. Very often, 
owing to its size, the structure has to be sent away in parts. Only such 
riveting can then be done as is consistent, with the proposed methods of 
transport and re-erection. Occasionally the structure has to be shipped 
* piece small,’ i.e. all in separate pieces, when the whole of the riveting 
has to be done after re- erection. 

There are severai methods in use for closing the rivets: hydraulic, 
pressure pneumatic, percussive pneumatic, and hand riveting. The last- 
mentioned was the earliest process, and if the rivets do not exceed j-in. 
diameter, given skilful men, excellent work may be turned out. Since 
the shank of the rivet has to be ‘ upset ’ through the whole of its length 
in order to fill the hole, the rivet should be brought to a welding heat 
from end to end, with a white-hot point. When it cools it will contract 
and draw the plates tightly together. 

Except in positions where a machine riveter cannot be employed, hand 
riveting has now been superseded by machine riveting ; although, if a 
large number of countersunk rivets have to be closed, some still prefer 
hand riveting. With pressure riveting, either hydraulic or pneumatic, 
an enormous force is used to close the rivet. This force may range from 
20 to 60 tons or more, depending on the size of the rivet. Such forces 
are sufficient to expand the rivet and fill the hole, even if the rivet be 
fairly cool. Not only so, but with such great pressures, the plates are 
forced together irrespective of the contraction of the rivet. This 
contraction is a source of danger with pressure riveting, for if the plates 
are already hard up before the rivet contracts, when the contraction 
occurs something has to give, and that something is the rivet. Large 
initial strains in the rivet may be the result, and it is no uncommon 
thing for the heads to fly off. With pressure riveting, therefore, a fairly 
cool shank and a hot point are desirable. Given these conditions, the best 
work of all is that done by pressure riveters. There is not much to 
choose between hydraulic and pressure pneumatic, riveting, but for 
certain practical reasons the latter appears to be gaining ground at the 
expense of the former. 

Pneumatic percussion riveting partakes more of the character of 
hand riveting, except that the blows are delivered by means of a pneu- 
matic hammer. It is a very much quicker process. As in hand riveting, 
a hot shank and a white-hot point are necessary, otherwise the holes 
will not be properly filled, and the plates will not be drawn together 
as they should be; the pneumatic hammer delivers blows and does not 
operate by pressure. Properly done, such riveting should be superior 
to hand riveting. 

Whichever system be used, the rivets should completely fill their 
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holes; the heads should be well formed, and concentric with the shanks. 
Loose rivets, or rivets with cracked, burnt or badly formed heads, should 
be cut out and replaced. 

139. Finishing Off. Painting.—The work has now reached its final 
stages. After any necessary finishing touches have been given, and the 
final inspection has been made, assuming that any specified tests of the 
complete structure have been satisfactory, the work'is ready for paint- 
ing. It is first scraped and cleaned to remove any rust and then given 
the required number of coats of paint. 

If, by general agreement, structural material were given a coat of 
boiled oil immediately it comes from the rolls, and before it gets cold, 
the work of cleaning and painting would be simplified and much sub- 
sequent rusting and repainting avoided. 

If the work is to be re-erected, erection marks are now painted on all 
the members so that they can be easily reassembled on arrival at their 
destination. The structure is now ready for despatch. Unless it is to 
go as a whole it must be dismantled, and suitable protection provided 
tor parts which may be injured during transit. The smaller pieces will 
be packed in cases. 

140. Practical Points affecting the Design.—It will be evident from 
the foregoing that the cost of manufacture will be very greatly affected 
by the details of design. Emphasis has already been laid on the necessity 
for simple straight line designs, with regular rivet pitches, and with as 
many parts as possible made to the same template, but there are other 
points which considerably affect the cost of the work and the time of 
delivery. One of the most important of these is the size of the rolled 
sections which are chosen. Rolling mills work to a programme which 
is settled a week or so in advance and is determined by the orders in hand. 
If very common everyday sections are chose. one or more of the mills 
are sure to be rolling them, and they can be quickly and easily obtained. 
If unusual sections are called for, even though they can be found in the 
British Standard list, it means waiting until sufficient orders accumulate 
tu warrant putting in the rolls, and the more out-of-the-way the section, 
the longer the wait. Unless a large quantity of an unusual section (say 
from 20 to 50 tons) be required, such a section should not: be specified. 
The cheapest and commonest of all sections are plates and angles for 
genera: work, and rolled beam sections for steel-framed buildings. All 
sizes and thicknesses of plates can be readily obtained up to the maxi- 
mum dimensions rolled. The more common sizes of rolled sections other 
than beams are indicated in the following list : 


Equal Unequal 

Angles, Angles. Tees. Channels. Flats. 
4x 4 4x3 6x 3 6 x 3 3”, 4° 
3 x 3 5x3 4x3 8 x 34 5”, 6” 
34 XX «63 6 x 34 5x3 9x3 8”, 9° 
24x 24 3x2 10 x 3% 10’, 12” 
ax 6 8x 3 12 x 34 
44x 4) 6x4 15 x 4 
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Tees and Z beams are rolled to definite shapes which cannot be altered. 
Channels are also rolled to definite shapes, but the thickness of the web 
can be slightly increased by moving the rolls further apart if the quantity 
required justify the alteration. Plates, angles, and flats should be ordered 
in thicknesses of 4ths of an inch, i.e. #, 4, § inch, etc., but if the quantity 
required warrant the difference, ;/,ths may be introduced. The width 
of flats should be given in even inches. 

As to length, it is generally not advisable to go to the maxizhum 
lengths the makers can roll. An extra price is charged for such extreme 
lengths ; difficulties regarding transport and handling in the shops occur, 
which usually more than counterbalance the saving of a juint. In 
ordinary work the following lengths should not be much exceeded : 
Angles 40-45 ft., tees $040 ft., channels and I beams 30-35 ft., plates 
and flats 35 ft. Extras are also charged for extremely wide plates, and 
there is a maximum area which may not be exceeded for a given thickness. 
Makers’ handbooks should be consulted for these details, but in ordinary 
structures it is usually not advisable to exceed 6 ft. in the width of a plate. 

In any structure, the fewest number of different sections consistent 
with good design should be used, and it is usually more economical to 
use the same section for different members, even though it be slightly 
too heavy for some, rather than introduce a small quantity of a new 
section. 
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141. Electric Arc-Welding.—The art of fusion welding as a means of 
making joints in structural work has been greatly developed in recent 
years. Both gas (oxy-acetylene) welding and electric arc-welding are 
used, but the latter has been much more extensively applied. It opens 
up a new range of possibilities in the manufacture of structural steelwork. 
In suitable circumstances, with proper electrodes and skilled labour, joints 
can be made equal in strength to that of the solid bar which they connect. 
Among its advantages may be instanced : (i) saving in weight of steel, 
probably in ordinary structures of the order of 10-15 per cent. ; 
(ii) economy in cost; (iii) convenience in construction ; (iv) no loss of 
area caused by holes in tension members ; (v) reduction in the size of 
gussets and other connections; (vi) reduction of noise during con- 
struction. 

On the other hand, there are certain disadvantages yet to be overcome 
in connection with the process: (i) Good arc-welding depends, more 
perhaps than in any other practical operation, on the skill and care of 
the operator, and so far, except for visual inspection (much is revealed 
to the trained eye), no simple and practical field test for soundness has 
been devised. (ii) Resulting from the process of welding, severe internal 
stresses may be set up in the vicinity of the weld, and considerable 
distortion of the parts may take place. (iii) The ductility of welded 
joints is often considerably less than that of the parts which they connect. 
(iv) Welded joints are very rigid joints—this is sometimes an advantage, 
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often a disadvantage, but always to be taken into account in design. 
(v) The fatigue strength of welded joints is low, in some cases only one- 
half that of the steel. Much can be done by proper design and by 
practical manipulation to minimise some of the above objections. 

Electric arc-welding is of great utility in connection with the 
strengthening of existing structures. 

142. Method of Operation.—It is not proposed ‘here to discuss the 
technique of welding, but merely to outline the process. The essential 
feature in electric arc-welding is to deposit a bead or fillet of weld metal 
between the parts to be joined in such a way that the edges of those 
parts are melted, and the bead is fused into both. It is not a mere 
soldering process. The fusion is effected by means of an electric arc. 
The parts to be joined form one electrode, the other is a steel rod or wire 
which melts during the operation and forms the deposited metal. Direct 
current is commonly used, at pressures up to 80 volts on open circuit, 
and for large work a current up to 300 amps. is required. Alternating 
current is also employed. The weldiny rod, called the electrode, may be 
of bare wire, but preferably is provided with a coating whose chief function 
it is to melt and form a flux to protect the molten metal from oxidization. 
The size of the electrode and the amperage is varied to suit the size of 
the work. Large fillets are built up by the addition of a number of 
runs, see Fig. 211; the surface of one run must be thoroughly cleaned of 
all oxide and slag before the next is applied. The work generally, before 
and during welding, must be kept clean, and the mill scale, etc., removed 
by means of a wire brush. 

Common Faults.—The chief faults tu be avoided in welding are: 
(i) Incomplete Fusion. The deposited weld metal must be thoroughly 
fused with the parent metal along all surfaces. (ii) Lack of Penetration. 
The weld metal must penetrate right into the roots of the joint. (iii) Slag 
Incluztons. As far as possible the weld must be free from non-metallic 
inclusions, blow-holes, etc. (iv) Undercutting and Overlap. The weld 
must possess a convex contour, and the parent metal must not be 
undercut (melted away along the edges of the weld). The weld metal 
should not overlap the parent metal along the edges without being 
properly fused thereto. 

143. Types of Weld.—The different types of weld and their names 
are shown in Figs. 209 and 210. Single and double V Butt Welds are 
illustrated at (i) Fig. 209. The angle of the V should not be less than 
70°, and the edge of the plate should not be sharp but left square for 
about ;; in. The gap between the plates may be 7; in. for plates } in. 
thick and under, and 4 in. for thicker plates. When one plate only is 
bevelled, the angle is made 45° and the gap 4 in. Plates under } in. 
thick need no V. The wide extremity of the weld is reinforced, i.e. made 
convex, so that the area is 10 per cent. greater than that of the plate. In 
single V butts, unless the two plates rest on a third, to which they are to 
be attached, the underside of the V should be reinforced by a run of weld 
metal to ensure that the fusion penetrates right to the bottom of the V. 
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Butt welds are largely used for pipes, ship plates, tanks, and similar 
constructions. 

Fillet welds are shown at (ii), (iii) and (iv). These are usually made 
triangular in shape (45°), reinforced on the outer surface, see Fig. 212; 
(iii) is called a longitudinal or shear fillet; and (iv) a transverse or tension 
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fillet, which should be returned at its ends as indicated. Shear fillets 
are commonly used for structural constructions. Long fillet welds may 
be continuous when required for strength or watertightness, but inter- 
mittent welds, in which the parts are welded together in short lengths 
with gaps between, are often sufficient for strength. Very short inter- 
mittent welds, called tack welds, may be used 

as temporary attachments for the parts to be t, 
connected, and afterwards be incorporated a 
with the continuous joint. This proceeding 


diminishes contraction stresses. Some ex- ? | 


amples of slot welds are given in Fig. 210. © 
A rectangular slot is formed in the member | i ee te acl 

to be connected of width 5, not less than its 

thickness ¢. The weld is made inside the slot ; 

its depth ¢, should not be less than one-half —==== 

the width 6,. Such welds are used for the [~ 

connection of heavy structural members; the 























weld is placed in shear. ss 
144, Admiralty Practice.—As typical of 
good British practice, the following is ab- Fia. 210. 


stracted from Notes on Welding Practice in 
British Warships communicated to the Welding Symposium, London,”! 
1935, by the Director of Naval Construction. 

Fillet Welds.—The overlap for plates is 3¢ up to and including 10 Ib. 
plating (10 Ib. /sq. ft.), 4¢ for heavier plating ; }-in. and ;';-in. fillets are 
made with one run of 10-gauge electrodes; }-in. fillets with 1 run of 
8 gauge. Larger fillets are made with a first run of 10 gauge to ensure 
good penetration in the corner, and subsequent runs of 8 gauge. For 
a 2-in. fillet, nine runs are used. The manner in which }-in. and }-in. 

¥ 


a 


322 MATERIALS AND STRUCTURES 


fillets are built up is shown in Fig. 211. In Admiralty practice the leg 
in shear is made 25 per cent. longer than that in tension. Such welds 
exhibit an ultimate strength which exceeds 26 tons/sq. in. on the theoretic 
throat area. 

Butt Welds.—A 60° V weld is used. The plate is left ,-in. square 
at the bottom. For plates up to and including 10 lb., a y,-in. gap is 
used; ,; in. from 10 to 165 Ib., and 4 in. for plates over 15 lb. The 
first run at the bottom of the V is made with a 10-gauge electrode, and 





Fia. 211. 


successive runs of specified length with 8 gauge, until the joint is rein- 
forced 10 per cent. To ensure complete penetration at the bottom, it is 
important to make a back run and to arrange the design so that this may 
be done. For plates # in. thick a 10-gauge electrode is used, and an 
8 gauge for thicker plates. A typical example is shown in (iii) Fig. 211. 
For all the more important work, high quality, heavily-coated electrodes 
are used. Direct current is employed, with the electrode on the positive 
pole. 

145. Strength of Welds.—In a fillet weld the dimension a is given as 
the size of the weld, Fig. 212. The minimum width 0 is called the throat 
of the weld, and the breaking load, divided 
by the area of the plane containing ), is Reinforcement 
called the ultimate strength of the weld. 
In making this calculation, the extra width 
due to the reinforcement is neglected. The 
tame convention is used for both shear and 
tension welds. Ina butt weld, the width of a | 
the weld in the plane of the minimum width 
(less the reinforcement) is called the throat, 
and tl.e breaking load divided by this area Fic. 212. 
is called the ultimate strength of the weld. 

The ultimate strength of welds, as determined by experiment, varies 
considerably with the test conditions. Probably the most extensive 
series of tests are those carried out by the American Welding Society.!° 
In these tests, bare wire electrodes were used, the ultimate strength of 
the deposited metal averaging about 50,000 Ib./sq. in., which may be 
taken as the ultimate strength of butt welds. The ultimate strength of 
fillet welds in shear averages about 40,000 lb./sq. in., and in tension 
45,0C0 lb. /sq. in. 

According to Freeman’s experiments,”* using coated electrodes 
(Quasi-arc), on specimens welded on the flat under shop conditions, with 
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slightly reinforced fillets, Fig. 212, when a < } in., the ultimate strength 
of longitudinal shear fillets, (iii) Fig. 209, is 12-8 a tons per inch of length, 
and of transverse tension fillets with returned ends, (iv) Fig. 209, is 
21-3a@ tons per inch of length, or 20 per cent. less if the ends are not 
returned. 

Working Stresses —The 1930 American Building Code for Fusion 
Welding permits the following stresses on the throat area : shear 11,300 ; 
tension 13,000; compression 15,000 lb./sq. in. Fillet welds placed 
transversely to the direction of the stress are to be considered as in shear, 
so that the safe load-on both types, (iii) and (iv), Fig. 209, of fillet welds 
is 8000a lb. per inch of length, where a is in inches. These values apply 
to joints made with bare wire electrodes. 

With electrodes possessing the specified mechanical properties, the 
British Standard permits a working stress in butt welds in tension 
or shear of 85 per cent. of the permissible stress in the parent metal, or for 
butt welds in compression of 100 per cent. of such stress. For fillet welds 
in shear, the permitted stress is 5 tons/sq. in., or 3-56a@ tons per inch of 
length ; and for fillet welds in tension, the permitted stress is 6 tons/sq. in., 
or 4:24a tons per inch of length. The safe load on slot welds of the 
proportions prescribed above, Fig. 210, is 5b, tons per inch of length. 

In these formulae the length to be used is the length of weld of full 
cross section, exclusive of any craters at the ends, unless the latter are 
properly filled up. All the above values are for quiescent loads. 

Mechanical Tests —The British Standard requires from test specimens 
of deposited weld metal a minimum ultimate tensile strength of 28 tons/ 
aq. in., a minimum elongation of 20 per cent. in 3-54 diameters, and an Izod 
smpact value of 30 ft.-lb. Butt welds in tension must exhibit an ultimate 
strength of 28 tons/sq. in., and stand a 90° cold bend test round a diameter 
of 4 times the thickness. The ultimate strength of fillet welds must be 
27 tons/sq. in. in tension, and 18 tons/sq. in. in shear. For details of 
the tests and method of constructing the specimens, the British Standard 
for Metal Arc Welding should be consulted. 

Non-destructive Tests —While it is true that the characteristics of a 
bad weld, faulty manipulation, etc., can be recognised by an experienced 
eye, particularly if the inspector be present while the welding is in 
progress, the need for a non-destructive test of the finished work, whereby 
imperfect fusion, lack of penetration, inclusions, blow-holes, and other 
hidden faults would be made manifest, has often been felt. Of the methods 
proposed, only X-ray examination appears to have reached the practical 
stage, and this particularly for butt welds in pressure vessels, when the 
material is not too thick. The measurement of magnetic reluctance, or 
of the drop in electric potential, across the weld has been tried ; positions 
where the magnetic or electric resistance is abnormally high indicating 
faulty welding. Alternatively, in the Sperry test, an observation of 
current deflection by magnetic means is used as an indication. None of 
these methods has yet passed the experimental stage, and like the X-ray 
test are not very suitable for the examination of fillet welds. Listening 
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through a medical stethoscope while the joint is being tapped has been 
tried in America. 

146. Fatigue in Welds.—Experiment has shown that the fatigue 
strength of welded joints is low compared with that of the parent metal. 
In some rotating bar tests on fillet welds made with bare wire electrodes, 
Petersen and Jennings * found that the limiting range of stress of the 
welded joint was approximately one-half that of the steel. More recent 
experiments made at the N.P.L.,® on a 20 million reversal basis, exhibit 
a limiting range of stress in rotating bar test-specimens, of deposited weld 
metal, of about two-thirds that of mild steel of the same tensile strength ; 
and in the case of fillet and butt welds, subject to direct stress fatigue 
tests, net much over one-half. For these welds, high-class covered 
electrodes were used ; with bare wire clectrodes even lower results were 
obtained. 

These low values are due to the presence of blow-holes and slag 
inclusions in the weld metal, which act as ‘ stress raisers,’ and to stress 
concentrations in the welded joints. It was found in the N.P.L. experi- 
ments and others that fatigue fractures in the weld metal always com- 
mence at blow-holes or inclusions, whilst those in joints commence at 
areas of marked stress concentration at the roots of the fillets. Uneven 
distribution of stress along a fillet weld is of great importance in joints 
subjected to repeated loading. 

Direct stress fatigue tests on a 5 million cycle (minimum) basis, by 
Haigh,® using specimens turned to 34-inch diameter from l-inch mild 
steel plates with V butt welds, showed a limiting range of stress between 
0 + 54 and 0 +6 tons/sq. in. The welds were of good quality, but 
deliberately made to contain small flaws due to cavities or slag inclusions, 
such as are always liable to be present in practice. In a solid mild steel 
specimen of 28/30 ton steel, yield point about 16 tons/sq. in., the 
corresponding limiting range of stress would be about 0+ 114 to 
0 + 12 tons/sq. in.; but Professor Haigh points out that a small hole 
drilled right through the centre of the solid specimen as a ‘ stress raiser’ 
would diminish these figures to about 0 + 8} to 0 +9 tons/sq. in., 
whereas a similar ‘stress raiser’ through the weld did not affect the 
strength, for the crack started elsewhere at a slag inclusion. 

Similar tests in which the mean stress was not zero gave the following 
limiting ranges of stress : 


+10+4; +64+45; 04+6; —3+7; —6+8. 


In another series of tests, made on specimens in which the skin was 
not removed by turning, slightly better results were obtained, showing 
that surface irregularities do not further weaken the joint. In a further 
series of tests on double V butt welds, in which the fusion between the 
parent metal and the weld metal was not good, and in which the weld 
metal had not fused at the bottom of the V’s, the limiting range of stress 
waa only 0 + 3 to 0 + 34} tons/sq. in. reckoned on the gross section of 
the plate. 
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In a series of fatigue tests made by the V.D.I. Berlin,** the specimens 
consisted of a welded member 6 to 8 ft. long forming the central panel 
in the tension flange of an experimental bridge girder of about 50 ft. span. 
The stress repetitions were effected by means of an oscillator, § 62; 
the frequency was regulated to avoid resonance. The experiments were 
made on a 2 million cycle basis. A number of different types of joint 
were tested, both electrically and oxy-acetylene welded, and three 
different qualities of steel were used. 

It was found that the shape of the joint has much greater influence 
than any other factor. The fatigue strength was approximately the 
same for all three kinds of steel, and unless the constant stiess is high, 
high tensile steel has no great advantage. The number of cycles to 
fracture was about the same for bare wire electrodes as for the covered 
electrodes used. Static tensile strength is of less importance than good 
ductility. For side (shear) fillet welds, a minimum elongation of 15 per 
cent. in the weld metal is essential. Butt welds resist fatigue better than 
fillet welds, and continuous welds better than intermittent welds. The 
endurance limit of plain butt welds was 5-7 + 5-7 tons/sq. in., which 
was increased to 7:6 + 7:6 by machining the surface of the welds. 
They should be thoroughly welded at the root. The endurance limit 
depends on the shape of the member itself as well as on that of the joint. 
Stress concentrations and abrupt changes in section must be avoided. 
Smooth curves between the parent metal and the weld should be used. 
Concave welds are better for end fillets than convex welds. 

147. Contraction Stresses. Distortion. Effect of Rigidity —As the 
welding proceeds, not only is the weld metal deposited in a molten state, 
but the temperature of the parts being joined is also raised to the melting 
point, and the metal in the immediate vicinity expands considerably. 
As the weld cools, the weld metal and the other heated parts contract. 
This contraction is resisted by the cooler parts of the structure and 
initial stresses are set up. Serious stress concentrations may be the 
result, particularly at the ends of joints and at the roots of fillets. It is 
quite possible also that the thermal disturbance may result in the release 
or redistribution of existing internal stresses in the parts, caused by 
rolling or subsequent cold work. 

The effect of the stress concentrations is shown in the early failure 
of welded joints under repeated stress (see supra); and even under a 
dead load the parent metal may give way at a low stress, as did many of 
the plates in Freeman’s experiments,”* which, though of normal 28/33 ton 
mild steel, tore across at about 20 tons/sq. in. with little sign of ductility. 

In thin constructions, contraction stresses and the release of internal 
stresses result in distortion of the parts. 

These effects may be mitigated by careful design and proper manipu- 
lation during welding. Whenever possible, freedom to move should be 
permitted to at least one of the parts to be joined. This is essential in 
the case of butt welds. A tie bar should not be butt welded at each end 
between two rigid flanges ; fillet welds should be used. The stiffer parts 
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of a structure should be welded first, and the less rigid members attached - 
later, otherwise distortion occurs in the latter. It is possible to avoid 
distortion by giving initial set or curvature to one or other of the parts, 
e.g. in a stiffener to be attached to a bulkhead in a ship; the edges of 
thin plates are sometimes kept stretched while the welding proceeds. 
* Step-back ’ welding should be adopted for long continuous runs. In 
this the operator welds a short length AB, then stops and starts again at 
C behind A and welds from C to A, and so proceeds. As far as possible 
the work should be so arranged that the tensile and compressive stresses 
set up tend to balance one another. Pressure vessels are annealed or 
otherwise heat treated to eliminate initial stress. 

Two factors alleviate the effects of initial stress. Each subsequent 
run partially anneals those previously deposited, and so reduces the 
contraction stresses; and, further, there is little doubt that under dead 
loading, plastic yield and strain hardeuing—which take place when, due 
to stress concentrations the yield point is exceeded locally—are the salva- 
tion of the situation, and every improvement in the ductility of welded 
joints is of the greatest importance. 

Rigidity. Welded joints are rigid joints. The percentage elongation 
in bars with welded joints is frequently small. Experiment '* has shown 
that secondary stresses in frameworks are higher with welded than with 
riveted joints. There are many cases in which it is customary to neglect 
any rigidity which a riveted joint may possess, where in welded construc- 
tion svch neglect might be serious. This rigidity must always be borne 
in mind in design. 

148. Combined Welded and Riveted Joints.—Owing to the much 
greater rigidity of welded joints compared with riveted joints, a partly 
welded partly riveted joint is not a very satisfactory one, for the weld 
carries the major portion of the load. Such sombinations, however, are 
frequently used in strengthening existing bridges and structures, in 
which cases the objection is not so important, for the rivets will be 
carrying the stress due to the dead load of the structure before the welding 
ta‘es place, and the weld comes in to carry the major portion of the live 
load stress. Professor Kayser * has made several experimental studies 
of combined welded and riveted joints, and concludes that the ultimate 
strength of the combination is that of the welds plus two-thirds of that 
of the rivets. Short longitudinal fillets should be employed where 
possible, and not transverse fillets, which prevent deformation in the 
direction of the load. 

149. Typical Welded Constructions. Method of Calculation.— 
Minimum Size of Weld.—¥For thicknesses of } in. and over, the 
minimum size of weld should be a = + 4(¢ — }), and in length 1} in,, 
where ¢ is the thickness of the member being attached. Size of welds: 
4 tb pb §, $, ¥, 1 inch. 

nce for Crater—In the equations given below, / is the length 
of re weld of full cross-section exclusive of any crater (unless the latter 
be filled in) or of any portion tapering, or not up to size. 
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Ties and Struts——In a member in direct tension or compression, 
connected by fillet welds in shear, if both member and welds are sym- 
metrically placed with respect to the axis of load, (i) Fig. 213, 


F = 2ls; andl=F/2s . ‘ : ~ (I) 


where F is the force in the member in tons, / is the length of each weld 
in inches, and s is the safe shear force per inch of length = 3-564 tons/in. 
for a dead load. The length / should not be less than } the breadth of 
the member. If the weld is carried round the top end of the member, 
(ii) Fig. 213, and the conditions are symmetrical, 


F = 2le + Baz; and 1 = (F — Bez) /2¢ . : . (2) 


where B is the breadth of the member; and sz the safe load on the weld 
per inch of breadth = 4:24 a tons/in. for a dead load. 

If the conditions are unsymmetrical, as for example in (iii), where an 
angle is attached to a gusset, it is necessary so to design the joint that 
the effect of eccentricity is reduced to a minimum, and the weld must be 
made longer on the side nearest the centre of area of the angle. For the 
conditions shown ix (iii), F = s(7, + 1,); 1, + 1,= F/s. Taking moments, 


sl, x B = Fv, ; L, = Fv, /Bs ; l. = K(B — v,)/Bs . ° (3) 


In cases where the length for attachment is perforce short, a combina- 
tion of fillet and slot welds may be used, (iv) Fig. 213. The area of the 
slot weld in shear is 6,1, (t, > b,/2, Fig. 210) and the safe load on it is 
56,1, tons. The welds must be so arranged that the resultant force 
carried by them acts along the axis of the angle. Where the member 
consists of a single bar attached to one side of a gusset plate, Fish * 
recommends a 50 % increase in the theoretical strength of the welds to 
take account of the eccentricity of loading perpendicular to the plane of 
the gusset plate (cf. § 151). When it is not possible to return the weld 
at the end, as is done in (i) and (iii) Fig. 213, 4 in. should be allowed for 
the end crater. 

No deduction for loss of area is customary in tension members attached 
by welds. 

Plate Girders.— Welded plate girders are formed of one or more flange 
plates top and bottom welded directly to the web plate. No flange angles 
are required. For convenience in welding, each flange plate is made 
slightly narrower than the one inside it. It is customary to use one or 
two thick plates, rather than a number of thin ones, to save welding. 
The welds connecting the flange plates are usually made intermittent, 
but a continuous weld is carried round the ends of an added flange plate 
and for a short distance at each side along the girder. It is better, but 
not essential, to make the welds connecting the web to the flanges con- 
tinuous. In intermittent welding, the distance between the welds should 
not exceed 16¢ in tension members, nor 12¢ in compression members, 
where ¢ is the thickness of the thinner plate. The welds should be 
arranged as shown at (ix) Fig. 213. The web stiffeners are formed of 
flat bars on each side of the web, of thickness not less than th their 
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breadth. These are welded to the web and to the flanges top and bottom. 
It is better to make these welds continuous. The end stiffeners are 
similarly arranged. Joints in the flange plates are made with outside 
covers as in a riveted girder; but it is becoming common, instead of using 
a number of flange plates, to use a single plate of varying thickness, butt 
welded where the changes occur (vi). Web joints may be made with 
double covers as in a riveted girder, fillet welded to the web, or may be 
butt welded (vii). The area of the flange plates, web thickness, and 
spacing of the stiffeners are all determined exactly as in the case of a 
riveted girder (§ 172 et seq.), except that the gross area is taken for both 
tension and compression flanges. The design follows a similar course 
and the same stresses may be used. The unsupported length of the web 
plate may be taken as the distance between the two flanges, or the pitch 
of the web stiffeners, whichever be the lesser. The values of 8, and s, 
are calculated as in §§ 175-6, and the size of the welds must be chosen to 
resist these shearing forces per inch of length. When the welds are made 
continuous, they are usually more than sufficiently strong. In flange 
joints with an outside cover, the cover is made slightly narrower than the 
outside flange plate, and of an area at least equal to that of the cut plate. 
The welding must be sufficiently strong to transfer the total load from the 
cut plate to the cover and back again, and if through plates intervene, the 
welding connecting them must likewise carry this load in the vicinity of 
the joint [see (iv) Fig. 257]. In web joints with double cover plates, fillet 
welded to the web, the fillet welds must be sufficiently strong to carry 
the shearing force at the joint. The worth of the web to resist bending is 
the worth of these fillet welds. 

Roof Truss.—(viii) Fig. 213 shows a welded roof truss. The construc- 
tion generally is of the usual type, but the joints are made without gussets ; , 
the members are welded one to another by means of fillet welds. The 
rafters are either T bars, or double angles welded together at intervals ; 
the other members of the truss are of angle section. Field joints (for 
shipment) may be bolted, or the joints may be made by welding at the 
site before the truss is lifted into place. ‘The design follows the lines of 
§ 212. Care must be taken that the axes of all the members meeting 
at a node intersect in a common point, so that the welds shail not be 
eccentrically loaded, and the procedure given aboye for the design of 
the welds for ties and struts must be followed. 

Braced Frames.—The construction of light braced frames (x) is similar 
to that adopted for roof trusses. A detail suitable for a heavier open web 
girder is given in (xii). A joint suitable for a Vierendeel girder is shown 
in (xi). 

Steel Frame Buildings—Some details of welded constructions, and 
connections between beams and columns, in steel-framed buildings, are 
given in Fig. 214. In the case of a beam directly attached by double 
fillet welds to a support whose capacity to resist a moment is small (i), 
the weld may be designed to resist merely the vertical reaction R in 
direct shear, when R = 2ls. The effective value of a in such cases (iv) 
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Fig. 214. 
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should be observed. Where, as in (ii) and (iii), the beams tend to act as if 
continuous, Mr. Fish* recommends the proportions for the weld 1<2D/3 ; 
a>4t/5; where ¢ is the thickness of the web of the E beam. The intention 
is that the web should deform before the weld. In this case the above 
method can be used, and R = 2ls. A connection made with two angle 
oleats (v) will transmit little fixing moment, but the welds are subject to 
a local bending moment R x B due to eccentricity. In one weld, at the 
outstanding toe of a cleat, F = 3RB/4l; and the horizontal shear per 
inch = 3RB/I?. The vertical shear per inch = R/2/. Combining these, 
Safe R = le + V(3B/I)? + } ele 4) 

The connections shown in (vi) and (vii) are designed to carry the 
fixing moment at the support, and (viii) represents a joint between two 
lengths of beam intended to resist the bending moment. In these details 
the flange connections must transmit the actual force in the flanges, and 
in (viii) and (xiii) the web connection must be designed to carry the total 
shearing force. A joint between two column lengths is shown in (ix), 
which also indicates how a change in section may be made. If the stress 
be wholly compressive and the ends are machined perfectly square, the 
covers used need only be sufficient in size to preserve the alignment. 
If the joint be subjected in addition to a bending moment of some mag- 
nitude, the cover plates and the welds must be designed to resist it. 
Column details are shown in (x) and (xi). That in (xi) is built up from 
flat plates and welded. Welded brackets are illustrated at (xii) and (xiii). 
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CHAPTER IX 
THE DESIGN OF TENSION AND COMPRESSION MEMBERS 


150. Tension Members.—Having given the force F and the safe 
working stress f; in a tie bar, the net area required isa = F + f;. As 
will be seen from the following articles, however, there are a number of 
points concerning the design of tension members which need consideration 
apart from a determination of their area. 

151. Types of Tension Members.—Fig. 215 shows same typical cross- 
sections used for tie bars in structures. The round bar (i), although 


(i) (ii (ii) (Iv) (Vv) 


oo ee 


Fia. 215. 





perhaps the theoretically perfect form of tie, is not much used in modern 
structures on account of the difficulty in making suitable attachments 
and joints. The common practice is to fork the ends of the bar, (vi), and 
attach it by means of a pin. In large ties this means an expensive and 
difficult piece of smith’s work, which, in addition, is not ‘always reliable. 
The same objections apply to welded joints ina bar. The structural de- 
signer should bear in mind the old maxims : “ Keep out of the smith’s shop,’ 
* Beware of the fire.’ For the above reasons, round tie bars have dropped 
out of use, except where the diameter is small, say not much greater than 
]-in. diameter, when the forked ends may be drop-forged and electrically 
welded on to the bar. A turnbuckle (vi, a) is usually provided in the 
length of the bar, not to adjust the tension therein, but to adjust its 
length. It is difficult to weld two forked ends on to a rod so that the 
centres of the pins may be an exact distance apart. The ends of the rod 
are sometimes flattened and forged into an eye (vi, 6), which is attached 
by a pin. 
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Flat bars, (ii) Fig. 215, are used as tie bars. They may rango in size 
from 2} or 3 in. wide and ;‘; or # in. thick in a roof truss, to say 12 or 
18 in. wide and 1 in. or more in thickness in a lattice girder. They are 
attached by means of riveted joints, and the rivets are so arranged that 
only the area of one rivet hole is lost, (vii), (see also § 154). In bridge 
girders such ties would be placed in pairs, one on each side of a gusset 
plate, (v) Fig. 225; the rivets are then in double shear. The use of flat 
bar ties in large girders, however, is no longer customary. 

Stiff T1es.—The modern practice is to make a tie of such a section that 
it can resist accidental compressive and bending stresses. In a riveted 
framework there may be considerable bending in the ties due to secondary 
stresses (§ 114). A light tie is made of angle section, (iii) Fig. 215; or 
two angles back to back (iv) ; a channel section attached by its web (v) 
may be used. The angle sections would be attached as shown at (i), 
(ii), or (iia) Fig. 216, and it is usual to specify that only one-half of the 





2 (vil) (iv) (v) (vi) 
Fiaq. 216. 


| 


area of the outstanding flange should be counted in as forming part of 
the area of the tie. This is intended as an approximate allowance for 
the unequal distribution of stress in the member. It will be evident 
from (iii) Fig. 216, that the angle is an eccentrically loaded tie, the 
eccentricity e, being (v, + ¢/2), where v, is the distance of the centre of 
area from the back of the angle, and ¢ the thickness of the gusset plate. 
It was shown in § 120, Vol. I, that the maximum stress in an eccentrically 
loaded tie occurs at the ends and is 
C40, ¥ y " v(Y, + t/2)} 
a | K? 


fe = | 


mel oe) 
a | x? 

As a particular example, consider a 3 x 3 x # in. angle, attached to 
a }-in. gusset plate by four }%-in. rivets, and subjected to a load of 
10 tons, (iii) Fig. 216. The net area of the angle is 2-11 sq. in. less one 
rivet hole +3 x # = 1-80 sq. in.; so that, neglecting the eccentricity, the 
stress would be 10 + 1-8 = 5-56 tons/sq. in. If only one-half the area 
of the outstanding flange be counted in, after deducting the area of one 
rivet hole in the other flange, the net area is 1-31 sq. in. and the corre- 


; or in this case, fy = — 
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sponding stress is 10 — 1-31 = 7-63 tons/sq. in. Using the formula for 
eccentric loading, and finding the stress on the gross area of the angle, 
v, = 0°88; e, = v, + t/2 = 0-88 + 0:19 = 1:07; nx? = 0-81; and 
Pesce ite COED A) 2, AO ye 0 BO 
a | ea} QT | 0-81 | 
All th , dimensions are in inches. This is the stress on the gross area. In 
the way of a rivet hole the stress would be increased to approximately 


= 10-3 tons/sq. in. 


3 
10-3 x 34g = 14-2 tons/sq. in. 
If it be assumed that the line of action of the load is fixed by the centroid 
of the net area of the angle, v, = 0-99, eg = v, + t/2 = 0-99 + 0-19 = 
1-18, x? = 0:85, a = 1-8, and 
- 0 1-18 x 0-99 
h=TeR sit 
0-85 | 


That these as stresses really occur in practice is very unlikely, for 
the type of construction (the angle attached by its back) is very common 
and shows no signs of weakness. They appear, however, to afford 
justification for the custom of neglecting one-half of the area of the out- 
standing flange. It is evident that the stiffness of the end attachments 
must, partially at least, direction-fix the ends of the tie, and the stress 
due to bending is much reduced. 

From the point of view of eccentric loading, the detail shown in (ii) 
Fig. 216 is no better than that shown in (i), and there appears to be no 
justification for counting in more area in the one case than in the other. 
The additional cleat shown at (ii) is useful in situations in which it is 
difficult to get sufficient rivets in the main angle ; (iia), in which the eleat 
is lengthened, is a better detail than (ii). 

As to the best form of section to use for a tie attached by its back to 
a gusset plate, it is instructive to compare the maximum stress produced 
in the three sections shown at (iv), (v), and (vi), Fig. 216, all of the same 
sectional area, but of different vertical dimensigns. The figures for the 
gross sections are : 


= 13-2 tons/sq. in. 


(v) (vi) 
(iv) ‘, vl 


oe 2 F ww &« « & or 1-80 1-67 
Boe 0 82 1-05 1-32 
mo gang 1-10 1-63 
(1 4 Ot a). oo 220 2-24 2-36 


€2U 1) 


i ; 
The maximum stress f; = = b+ is therefore not very different 
a K 


in the three cases, but is least in the shallowest section, in which it is 
2-2 times the mean stress, F/a. 

This calculation suggests that a flat bar (vii) would most nearly 
approach the ideal conditions. For the particular case indicated, 
v, = 0:25; eg =0°5; x? = gy; and (1 + ev,/x*) = 7! That is to say, 
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the maximum stress is seven times the mean. There is no doubt that 
the stiffness of the end connections is usually sufficient to direction-fix 
the ends of a flat bar tie, which possesses little resistance to bending, for 





i€ 
(1) 
aT 
(it) 
Ci!) 
RRO 
Fig. 217. 


the successful employment of many such ties proves that the excessive 
stress indicated in this calculation does not occur. 

If similar angles be placed one on each side of a gusset plate as shown 
in (i) Fig. 217, the total net area of each angle may be counted in as form- 
ing part of the tie; for although, if each bar were separately considered, 
it would appear to be eccentrically 
loaded, .the eccentricity moment is 
neutralized by the moment of the forces 
called into play between the angles and 
the gusset plate. These forces are repre- 
sented in (ii) Fig. 217 ; the eccentricity 
moment will be completely nullified 
unless the implied tension in the rivets 
exceed the initial tension set up due to 
the rivets cooling. It will be evident 
that if the gusset plate were infinitely 
stiff, a similar set of reaction forces Fia. 218. 
would be called into play in the case in 
which there is one angle instead of two, (iii) Fig. 217, and again the effect 
of the eccentricity would be nullified. In practice, no connection possesses 
infinite rigidity, but as suggested above, the stiffness of the end connections 
undoubtedly reduces the stresses due to eccentricity of loading. 

. Heperimental Results —A number of the above theoretical deductions 
have been confirmed by experiment. Professor Batho,? experimenting 
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on specimens of the type indicated in Fig. 218, both with and without 
additional cleats, found that, with single angles attached by their backs 
[as in (ii) Fig. 218] to gusset plates 3 in. wide, the ratio of maximum 
to mean stress in the angle ranged from 
2-3 to 2:8. By increasing the width of the 
gusset plate to 14 in., this ratio was reduced 
in certain cases by 35 %, showing that the 
effect of stiffness of the gusset in its own 
plane is considerable. 

Adding an additional cleat (i) had little 
or no effect on the maximum stress produced, 
(i) Fig. 219. A tie formed of double angles, 
one on each side of the gusset plate, 
(iii) Fig. 218, acted as a concentrically loaded 
specimen, and the stress was very much QO = Outstanding 
more nearly uniform, (ii) Fig. 219. Again, Flange 
the effect of an additional cleat on the 
maximum stress was negligible. (i) Fig. 219 
shows the measured distribution of strain 
over the central cross-section of a single 
angle attached by its back to a gusset 
3 in. wide ; and (ii) shows the corresponding 
distribution in the case of the double angles 
with a gusset plate in between, the mean 
stress being the same in the two cases. 
The linear distribution of strain should be 
observed. It will also be noticed that the 
stress in the single angle reverses. 

Large Ties.—(i) to (iii) Fig. 220 shows 
a type of tension member commonly used 
in large bridges. The four angles are con- 
nected together by batten plates or lattice 
bracing. The attachment to the gusset 
plates is shown at (i), and the full net area of the angles may be counted in. 
The batten plates or lattice bars may be placed between the angies (ii), 


BTS E 


Fig. 220. 











Fia. 219. 
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Gusset Plate 


which leaves a narrow space difficult to paint properly ; or the two angles 

may be riveted together with tack rivets and a double system of secondary 

bracing provided (iii). The latter is the better construction but is more 
z 
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expensive. For very heavy ties two channels may be used, attached 
by their backs to the gussets, with the outstanding flanges connected by 
batten plates or lattice bracing, Fig. 221. 
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—- 8K as _—o os ae ae ow 


a 








Gusset 
Fia. 221. 


152. The Net Area of a Tension Member.—Let Fig. 222 represent a 
tension member in which the rivets in the inner rows are staggered with 
respect to those in the outer rows. Considering the cross-section ABHEG, 
it is evident that there is a reduction in area due to three rivet holes, 
but if the rivets in the inner rows are sufficiently close to those in the 
outer rows, fracture might take place along the line ABCHDEG ; in other 
words, the loss of area would be greater than that due to three rivet 
holes. Experiments by Moberley ! appear to show that in such a member 
the likelihood to fracture along the diagonal 
line BCHDE and along BHE will be equal, 
provided that the area along BCHDE is 4/3 
that along BE; that is to say, 


when 2(p’ — d) = 4 (c — d) 
or p = (2c+d)/3 . . (L) 
d denotes the diameter of the rivet hole. As 
the outcome of his investigation of this subject, 
Young’ gives rules which lead to the following : 
For equal resistance along either BCHDE 
or BHE, 

k = 3c/5; or, p’ = 0-78c » (2) 
When & is less than this, the number of rivet 
diameters to be subtracted from the width c is 

n=2-5(1—k/c); max.=2,min.=1 . ; (3) 

When c = 3d (minimum value), Young’s value for k giving equal resistance 
along the two lines agrees well with Moberley’s, but gets relatively larger 
as c/d increases. 

From the results of his experiments, Loudon ® concludes that the 
stress concentration at the edges of the holes is the important factor, 
and that failure may be expected to begin in the edge distance AB or 
EG. He finds that as k/c increases from 0 to 0-3 there is little increase 
in the strength of the member ; the strength then increases until k/c = 0-8, 
above which value the increase in strength is small. He suggests that 
the number of rivet diameters which should be deducted from the width 
c ig (2-6 — 2k/c), max. = 2. 





Fig. 222. 
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Alternatively, if the old Board of Trade rule for similar joints in 
boiler plates be applied, 


k = 3. 4/(lle + 4d) (c+ 4d). , . (sy 
This rule has been used with success for many years. It leads to 
p=(8c+2)/6 . . . .  . (8) 


for equality of resistance, which is less than either Moberley’s or Young’s 
value for p’. The corresponding number of rivet diameters to be sub- 
tracted from the width c is 


"=~ (le + 4d) (¢ + 4d)’ min. = | : ‘ (6) 
The new boiler rule is & = (c + 2d)/3, not very different from eq. (4). 

A commonly occurring case in girder flanges 
is that shown in Fig. 223, to which the above 
equations will not directly apply. Ii, in view 
of Loudon’s remarks, this arrangement be 
regarded as equivalent to Fig. 222 with the 
rivet at H omitted, from eq. (3) the number 
of rivet diameters to be subtracted from the 
width 2c = 2c, + Cc, is 
m= 2n—1=5(1 —k/e) — 1 = 4 — 5k/2r, 


=) (0-8 — 5) ; max. = 3, min.=I1 . (7) 
2c, 


or a maximum of 4 from the overall width 
shown in Fig. 223. For equality of resistance, 








k = 6c,/5; and p’=1-56c, . (8) 
Similarly, from eq. (6), 
9 1=3 50k? ite el 9) 
m= Zn — | = ~ (ile, + 2d) (aay? = i (f 
For equality of resistance, 
sa ee Se , 2(8¢,- d) 
k= (Ile, + 2d) (cy + 2d); and p Te ae ape : (10) 


According to German experiments,’ for equality of resistance, the 
area along ABCDEG should be 1-25 times that along AG. 

In no case should yp’ be less than 3d. 

153. Eye Bars.—In suspension bridges and other structures where it 
is essential to reduce the weight of the structure itself to a minimum, 
eye bars of flat bar section with enlarged ends are used for the tension 
members. The usual forms of these are shown in Fig. 224; (i) and (ii) 
give the proportions formerly used for hammered eye bars, (iii) those 
for the hydraulically forged eye bars common in American practice. 
The proportions of these eye bars are intended to be such that the bar 


5 
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is equally strong in all directions. A typical pin connection is shown at 
(iv). In calculating the diameter of the pin, it is necessary to examine 
(a) the bearing pressure between the eye bars and the pin, (b) the shear 
stress, and (c) the bending stresses in the pin. To determine the latter, 
the pin is regarded as a beam loaded with the tensions in the bars which 
it connects, (v) and (vii). By judiciously arranging the bars the bending 
stresses may be reduced to a minimum. ° 


k---2 
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154. Joints in Flat Tension Members.—The various types of riveted 
joint used for flat tension members are illustrated in Fig. 225 ; (i) and (ii) 
show a lap joint, (iii) and (iv) a butt joint. These joints may be used 
to connect two parts of the bar, or to attach the member to the gusset 
plates at its ends, as indicated by the dotted lines in (i) and (iii). 
Wherever possible a tie bar should be made in one piece. 

The conventional calculation for the lap joint (i) and (ii) is as follows: 
Suppose that f; be the safe tensile stress in the material, w the width of 
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the bar, ¢ its thickness, and d the diameter of the rivet hole. Then, at 
section A, where the bar is weakened by one rivet hole, the resistance 
to tearing is F; = (w — d)tf;. Suppose that there are n rivets in the 
joint. These are in single shear, and if f, be the safe shear stress in the 


rivets, the resistance to shearing is Fs = x 5 fs. If the joint is to be 
equally strong in shear as in tension, F's = F;; and 


nx4 dfs = (w -- d)ife; orn = (w — d)tfe 
¢ 7 
gofe 


This equation gives tb required number of rivets. It does not follow 
that the joint is weakest either at section A or in shear ; it might fail by 
tearing at B and shearing one rivet at A, or by tearing at C and shearing 
the rivets at A and B. The resistance to tearing at B and shearing at 


A is Fe! = (w — 2d)tf; + 7 dfs ; the resistance to tearing at C and shear- 


ing at A and B is Fy” = (w — 3d)if; + a d?f;. The true strength of the 


joint is the least of the four calculated resistances, which must be equal 
to the actual force in the member. The tensile resistance of the uncut 
bar is F = wtf; The minimum efficiency of the joint is obtained by 
dividing the least resistance of the joint by the resistance of the uncut 
bar. 

The strength of a joint in which the rivets are in double shear, (iii) 
and (iv), (v) and (vi), Fig. 225, can be investigated in a similar way. 
Suppose that the two tie bars in (v) are each 12 in. x 3 in., the gusset 
plate ? in. thick, and the rivet holes #% in. diameter. Take fs = 3ft ; 
fo = 2fs, and design the joint. The resistance of the two bars to tearing 
at section A, (v), is Fy = 2(12 — 48) x &fr= 13-82 fe. The resistance to 


shear of one rivet in double shear is2 x 7 x (48)? fs = 1-38 fs; the bearing 
resistance of one rivet in a 3-in. plate is }x 43 xfo == } x 4 x2 fs= 1-40 fe. 


The rivet is weakest in shear and bearing need not be further considered. 
If there be 7 rivets in the joint, the total resistance-to shear is 


Fs =n xX 1:38 fg =n x 1:38 x 2 f; = 1-03 nf. 


Equating the resistance to shearing to the resistance to tearing, 
Bs = Fy = 1-03nf; = 13-82 fi, whence n = 14. A suitable arrangement 
of rivets is shown at (vi) Fig. 225. The resistance to shear of this joint is 
Fs = 14 x 1-38f, = 14 x 1-38 x $f; = 14-49f;. The resistance to tear- 
ing at B and shearing at A is 

Fy’ = 2(12 — 2 x 48) x Sfp | 1-38 x 3 fe = 13-68 fy. 
The resistance to tearing at C and shearing at A and B is 


F,” = 2(12 —3 x #) x fp + 3 x 1-38 x Bf; = 14-58 fy. 
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The resistance at section D is obviously greater than that at C. The 
minimum resistance is that to tearing at B and shearing at A, i.e. 13-68 f;. 
The resistance to tearing of the two solid plates is 2 x 12 x § x fe = 15 fe, 
hence the efficiency of the joint is 13-68 f; + 15 f¢ = Q-91, or the strength 
of the joint is 91 % of that of the solid bars. 

For the results of experimental work on riveted joints see §§ 375, 376. 
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155. Types and Classification.—The majority of columns found in 
ordinary engineering practice may be roughly grouped into three classes : 
(i) simple solid columns of which the struts in roof principals may be 
regarded as typical; (ii) bridge compression members, usnally built-up 
columns, some of the largest size; (iii) stanchions in buildings, usually 
combinations of I beams or channels with flange plates. There is a certain 
amount of overlapping between the groups; for example, solid round 
stanchions are used in buildings, and bridge compression inembers may 
be simple solid sections or built up of rolled beams and flange plates, 
but the division is convenient and sufficiently accurate. 

Aeroplane struts form a class by themselves, and will not be discussed 


here. 
TT + 


Fia. 226. 


Solid Columns.—F ig. 226 shows the sections commonly used for solid 
columns. These consist of angles and tees, either singly or in combina- 
tion. The form in which two tees are placed wide apart, and connected 
together by lattice bracing, is relatively so stiff about the axis perpendi- 
cular to the plane of the lattice bracing, that it may be regarded as two 
solid sections bending about an axis parallel to the lattice bracing. 


| (V) j 
Boom: Sd 


a 
| 
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Fia. 227. 


Bridge Compression Members. —Figs. 227 and 228 show two different 
classes of bridge compression members. Those in Fig. 227 all have a 
central web to carry the shear force. In (i), suitable for light struts, it 
is of lattice construction, in the others it is a flat plate. The figure 










(i (iil) 





i 
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illustrates the modification in type which takes place as the magnitude 
of the load increases, and a larger flange area becomes necessary ; 
(v) shows a design suitable for a very large bridge. In (iv) and (v) the 
outstanding flanges should be connected by secondary bracing, either 
batten plates or lattice bracing, to prevent them from buckling. 

Fig. 228 shows another class of bridge compression member in which 


| (iv) | 


the flanges are of channel section ; these are connected together by two 
lines of lattice bracing. In (iii) the lattice bracing has been replaced by 
plates, (iv) may be regarded as an analogous construction built up from 
zed bars. It is probable that, considered merely as a column, (i) is the 
most economical of all practical types (Salmon’s Columns, p. 184), but 
the compression members in a bridge have to resist other straining 
actions besides those due to the longitudinal load; in particular, they 
have to carry secondary bending moments from the cross girders, which 





Fra. 228. 





Fria. 229. 


are usually attached to the vertical columns. Members with a central 
web of the type shown in Fig. 227 are more suitable for resisting such 
strains than those of Fig. 228, and are more convenient for the attach- 
ment of the cross girders (see Fig. 309). Modern practice tends, 
therefore, to the adoption of the types shown in Fig. 227. 

The common types of lattice bracing are shown in Fig. 229. When the 
lattice bracing is double, (i), the angle of the lattice should be 45°; when 
single, (ii), the angle should be 60°. Batten plates are shown at (iii). 
Each of these types makes an efficient bracing if pruperly designed ; 
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Fie. 230. 


” 





Holding Down Bolt 
Fig. 231. 


(i) is most suitable for heavy columna, (iii) for lighter ones. Lattice 
bracing with independent ends, (iv), is not so efficient 9° the other types, 
and should only be used for members of small importance. 

The minimum width for lattice bars is 2 in. for § in. rivets, 2} in. 
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for } in. rivets, and 2} in. for % in. rivets. When arranged as shown in 
(ii) Fig. 229, the minimum thickness is 1/40, or with doubled bars riveted 
together at their intersections, (i) Fig. 229, the minimum thickness is 
1/60. The minimum thickness of batten plates should not be less than 
xyth the distance between the rivet lines; and except in unimportant 
positions, not less than 3 rivets should be used to connect them to each 
flange. The pitch of the lattice bracing should be determined from 
secondary flexure considerations, § 160, The methods of attachment 
used for bridge compression members are given in Chapter XI. 

Stanchions in Buildings-—-The common types of cross section used 
for stanchions in buildings are shown in Fig. 230. -Where space is 
limited, the circular cross section (i) may be adopted. If made of cast 
iron, the column is usually of hollow cylindrical form, (ii). For heavy 
stanchions, combinations of beams and flange 
plates are used, (iii), (iv) and (v). The sections 
shown at (iii) and (iv) Fig. 228, are also employed. 
Typical caps and bases are shown in Figs. 231 to 
233. 

Fig. 232 shows a slab base for a stanchion. 
The end of the member is machined all over after 
riveting, and. bolted to the slab. Such a con- 
struction may conveniently replace the top tier of 
beams in a grillage (Fig. 466). According to the 
L.C.C. Code of Practice (1932), assuming the pres- 
sure beneath the slab to be uniformly distributed, 
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Fig. 231 shows how a change of section may 
be made just above a floor; Fig. 233 shows how a joint may be made 
between floors. Only when it is impossible to make the stanchion in 
one piece owing to its length, or to the position in which it is to be 
erected, are such joints permitted. The abutting syrfaces both at the 
ends and at joints should be machined absolutely square so that the 
surfaces butt all over. 

A number of details of the connections between floor beams and 
stanchions are given in Figs. 251 and 252. 

156. The Practical Column.—The mathematical theory of the strength 
of columns and its underlying conceptions have been discussed in 
Chapter VIII, Vol. I, in which chapter will also be found a short resumé 
of the experimental work, together with some of the better known 
empirical formulae for columns. Unfortunately, most of this theoretical 
and experimental work has very little direct bearing on the column as 
found in a structure. 
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The ordinary practical column is a short sturdy member, more or less 
rigidly connected to the adjacent members at each of its ends, and sharing 
the general deformation of the structure. It is initially curved, but this 
curvature may be greatly modified by the secondary bending moments at 
itsends. It is not a homogeneous member ; often it is built up of separate 
parts, and it is the strength of these parts which determines the strength 
of the whole. Local secondary flexure may be the’determining cause 





of failure. The adequacy or otherwise of the secondary bracing, lattice 
bars, batten plates, etc., may have an important effect on the strength 
of the column. 

It is evident that a formula based on experiments on small solid 
columns will not take these factors into account, and it becomes necessary 
to consider their influence on design. 

157. The End Conditions.—The practical end conditions are quite 
different from either the ordinary mathematical conceptions or the usual 
experimental conditions. In the ordinary mathematical theory either 
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perfect freedom in direction or perfect fixity in direction is assumed, 
and in most experimental work attempts have been made to approximate 
to these ideal conditions. It follows that the results obtained are not 
directly applicable to the practical case. The practical column is not 
free in direction, for its angular movement is severely restrained by the 
stiffness of the parts to which it is attached ; it is not fixed in direction, 
for it shares the angular deformation of the panel points at its ends ; 
it may bend in a single bow, in many cases the curvature is S-shaped, 
(ii) Fig. 189. From the calculations of the deformation stresses in a 
number of bridge trusges, it would appear that most of the struts proper, 
i.e. the vertical members, take an § shape, so that the maxim 1m stress 
occurs at their ends. In many cases the top flange bends into a single 
bow, but the member snould not be regarded as free in direction at its 
ends. It is an initially curved column, resisting the secondary bending 
moments due to the deformation of the frame in addition to the longitu- 
dinal load, its own weight forming a lateral load on the member. The 
ends are constrained to take definite inclinations owing to their connec- 
tions to the rest af the structure. 

The problem may be treated analytically on the following lines, but 
the resulting equations are not simple. Let it be assumed that the 
deformation bending moments Map, Moa, at the ends of a column AB 
have been calculated on the usual assumptions, § 115, namely that tlie 
members were originally straight, and that they are rigidly attached at 
their ends to the rest, of the structure, but neglecting any effect which the 
longitudinal loads may have on the deformation moments. From these 
moments, the inclinations agp, cba, at A and B can be found, J 8, § 118. 
These angles are determined, not by the behaviour of the particular 
member AB alone, but by the shape and stiffness of the frame as a whole ; 
on the assumptions made, they are definite and fixed for a particular load 
condition. The longitudinal load acting on the curved compression 
members will tend to increase the angles 0; its effect on the curved 
tension members will be to decrease these angles. Usually both tension 
and compression members connect on to the same gussets, and the two 
effects will tend to neutralise one another. The ‘ give’ in the riveted 
joints will tend to lessen both effects. If then it may be assumed that 
the values of a, as calculated from the deformations, are substantially the 
values of o for the coluimn in the 
truss, the equation to the bent 
centre line of the column can be 
found, and hence the stresses in 
the member. 

The simpler case of an originally Fig. 234. 
straight member, subjected to 
applied bending moments M’ at its ends, which moments are of the same 
magnitude and sign, Fig. 234, the ends of the column being held fixed at 
the inclination produced by these moments, is treated in the author's 
Columns, Variation 5, p. 59. It is there shown that until the longitudinal 
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load exceeds P = 7*EI/L*, the maximum compressive stress will occur at 
the centre of the column, and is (eq. 149), 


_W 1 Sey, od) al, oH] 
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Until the load attains the value W = P = P,/4, (P, = 4n°EI/L*), the 

column will bend into a single bow. When W > P,/4, the reversed 

curvature commonly associated with direction-fixed ends will occur 
(cf. Fig. 235). 

The Special Committee on Steel Column Research of the American 

Society of Civil Engineers * (p. 1221), who reach the same equation, write 


it in the form 
fea 

W = ———————_—— 
1+) 71 / © cose 4/ ¥ 
2 P P 
— : : ; ie. the ratio of the maximum fibre stress due 
to the deformation bending moments to the load per square inch on the 
column. Assuming the value j = 0:25, and putting f; = fy = 36,000 
Ib. /sq. in. at the failure point, the Committee find that the formula gives 
almost identical values to the ordinary secant formula, eq. (8), § 106, 
Vol. I, if in that equation e,v,/K? = 0:25, and P be replaced by 
P, = 4n*EI/L*. Hence they conclude that ‘the strength of a column 
in a truss under the conditions assumed is not much less than that of a 

pivoted-end column of one-half the length.’ 

Ross,* assuming the column, no matter what the end conditions may 
be, to be an originally straight, eccentrically loaded, hinged-end member, 
calculates the values of M’/W from a number of published secondary stress 
determinations. He suggests the general value e, = M’/W + L/500 as 
an equivalent eccentricity for practical columns. The final term is 
included to take account of imperfections in the conditions. 

The objection to the above methods of -proceeding is that, in deter- 
mining the deformation bending ‘moments, or what is equivalent, the 
angular deformation of the panel points, any effect which the longi- 
tudinal load on the column has on these angular movements is neglected. 
Further, the deformation stresses are calculated on the assumption of 
perfect rigidity of the joints. Allowance is sometimes made for the 
stiffness of the gussets, but any relief from the ‘ give’ of the riveted joints 
or other mitigating circumstances is ignored. Experiments suggest that 
in a bridge truss these effects tend to neutralize one another, for the cal- 


* Trans. I.E. Aust., vol. viii, 1927, p. 3. 
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culated and observed values show a fair measure of agreement, §119; but 
the rigidity of the joints commonly used in steel-framed buildings certainly 
falls far short of that presumed in ordinary deformation stress calculations. 

Further, in order to apply such methods, it is necessary first of all to 
calculate the deformation stresses in the frame, and in order to effect this, 
cross-sections for the columns must be assumed. These must afterwards 
be modified to suit the more exact procedure, and a recalculation made if 
necessary. In view of the lengthy compytation involved in secondary 
stress determinations, this is impracticable in ordinary structural design. 

What is wanted is experimental evidence as to the degree of imper- 
fection common in prectical direction-fixed ends,* what angular de- 
formation is probable, and what shape the deflection curve is likely to 
take. Such infurmation can only be obtained from observations on 
actual structures, which observations should clear up the uncertainties 
mentioned above. Knowing the probable slope of the ends of the column, 
or an equivalent indication of the real end conditions, it will not be 
difficult to design the member. 

Meanwhile it is fortunate that the ratio L/« in practical columns is, 
and should be, kept small. The bending moment resulting from th» 
effect of the curvature is then small, and the corresponding bending stress 
is small relative to the direct stress. Errors in the assumptions made 
regarding the end conditions are thus not vitally important. 

Where, due to the attachment of beams, external bending moments 
are applied to columns (e.g. cross girders in bridges ; steel-frame building 
construction), severe bending stresses may be set up therein. In such 
cases the column is acting as part of a continuous girder system, and should 
be so designed. 

158. The Value of ‘q’ in Practical Columns.—-In the absence of 
accurate information regarding the end conditions, referred to above, the 
method usually employed to take into account the direction-fixing, partial 
or otherwise, is to assume a probable value for g; qL is the free length of 
the column, and in initially straight columns is equal to A, the semi-wave 
length of the deflection curve (see §§ 103 and 118, Vol. I). It must be 
understood that this method is at best a rough approximation which 
leaves out of account important factors, and may be misleading. In the 
first place it should be observed that the values of ¢,,as determined for 
initially straight columns under ideal conditions, do not apply to the 
practical column, which is always initially curved. It will be evident 


* In 1913 [London University Thesis on ‘Columns,’ republished 1921 (see p. 
271)] the present writer remarked that ‘the most pressing point for future research 
on the subject of columns is undoubtedly the question of the degree of imperfection 
common in practical direction-fixed ends. . . . A complete answer to this question 
is difficult, but at present the designer has no real data whatsoever regarding practical 
end conditions.’ He goes on to suggest that, from a determination of the actual 
deflection curve of columns forming part of a framed structure, a new development 
of the column theory may grow, with secondary stress considerations as an under- 
lying basis. The question is one of probability as to the end conditions likely in 
everyday practice, and on such a point too much evidence cannot be obtained 
(see § 158a). 
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that the value of q, for an initially straight column, and that for an initially 
curved column, both with position-fixed ends, Figs. 164 and 170, Vol. I, 
will be the same. Yet the behaviour of the columns will be quite different. 
Again, Fig. 235 represents the initial and final deflection curves of an 
initially curved column, direction-fixed at its ends. The equation to the 


curve [see eq. (9), § 108, Vol. I] is 


4e ‘ OS a% — COS aL} - where = - 4 /¥ ] 
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The dotted line represents the initial deflection ; the full lines represent 
the shape of the column when W = 0:25P, and when W = 0:81P, 
respectively. The position of 
the points of no_ bending 
moment are also shown. It 
will be seen that up to one- 
quarter Euler’s crippling load 
for a direction-fixed column, 
i.e. for all working loads, the »~—~.—.—- —ly~ —:— - 
deflection curve is a single loop ; Fia, 235. 


and q falls slowly from 0-58 to 
0-56 as W increases from 0 to P,/4. Only when W exceeds P,/4 does the 


familiar reversed curvature associated with direction-fixed ends appear, 
and not until W = P, does q = 4, as in originally straight columns. 
To obtain the points of inflexion,* and hence the semi-wave length A, 
put d?y/dz* = 0 in eq. (1), when cos az = 0, az = x/2, 


== P,_A. =a 
2 “fe 53 and A aW/ 3 . (2) 


The semi-wave length is evidently a function of W; if W= P,/4, 
x = L/2,% = L, and the point of inflexion coincides with the point of 
application of the load, as is evident from the figure; when W = P,, 
> = L/2, as in the ideal straight column. It is evident that the equation 
qL = A does not hold for initially curved columns, and the values of q 
for ideal columns are not applicable to practical columns. If, however, 
the correct value is determined for q, i.e. for the distance between the 
points of no bending moment, the maximum compressive stress at the 


centre of the column is given by 
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where P, = 7°E1/ a and e, is a initial aie in the whole length 
of the column (see Columns, eq. 204, p. 73). Under working con- 
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ditions, if < . this equation may be replaced by 
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* Not the points of no bending moment (see § 86, Vol. I). 
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a simple equation giving the maximum stress under working conditions 
in an imperfectly direction-fixed column. The equation assumes, in 
effect, that the direction-fixing is sufficiently imperfect that the maximum 
stress occurs at the centre of the column. 

Evidence as to the value of q in practical cases is very meagre. For 
columns with initial curvature, if the direction-fixing be perfect, the 
theoretical value of g varies from 0-58 to 0:56 as W/P, varies from 0 to }. 
For position-fixed ends, g= 1. Practical end conditions probably lie 
about midway between these limits, g = 0-78. For members attached 
by large gussets to stiff adjacent members, for example, the web com- 
pression members in ordinary bridge girders, g may be taken as 0-7. 
The compression flange would not be so well fixed as this, and qg may be 
taken as from 0-78 to 1-0, depending on the relative stiffness of the web 
members. Calling perfect direction-fixing 4, and perfect freedom in 
direction 1, from observations on a bridge truss, Kayser * estimates that 
the degree of direction-fixing in a diagonal web strut may be taken as 2°42. 

For members attached by small gussets to adjacent members not stiffer 
than themselves, for example, 
ordinary struts in roof trusses, | Angle 3b”* 35 * § 
take g= 1. As an example of 
approach to perfect direction- 
fixing, the following case may 
be cited. Two rows of angle 
struts, 48 in all, each leg at- 
tached by gussets, Fig. 236, and 
standing on a flat slab base, 
were accidentally over-loaded and buckled. They all behaved as direction- 
fixed members, bending in a direction corresponding to the least radius 
of gyration, and the failure load approximated very closely to that of a 
perfectly direction-fixed member. 

Stanchions in Steel-framed Buildings —The value of q for stanchions 
in buildings is difficult to estimate. A column, standing on a wide base 
which rests on hard material, and rigidly attached at its upper end to the 
members of a stiff floor system past which it is continuous, might be 
regarded as imperfectly direction-fixed at each end, g=0-7. In 
ordinary cases, for’single storey buildings, and for the top and bottom 
storeys of other buildings, it is safer to take the value g = 1 for the 
stanchions. Where a stanchion is continuous past a floor at both ends, 
and rigidly attached at each end to deep and stiff floor beams, it may be 
considered as imperfectly direction-fixed at both ends. A value q = 0-7 
may be taken in this case also. These assumptions may be completely 
altered by the imposed bending moments from the beams. 

Stanchions in buildings are commonly regarded as ‘ eccentrically 
loaded,’ which may be approximately true when the floor beams rest on 
a plain shelf angle. When side and top cleats are employed (Figs. 251 
and 252) the connections will transmit a bending moment, and the whole 
construction becomes a network of continuous spans, with weak places 
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where the beams join the columns. The ordinary methods of calculating 
the eccentricity have no real applicability. There is great need of ex- 
perimental determination of the degree of direction-fixing to guide the 
designer (see § 3784). The conventional methods of design make no 
pretence at an accurate determination of the bending moments and 
stresses. They will be found in all the manufacturers’ Pocket Books, 
and will not be repeated here. 

159. Magnitude of the Imperfections (see § 111, Vol. I).—In solid 
columns with position-fixed ends assume an initial deflection 


L OD sed L D 
€1 = 75 + 40” plus an eccentricity e, = To00 + 40° 
add L/160 to e, in the case of built-up columns. In all direction-fixed 
columns assume an initial deflection of e, = a + a D is the depth of 


the cross-section in the plane of bending. Use a working stress in com- 
pression 15 % less than in tension, to allow for reductions in the strength 
of the material (I.c.). 

160. Secondary Flexure. The Built-up Column.—The majority of 
large practical columns are built up girder fashion, and consist of two 
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flanges connected by a web or webs, Figs. 227 and 228. Experiment has 
shown that well-designed members, thus constructed, usually fail due to 
the flange buckling between the panel points, or due to the flange plates 
on the concave side of the column buckling between the rivets, Fig. 237. 
It is evident that the stresses caused by primary and secondary flexure 
will add, so that if secondary flexure is possible in a column, the maximum 
stress will be increased thereby. It is probably that secondary flexure 
plays a much more important role in determining the strength of com- 
pression members than is usually recognised. All thin material in com- 
pression exhibits wave formation, and even short lengths of channel and 
other sections fail by local buckling. The secondary flexure of outstand- 
ing flanges and plates much reduces the strength of such parts. Experi- 
ments by Talbot and Moore™ on a specimen of thin material showed 
extreme fibre stresses 40 to 50 % in excess of the average stress. These 
extreme fibre stresses varied in a very irregular way, sometimes occurring 
on one side of the channel which formed the flange of the column, and 
at a nearby cross-section on the other side. These channels showed 
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evidence of considerable local flexure, to which these irregularities appear 
to be due. The authors conclude that local want of straightness may be 
much more important than curvature of the centre line or than eccentri- 
city of loading. In some heavier wrought iron specimens the effect of 
local curvature was not so pronounced. Howard and Buchanan,! from 
some experiments on large size columns of normal construction, conclude 
that in such columns an ultimate strength coincident with the yield point 
in the individual parts should be attained, whilst from the ease with 
which local buckling then takes place, no higher resistance will be 
realised or should be expected. 

Many analyses hav been given for columns taking secondary flexure 
into account. The following approximate treatment for a column with 
flanges of equal area @'Z leads to a simple ex- 
pression for practical use. Let AA, Fig. 238, 
represent the central cross section of a lattice- 
braced column, and suppose that the de- 
flection at this section, measured from the load 
line, is yy. The forces EF’ and F” in the two 
flanges, obtained by taking moments about 
any convenient point, are 


7 wt 1 Yo 

F = -w(; +H), F” = w(5- 7) (I) 
where W is the load on the column, and h is 
the distance between the centres of area of 
the two flanges. If the value of y, were known, 
the ferce F’ on the elementary flange column of 
length L’, (ii), would be known, and the latter 
could be designed to carry this load. Con- 
sider the flexure of the column as a whole, and suppose that at the 
moment of failure its condition may be represented by the Johnson 
parabolic formula, eq. (9), § 116, Vol. I, 


Sr = fy - a(@) 


where fy is the yield point stress, and c, = fy* /47*K. From the funda- 
mental stress equation for a column, fa=/fc— fs. If, at the failure 
point, fa = fr, the load per square inch; fc, the maximum stress = fy ; 
then the stress due to bending 
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where Wy, is the bending moment on the cross section, and Z = ah/2 is 
the section modulus. This supposes fp to be the stress due to bending 
at the centre of area of the flange proper. Then 
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and, from eq. (1), 
; 1 c/qgL W ca 
oe -Wh +5e(f |= s+ F(f s = 
This equation gives the load on an elementary flange column, (ii) Fig. 238. 
Considering the latter separately, and applying the Johnson parabolic 


formula to it, 
i’ _ T) 
a/2 = fy - ca( Kk 


where q’, L’ and «’ all have reference to the elementary flange column. 


From eq. (2), 
2(W cya /gh\*) | q’L’\# 
+ (2) | = fy ea] 


=fy-e{(*’) + (SS) } .  . (3) 


The Johnson parabolic formula holds therefore for the built-up column, if 
(qL/«)? be replaced by {(qL/«)? + (q’L’/«’)?}.* In ordinary circumstances 
q’ may be taken as unity for the elementary flange column. W in eq (3) 
is the ultimate strength of the column, and a suitable factor of safety 
must be applied. 

The above analysis is admittedly approximate. A rational treatment 
of the problem will be found in Chapter II of the author’s Columns. 
Using the same symbols as in eq. (3), § 158, it may be shown that (I.c.) 
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or, if W/P, < 1/5, i.e. under working conditicns, 
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From this value of F’, the maximum stress f, in the column may be 
found. Treating the elementary column as position-fixed at its ends, 
if the eccentricity of loading be e,’ and the initial curvature e,’ 


i’ 3F" 
fe= a/2 [i+ 1+ 5 et is va (Cx tex) | : (6) 


eq. (8), § 107, Vol. I. Here v,’, x’, ey’, €g’, all have reference to the elemen- 
tary flange column, and EF’ /P < 4, where P = 7#EI’/(L’)*. The equation 
gives the maximum stress under working conditions. For such a column 
take e,’ = L’/375, e,’ = L’/500, or in round figures, e,’ + e,’ = L’/200. 
Tertiary Flexure.—In the case of tertiary flexure, Fig. 237, where the 
flange plate cripples between the rivets, the stress fc, found from eq. (6), 
should be multiplied by (1+ p/80t) [Columns, p. 108] to get the true 


* An bra expression was obtained from another analysis by Engesser, 
Zentralblatt der Bauverwaltung, Berlin, 1909, p. 136. 


whence, 
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maximum stress in the flange plate. This value only holds when 
t?/p? > 3-7f-/E. Also it should be observed that tertiary flexure can 
only occur when the flange plate lies on the concave side of the elementary 
flange column, in which case v,’ becomes v,” (see Fig. 237). These formulae 
enable the stress in a built-up column subjected to secondary and tertiary 
flexure to be calculated. 

Integral Action.—In America this question has been considered from a 
different view-point, and experiments have been made to determine 
proportions for the column which will result in integral action. If these 
proportions be adopted in the design, it is assumed that the effect of 
secondary flexure in the column will be unimportant. From their study of 
existing data, the American Committee on Steel Column Research find 
that no failures primarity due to buckling occurred when the local L/« 
was less than 25 (‘ The tests studied were, however, too limited in number 
to be at all conclusive ’) ; and that a ratio of rivet pitch to thickness of 
20 is sufficiently low to develop the full strength of the column. 

The U.S. Bureau of Standards experiments * indicate that the safe 
ratio of plate width to thickness for structural steel is about 40, provided 
that the width w is measured between the rivet lines, and that the plates 
are well restrained at the edges. From eq. (8), § 120, the maximum 
edge thrust per square inch which the plate will stand without buckling is 

mi? =m? 

= “Sy? . m— 1 . . . . (7) 
Putting f = the proportional limit stress (37,700 lb./sq. in.), and taking 
m = 10/3, w/t = 53, at which ratio the plate should be equally inclined to 
buckle or pass the proportional limit. It is necessary, however, to allow 
for initial buckles and irregularities of the plate, and the experiments 
indicate 40 as a safe limit. If ¢ >8& in., and the edges are not well 
stiffened, the overall width should be taken instead of the width between 
the rivet lines. 

According to Roark (1913), an outstanding plate, perfectly direction- 
fixed along one edge and free at the other, will buckle when the unit 
load exceeds 

f=0-6E(t/B)? ; (8) 
where B is the breadth of the outstanding flange. 

The Committee conclude that such plates will carry the proportional 
limit stress of 30,000 Ib. /sq. in. without buckling, provided that the ratio 
of outstanding width to thickness does not exceed 20. 

Tests on large bridge members indicate great difficulty in securing 
integral action of the several ribs of a large member by means of lattice- 
bars only. Longitudinal diaphragms or cover-plates should be used 
[see (v) Fig. 227]. 

161. The Effect of Elastic Breakdown at the Yield Point.—The 
consequences which follow the sudden ‘give’ at the yield point are 
discussed in § 112, Vol. I. Many experimenters have called attention to 
the effect of yield in bringing about the failure of acolumn. Marshall’s 
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experiments (1887) showed that, when L/« < 100, with either flat or 
hinged ends, failure occurred when the load per square inch reached 
the yield point. For comparison, the plotted results of some tests made 
at Watertown Arsenal (1908-9) on Rolled I- Beams are given in Fig. 239. 
Actually, as the discussion on 
Buchanan’s experiments (1907), and g 
on Tetmajer’s experiments (Jensen, i 

1908), showed, failure occurs when > 30 





the stressintheextreme fibrereaches ™ [% ¢y) . rig. USSD 
the yield point. t0 
In large and built-up specimens 
it is the local effect of yielding which 0 50 100 iSO 
is the dangerous factor. Howard Fig. 239. 


(1908 and 1911) remarks that it is 

axiomatic that the ultimate strength of iron and steel columns of the 
usual proportions is limited to the yield point of the material, and that 
it is the minimum value of the yield point as found in the component 
parts which determines the ultimate resistance of columns. Hence 
variations of 25 % and over in the yield point, as found in the plates 
and angles, would overshadow those considerations which find expression 
in empirical formulae for columns which take no account of such varia- 
tions. This conclusion has been confirmed by the later experiments on 
built-up columns, and the American Column Research Committees con- 
cur that in all columns showing integral action, failure occurs when the 
maximum stress in the material exceeds the compressive yield point 
(except in those cases where L/« is so large that buckling takes place 
earlier) ; and further, that the compressive yield point may be taken 
as substantially equal to the tensile yield point. 

Experiments made in 1936 by the U.S. Bureau of Standards * on 
large, relatively short, built-up specimens of carbon-manganese steel, 
show that the ratio of yield strength of the column to that of the material 
was about 0:95; and confirm that Bryan’s formula, eq. (7), § 160, gives 
the buckling strength of the web plate. 

The above conclusions are drawn from observations on columns in a 
testing machine, and it is important to distinguish between the behaviour 
of such columns and those in a truss. In the testing machine, as pointed 
out in § 112, Vol. I, when the extreme fibres pass the yield point, the line 
of resistance moves away from the centre-line, virtually increasing the 
initial curvature, which results in increasing deflection and increased 
stress. The process is cumulative, for the load can follow up the increas- 
ing deflection, and rapid failure results. In a truss, the action of the 
longitudinal load is only one of the agencies straining the column. A 
large part of the maximum stress therein will be due to deformation 
bending moments; and, particularly when S-bending occurs, the 
maximum stress will occur at the ends of the column. Exceeding 
the yield point locally will probably relieve the conditions instead of 
making them worse. : Not only so, but instead of the load following up 
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ita advantage, the ' give’ in the member will bring about a redistribution 
of the load over the frame, giving time and opportunity for elastic 
recovery to play its part. 

These remarks do not apply to isolated columns, nor to other cases 
where the load is free to follow up the increasing deflection. The danger 
of sudden collapse due to the local buckling (secondary flexure) of an 
elementary flange column, or other local part, must not be overlooked. 

162. Experiments on Large Columns,—From the considerations of 
the two preceding articles, it is to be expected that the ultimate strength 
of large columns will fall short of that of small solid specimens, and this 
is found experimentally to be the case. From the collected results of a 
large number of column tests on large specimens of all lengths which 
showed integral acticn, the American Committee '® conclude that a 
Johnson parabola, beginning at the yield point for L/x = 0 and tangent 
to the Euler curve, fairly represents the experimental results for all grades 
of structural steel, including structural nickel steel. In its generalised 
form the equation to the parabola is, § 116, Vol. I, 


fy? vy 
= fy — — : : l 
fr=Sy coat Kk ”) 
For flat-ended specimens the Committee give g = 0-56, and for a struc- 
tural steel in which fy ranges from 34,000 to 38,000 lb./sq. in., eq. (1) 
becomes 

fr = 36,000 — 0°36 (L/x)?_.. , (2) 
For specimens with pin ends the Committee find that g = 0-78. 


163. Practical Empirical Formulae.—Adopting the parabolic formula 
as the most convenient empirical expression, and writing it in the form 


jfa=c¢,—C, ( t : the constants may be so chosen that fa represents the 
safe working load per square inch on the member. The parabola will 
then be tangent to the Euler curve, Fig. 240, fp = wage 
the factor of safety against buckling. It follows that » = 4m*Kc,/c,3, 


and the validity limit of Euler’s formula is gL/« = »/c,/2c,. Limiting 
the working stress in direct compression to 6-8 tons/sq. in. and taking 
7 = 3 as the minimum factor of safety for Euler’s formula, c, = 6-8, 


C, = 1/3700 and 


where 7 18 


1 /ql 

fa= 6:8 F700 z ) tons/sq. in. : (1) 

This equation may be used to obtain the safe load per square inch 

on a column intended to be concentrically loaded, such as a bridgé com- 

pression member. As will be seen from Fig. 240, it agrees closely with 

the straight line column formula for pin ends given in the British 

Standard for Girder Bridges, 1923. It makes no allowance for secondary 
stresses. 
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The 1935 A.R.E.A. Specification for Steel Railway Bridges gives 
the following parabolic formulae for columns (L/k < 140), 
For pin ends, fa = 15,000 — } (L/x)? —.. . (2) 
For riveted ends, fa = 15,000 —}(L/x)? .. . (3) 
Units: 1b./sq. in. . 
In the British Standard for Girder Bridges (B.S. No. 153, 1933), 


the maximum working stress in compression is raised from 6-8 to 
7-65 tons/sq. in., when the column formulae become 


For pin ends, fa = 9(1 — 0:0054 L/k) .. . (4) 
For riveted ends, fa = 9(1 — 0-0038 L/x) . ; . (5) 


max. fg = 7:65. Units: tons/sq. in. 
For small solid struts, the ordinary Johnson parabolic formula, 
eq. (3), § 164, may be used, with a factor of safety 7» = 3 for concentrically 






W 8 (1-0-0054 
= 8 (1-0-0054¢ ) 
BS.S 1923 for 


' Slenderness Ratio LK 
Fia. 240. 


loaded members, and 7 = 4 for members attached by their backs 
as in a roof truss, Fig. 243, to allow for the eccentric attachment (see 
§ 167). 

In the L.C.C. Code of Practice (1932) for Steel Buildings, the Perry 
formula for struts is adopted : 


_ P(, ei) 7] _ VAI Pi, ew) 7? ,P, 
fa = 4 fy + =) at] 4 fy+ 51 + eT | 4-fy (6) 
[cf. eq. (10), § 105, Vol. I]. Here a is the area in sq. in.; fg the safe load, 


tons/sq. in.; P = 7*EI/(qL)2. The following are the values (due to 
Professor Robertson) for the constants: Factor of safety 7 = 2:36; 
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yield stress,* fy = 18 tons/sq. in. ; e, = 0-003 gL/« ; E = 13,000 tons/sq. 
in.; max. fg = 7-2 tons/sq. in. 


All the above formulae apply to mild steel columns. For alloy 
steels the A.R.E.A. rules are (L/« < 130), 


Silicon Steel. ( fy = 45,000 lb./sq. in. min.) 
For pin ends, fa = 20,000 — 0°61 (L/x)? . ~ (7) 
For riveted ends, fa = 20;000 — 0°46 (L/x)? . . (8) 
Nickel Steel. (fy = 50,000 Ib./sq. in. min.) 
For pin ends, fa = 22,500 — 0:76 (L/x)? . . (9) 
For riveted ends, fa = 22,500 — 0:57 (L/x)?_. . (10) 
Units: Ib./sq. in. 
164. Asimont’s Device.*°—This device obviates the trial and error 


method of finding the area of a column. It is particularly suited for use 
with a parabolic formula of the type 


2 
Ww = Cy —_ e( ©) 


a K 


in which W denotes the load and a the area of the column. Leta = gx?, 
where g is a constant depending on the shape of the cross section. Then 


2 
(qh/x)? = 2(ql), and “ = e,!1 — %.%quy | 
o a | Cc, a 
whence, 


_W.e¢, A 
7 Cy ae ¢ Hah) ° : : : (1) 


* The test values for mild steel published by the British Steel Structures Research 
Committee, lst Report, 1931, again illustrate the variation in the yield point exhibited 
by ordinary structural steel (cf. the Table, p. 130), as do those by IF. R. rreeman, 
Proc. Inst. C.E., vol. 231, p. 283. The variation with thickness in | -eeman’s 
results should be noted. 
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Units: tons/sq. in. Max. | Mean. . Min. 
| | 
CD ae phe IS tt AE ce ac Marca ss Seta a ea Be eae eae 
Tensile Yteld Point. (Research Commitee.) 
Works tests on 11 flat specimens ‘ é i 22-3 18-5 . 15-8 
Laboratory tests on 12 flat specimens ‘ 19-0 15-8 + 13-55 
Laboratory tests on 12 small cylindrical specimens 21-0 ' 15-2 | 13-0 
Oompressive Yield Point. (Research Committee.) 
Laboratory test on 12 small cylindrical specimens | 16-7 ! 15-4 . 14-0 








Tensile Yield Point. (Freeman's Tests.) Table V. 
Average of Series me Thickness . 


+ 4 4 & i 
ond O28 tests Yield Point 18-1 15-4 15-9 15-1 14:3 peal in. 
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an equation which gives the area of the column in terms of known 
quantities. Eq. (1), § 163, becomes 


a= a caw + St} 8q. in. : ‘ . (2) 


where W is in tons. The ordinary Johnson parebois for mild steel 
specimens, eq. (9), § 116, Vol. I, 


fr = 40,000 — #(qL/k)®. ww. 8) 
becomes 
1 L)® : 
a= aon + we 6q. in. . : . (4) 


where 7 is the factor of safety and W is in lb. 

The value of g is best obtained from a cross section exactly similar to 
the one it is proposed to use. Knowing Imin, g = @/«? = a*/Imin, 
Values of g are given below : 


Cross Section. g 

Circle . j : ‘ . 4m 

ee Circle, : mean ‘ diameter D, , thickness t ‘ : ‘ . 26¢/D 

Square . ; : . . 12 
Rastargle B x D, B > D ; ; ; ‘ : ‘ . 12B/D 
*Equal Angles, D x D x ¢t : ; ; ‘ : ‘ . 50¢/D approx. 
*Equal Tees, D x D xt . : ; ‘ ‘ ‘ ‘ . 45¢/D approx. 
8° x 6’ x 35lb. BS.B. . ; . ; ; : : . 8-43 

14° x 8” x 70 lb. B.S.B. ; : ; - 6-36 

11’ x 11” x 76 lb. Broad ‘Flange Beam . ; . 2°82 


The smaller the value of g, the more efficient the cross section as 
a strut. 

Having found the necessary value for a, and chosen the cross section, 
the safe load for the member must be verified by the column formula, 
because g is sensitive to small changes in shape of cross section. 

165, Shearing Force in Columns.—From eq. (4), § 119, Vol. I, the 
shearing force in a column with direction-fixed ends and an initial 
deflection ¢,, is 





S= L (cosec 5 ) sin ax ; : ~ (I) 
and dS 4We, 


— = —.—'| a cosec =) cos ax 
dx L 2 
S is a maximum when cos ax = 0, or az = 77/2. But 


20, /W p _ dtl 
"TV pe oo 
: L, /P, 
(§ 108, Vol. I); therefore S is a maximum when zx = 4 Ww" When 


W = P,/4, x = L/2, and the maximum shearing force 8 = 4We,/L 
occurs at the ends of the column. This holds for all values of W less 
than P,/4, for x cannot be greater than L/2. If W/P, > }, there will 


* It is best to calculate the values from similar cross sections. 
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be a point of inflexion in the half length of the column, and the maximum 
shear will occur there. Putting av = 7/2 in eq. (1), 
max. § = Wes cosec 7 r : . (2) 

The curve in Fig. 241 represents the ratio (max.S/W) plotted on a 
base line representing W/P,, taking the value of e, as L/750 for initial 
curvature plus an equal amount 
for variation in the modulus of 
elasticity. On the same diagram 
the valuesof (max.S/W), as deter- 
mined in the American Railway 
Engineering Association experi- 
ments?® on columns with flat 
ends, have been plotted. These 
values were calculated from 
strain-gauge measurements on 
lattice bars, and owing to the Fia. 241. 
tendency to flexure in these thin 
bars, are probably an over- rather than an under-estimate. The figure 
confirms that the shearing force in concentrically loaded columns, 
due to the longitudinal load, is small. Such members have also 
to resist the shearing force resulting from the deformation stresses 
(see Fig. 190), and in the case of S-bending, if L/x be small, the shear- 
ing force may be greater than when the column bends into a single 
loop. Jensen (1908) showed that in an originally straight column with 
position-fixed ends, if the eccentricity e, lie on opposite sides of the 
central axis at the two ends, thus producing S-shaped bending, the maxi- 
mum shearing force occurs in the middle of the column and is given by 


_ 2¢gW z4/W ays 
max. S aw p cme’ 5 > . . (3) 


where P = 7°KI/L*. This is considerably greater than if the eccentricity 
at the two ends lie on the same side of the column. 

For these reasons it is necessary to design the column for a greater 
shearing force than is suggested by eq. (2), and it is usual to specify that 
a shearing force equal to 24 % of the longitudinal load, assumed to be 
uniform from one end of the column to the other, be provided for. 

If the column have a plate web, e.g. (ii) Fig. 227, or (iv) Fig. 230, the 
methods of § 175 may be used to find the requisite pitch of the rivets 
connecting the web plate to the flange. It frequently occurs that the 
theoretical pitch is so large that practical considerations become the 
determining factor. In the case of a lattice-braced column, the shearing 
force must be resolved along the diagonal bars. Two experimental 
studies have been made on the strength of lattice bars. According to 
the experiments of Talbot and Moore,” the ultimate strength of lattice 
bars attached by }-in. bolts was 

Sr = 21,400 — 46 U/n = 21,400 — 156 0/t Ib./eq. in. . (4) 








a 


362 MATERIALS AND STRUCTURES 


and according to the experiments of the American Column Research 
Committee,!” on lattice bars attached by 3-in. bolts, 

fr = 25,000 — 42 I/« = 25,000 — 146 J/é 1b./sq. in. . (5) 
Eqs. (4) and (5) give the ultimate strength ; / = the length and ¢ the 
thickness of the bars. 

For a worked example of a lattice-braced column, see § 167. 

166. Batten-Plate Columns.—In this type of column, Fig. 242, the 
lattice bracing is replaced by batten plates as shown, spaced according 
to the shearing force. Emperger #4 made a number of experiments on 
flat-ended columns with various kinds of web bracing, and found that if 
the batten plates be suitably arranged, it was possible to make a batten- 

late column equally as strong as a similar lattice-braced column. He 
concluded that each batten plate should be attached to the flanges by 
at least two rivets on each side, and that L/« for the 
flange, considered as a column bending between the panel 
points, should not exceed one-half that of the column as 
a whole. Emperger’s conclusion regarding the efficiency 
of properly arranged batten plates has been confirmed 
by later experiments, but the American Column Re- 
search Committee found that, under oblique loading 
producing a 5 % shear, the superior rigidity of the solid 
and lattice-braced columns over the batten-plate columns 
was marked. When the shearing force is large, the 
batten plates may need to be placed so close together 
that this type of column would possess no advantage, but 
under concentric loads, when the shearing force is small, 
the economy of the batten-plate column is evident. It 
is also far easier to paint. 

Elaborate theories for the strength of batten-plate 
columns, taking into account the distortion of the webs, 
have been given by Miiiler-Breslau,?® Hngesser,?* and others. The follow- 
ing approximate treatment appears to give good results. Find the neces- 
sary cross section for the flanges, taking into account the secondary 
flexure of the elementary flange columns, § 160; for these, g’ = 1. Take 
S as equal to 24 % of W. Then from Fig. 242, if Fs be the longitudinal 
force on the rivet group on one side of the batten plate, taking moments 
about B, S’L/ 

S’L’ = Fs x h; and Fs = h . . . (1) 





Fic. 242. 





where 8S’ is the shearing force carried by one line of batten plates. 
Normally there will be batten plates back and front of the column, and 
S’= 8/2. From Fig. 242, taking moments about the centre point of 
the batten plate, 


Fe xX h=2M=S’'L’; andM = 8’'L’/2 : . (2) 
M is the bending moment on one group of rivets. Each rivet group 
must carry therefore a longitudinal force F's’, a bending moment M, and 
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a transverse force 8’ /2 ; and must be designed accordingly. The batten 
plate itself must carry a bending moment M. 

167. Worked Examples.—An angle strut, 8 ft. long, is attached by 
one leg to stiff gussets at each end, (i) Fig. 243, and loaded with 10 tons. 
Find the necessary size of angle. Use the Johnson parabolic formula 
and a factor of safety of 4. 

The member may be assumed to be imperfectly direction-fixed at 
each end, and a value q = 0:78 may be used; hence gL = 0-78 x 96 
= 75 inches. For an angle of medium size the value of g = 6. Applying 
eq. (4), § 164, 

I — 
t= 7 90 W + | 


{ 4x 6x 75 ; 

= pat” 10 x 2240+ - 37 =| = 3°37 sq. in. 

The nearest angle section isa 4 x 4 x 4, area 3-75 sq. in., min. « = 0°78, 
so that g = 3:75 + 0-782 = 6-2. The ratic gL/« = 75 + 0-78 = 97. 
Checking the section by the Johnson formula, 


4 2 
safe W = * {40,000 = (") + 9940 
n 3\ K 


ee 
aa 


= = {40,000 — 5 — 3x o7| + 2240 = 11-5 tons. 
Using the Rankine-Gordon formula, eq. (3), § 116, Vol. I, R = 35-6 tons 
and 7 = 3-56. 

A question arises in connection with the above 
problem. The angle section is attached by its back 
to the gusset, as shown in Fig. 243. Is it, or is it not, 
eccentrically loaded; if so, what is the eccentricity ? 
At first sight it would appear that the load acts at a 
positive eccentricity equal to the distance e, between 
the centre of the gusset and the centre of area of the 
cross section of the angle. As in the parallel case of 
the tie, § 151, if the gusset and the connection thereto 
were perfectly stiff, the ends of the column would be 
perfectly fixed in direction, and the cclumn would 
not be eccentrically loaded. The condition of perfect 
direction-fixing implies that a fixing moment acts at 
the end of the column. This may be regarded as set 
up by the load acting at a negative eccentricity e,’, 
(ii) Fig. 243 [compare (iii) Fig. 167, Vol. I], and it 
must overcome any bending moment due to an apparent positive 
eccentricity, for obviously the load cannot have both a positive and a 
negative eccentricity at the same time. The effect of the apparent 
positive eccentricity e, is that the fixing moment must be greater, and 
the gusset must be stiffer, than if the load were concentrically applied ; 





Fia. 243. 


» 
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but if the direction-fixing be perfect, the strength of the column proper 
is not affected. . 

In practical cases the direction-fixing is imperfect, and the designer 
has to make the best estimate he can as to the degree of imperfection. 
A liberal estimate of the value of 7, which increases as the stiffness of the 
gusset decreases, is desirable in such cases. The value g = 0-78 used 
above implies a state midway between perfect direction-fixing and 
complete freedom in direction without eccentricity. 

Another point in connection with the above example is worth con- 
sideration. In the working above, it has been assimed that the angle 
bends about the axis vv (iii), i.e. in the direction of the least radius of 
gyration, whereas the eccentricity e,, due to the angle being attached by 
its back, implies bending about the two principal axes at once (non- 
uniplanar bending, § 84, Vol. I), and the stiffness of the gusset in its own 
plane helps to fix the ends of the member for bending about both axes. 
It is of interest to determine what the stress in the angle would be if 
bending took place entirely about the axis yy (iii), on the assumption 
that the gusset is perfectly flexible. The eccentricity e, would then 
exercise its full effect on the column itself, and the eccentricity formula, 
eq. (8), § 106, Vol. I, must be applied. The distance of the centre of area 
of the 4 x 4 x 4 in. angle from the back of the flange is 1-17 in.; if 
the gusset be } in. thick, e, = 1:17 + 0-25 = 1-42 in. Then, from the 
equation qucted, the maximum stress at the centre of the angle is 


W fy. 22% aoe 74 / W 
fo =H 41 + 8 200 34/ Ft 


For bending about the axis yy, L = 96 in., I = 5-46 in.4, and Euler’s 
crippling load is 


pa @El a x 13,000 x 5 46 


[a agg 76 tons. 

W = 10 tons, a = 3-75 sq. in., eg = 1-42 in, v, = 1-17 in, c= 
5-46 

~ 3-76 


10 {, 1-42 1-17 : 10 
Je = 5795 | + Tae (90 x 1/2) = 6-30 tons/sq. in. 


Although not to be regarded as an accurate estimate of the stress in 
the member, this figure indicates that even if the direction-fixing be 
negligible, the stress would not exceed an allowable figure. There is no 
question of crippling, for the factor of safety on Euler’s formula is 
76+ 10= 7-6. Since W/P< 1/5 the approximate formula, eq. (8), 
§ 107, Vol. I, might have been used : 

3W \ e,v; 
fo= at + (1 + op 
_10 1 1 3 xX 10\1°42 x 1°17 
= 3-76 | +( ed) 1-46 





Q | = 


= ]-465 in.?, and 


= 6-33 tons/sq. in. 
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Bridge Compression Member.—The method of designing bridge com- 
pression members of the type shown in Fig. 227 is indicated in 7 16, 
§ 196. In the following example a column of the type shown in Fig. — 
will be considered. The length of the member is 25 ft. = 300 in. 
it carries a load of 120 tons; the distance between the gusset plates i is 
174 in. The column as designed is shown in Fig. 244. Assuming 
that the average stress in the column will be about 6 tons/sq. in., an area 
of 20 sq. in. will be required. Try two.15 x 4 x 36-4 Ib. /ft. BS.C., 
area 10-7 sq. in., and consider bending about the axis 
xx,i.e. in the plane of the truss. The « of a single 
channel, and therefore of the pair about this axis, is 
5-71. The column will be attached by strong gussets 
to stiff flanges, and gq may be taken as 0:7. Hence, 
for the column as a whole, qL/« = 0-7 x 300 = 5-71 
= 36-8; and, from eq. (1), § 163, the safe load per 
square inch is f = 6-8 — (36-8)?/3700 = 6:43 tons/ 
sq. in., and the safe load on the member is 21-4 x 
6-43 = 137-6 tons, showing that from this aspect the 
proposed section is adequate. 

The lattice bracing must carry a shearing force of 
24 % of 120 = 3 tons, or 1} tons per side. As shown 
in Fig. 244, the centre lines of the rivets will be 13 
in. apart. Adopting a single 60° system, the length 
of each bar will be 15 in., and from the rules given 
in § 155 the minimum thickness = 15 = 40 = } in. Fic. 244. 
Assuming that +4 rivet holes are used, the mini- 
mum width of the bar will be 2} in. The minimum x« of a 2} x }in. bar 
will be 0-108 in., and //« for the bar will be 15 + 0-108 = 139. From 
eq. (5), § 165, the crippling load per sq. in. will be 

fr = 25,000 — 42 x 139 = 19,160 Ib. /sq. in. 
or, adopting a factor of safety of 4, the bar is worth 
24 x # x (19,160 + 4)/2240 = 2 tons. 


Resolving the actual shearing force of 14 tons along the bar, the force 
acting along the bar is 1-73 tons, and the proposed section may be 
adopted. A +4 rivet will easily carry the force of 1-73 tons. 

Considering bending about the yy axis, the bottom end of the member 
will be attached ta a stiff cross girder, and the top end to some light 
lateral bracing (cf. Fig. 309). In addition, both ends will be firmly 
attached to the top and bottom flanges of the truss, but the stiffness of 
the latter will be their torsional stiffness, which is much less than their 
flexural stiffness. On the whole, the end conditions are less satisfactory 
than for bending about the zz axis, and a value g = 0-8 will be assumed. 
The value of xy = 7°86 in., and gL/k = 0-8 x 300 + 7-86 = 30:5. 
In this direction the secondary flexure of the elementary flange columns 
must be taken into account. The unsupported length L’ of these columns 
is 15 in.; «’ of the channel for bending about y’y’ axis is 1-12; q’ must 
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be taken as unity, therefore q’L’/x’ = 1 x 15 + 1-12 = 13:4, within the 
value 25 for integral action, § 160. To allow for secondary flexure, the 
term (gL/«)? in the parabolic formula must be replaced by {(gLi/«)? + 
(q’L’ /x’)} [see eq. (3), § 160], whence eq. (1), § 163, becomes 


= 6-5 tons/sq. in. 
or practically the same as for the xz axis. 
The column may be considered as satisfactory. 
It will be evident, as Krohn '* pointed out, that in such cases Imin 
of the column as a whole must be greater about yy than about zz, ta:allow 


for secondary flexure. 
It is of interest to calculate the maximum fibre stresses at the centre 


: the column using the rational formulae. For bending about zz, 
= L/750 + D/40 = 300 + 750 + 15 + 40 = 0-77 in. ; 
Pi ee 2028 tons; W/P, = 0:06, and from eq. (4), § 158, 


— am 9171 e ~~ 
fe = [ita a {1+ ] 255; | | 


io 0:77 x 7°5 ; 

= 51-4 4 1+ (0: 7)? 3-712 {1+ 1-25 x 0-06} | = 6°13 tons/sq. m. 
For bending about yy, e, = 300 + 750+ 17-5 + 40 = 0-84 in. ; 
P, = 2950 tons (qL/« = 30:5); W/P, = 0-04, and from eq. (5), § 160, 
(h = 17-5 — 2 x 0-97 = 15-56 in., see Fig. 244] 

W h 
wa on, {1 41:25 5 = 4 
h P,) 
20 15: _ 
Hence, from eq. (6), § 160, 
3k’ 


fom sm [1+ |) + 3p} gpl +) 
P = 7640 tons; (e,;’ + e,) = L’/200 = 15 + 200 = 0-075 in. 
v) = 4— 0:97 = 3-03 in. . 
64-4 3 x 64°4) 3-03 
fe= 55 [1+ {14 2x reid aia (1-12)? 
If the column bend about both axes at once 
max. fe = 6-13 + 7°13 — (120 + 21-4) = 7-65 tons/sq. in. 


x 0: 075 | = 7-13 tons/sq. in. 
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QUESTIONS ON CHAPTER IX 


1. Design and sketch neatly a forked joint to connect two mild steel 
rods 14 in. diameter. The safe tensile, shearing and bearing stresses are to 
be 7, 5 and 9 tons/sq. in. respectively. Take the strength in double shear 
as 1}? that in single shear. Sketch also a suitable screw connection for 
tightening a bar of that size. (U.L.) 

Ans. Pin If in. diam.; min. inside width of fork 1 in.; min. thickness 
of fork } in. 

_ 2. A double cover plate butt joint in a tie-bar 15 in. wide, 1 in. thick, has 
cover plates § in. thick and the rivets are 1 in. diameter. In one half of the 
joint there are five rows of rivets containing 1, 2, 3, 4 and 4 rivets respectively. 


DESIGN OF COLUMNS 369) 


The tensile, shearing and bearing stresses allowable are 8, 6 and 12 tons/sq. in. 
respectively. Find the maximum safe load consistent with these conditions. 
(U.L. modified.) 

Ans. 110 tons; test all possible methods of failure. 

3. Two lengths of a bar 12 in. wide and } in. thick are to be connected 
by a double cover butt-joint. The diameter of the rivet holes is 1 in. 
Design a suitable joint. Tensile stress 8 tons/sq. in., shear stress 6 tons/sq. 
in., bearing stress 12 tons/sq. in. (U.L. modified.) 

Ans. 1+2+3 + 2 = 8 rivets each side; butt covers } in. thick. 

4. It is proposed to use as a tie-bar two 4 by 3 by } in. angles placed back 
to back to form a T section. At each end of the tie, this T section is riveted 
to one side of a §-in. gusset plate, so that the tie is eccentrically loaded. In 
order to keep the stress as small as possible, find whether it is better so to 
construct the T that the 4-in. flanges, or the 3-in. flanges, are riveted to the 

t plate. If the load in the tie be 10 tons, and the reactions act along 
the middle plane of the gusset plates, find the maximum stress for the better 
ent. The properties of a 4 by 3 angle are: Area = 2-48 sq. in. ; 
co-ordinates of the centroid, measured from the back of the angle, = 1-27, 
0-77 in. ; moments of inertia about axes through the centroid and parallel 
to the flanges = 3-89, 1-87 in. units. 
In this question ycu may neglect 
the rivet holes. (I.C.E.) 

Ans. Better to rivet the 4-in. q) 
flanges to the gusset plate. Max. 
stress + 4:0 tons/sq. in. 


10,000 1b. 





5 ’ 
5. Criticise the connection shown ahem : 
in (i) Fig. 245, and stating the as- L6+6 4 
sumptions made, show how you Fia. 245. 


would estimate the stresses in the 

rivets at AA. Re-design the joint and recalculate the stresses in these rivets. 
Assume that the rivets are in single shear, and } in. in diameter. (U.L. 
modified.) 

Ans. Shear stresses in (i) 4:49; 3:38; 4:49 tons/sq. in.; in (ii) all 
3-38 tons/sq. in. 

6. A strut in a braced framework is 11 ft. 6 in. effective length and 
carries a load of 17-0 tons. The section required is to consist of two angles 
back to back with a }-in. space between them. Using the Johnson-parabolic 
formula, find a suitable cross section. Take g = | and provide a factor of 
safety of 3. 

Ans. 4x 3 xX fin. double. 

7. Design a bridge compression member of the type shown in Fig. 244, 
and to conform to the conditions there laid down. Its length, centre to 
centre of the flanges of the main girder, is 30 ft., and the load it carries is 
140 tons. The width over ihe backs of the channels is 184 in. 

Ans. Channel required: B.S.C. 17 x 4 x 44-34 Ib./ft.; 60° lattice 
bracing 24 x 7; inch. 

8. Design a batten-plate column with channel section flanges, 20 ft. long, 
to carry a loaa of 100 tons. Take gq = 0-7. See §166. 

Ans. Refer Fig. 242: Two channels 12 x 3$ x 26-37 Ib./ft., 15 in. apart 
overall; L’ = 24, h = 11, p =3 in.; three rivets }$-in. holes; ,-in. 
batten plates. 


CHAPTER X 
THE DESIGN OF BEAMS AND GIRDERS 


168. Beam Sections.—It is evident from the expression for the moment 
of resistance of a beam, § 40, Vol. I, that, for a given depth of cross section, 
the material is more valuable for the purpose of resisting a bending 
moment the further it can be placed from the neutral axis. At the same 
time it is necessary to provide an efficient web connecting the tension 
and compression flanges, in order to resist the shearing force. These 
considerations have led to cross sections of the type shown in (i) Fig. 246, 
called Z or beam sections. For a given area of cross section, such a 
profile will have a much greater section modulus than a rectangular 
section of the same depth. For example, a 12 x 5 x 30 |b./ft. 









(i) (il) 


a 
| 
q iY 8 a 


Fia. 246. Fig. 247. 





NBSB, (i) Fig. 246, has an area of 8-83 sq. in., and a section modulus 
of 34-5 in.3. A rectangle of the same depth and area, (ii), would have a 
width of 0-74 in., and a section modulus of 17-8 in.*, not much over 
one-half of that of the I section. Not only so, but such a thin rectangle, 
placed on edge, would make a very unsatisfactory beam, having very 
little lateral stiffness, whereas the X section is far stiffer both vertically and 
laterally. For these reasons, the great majority of steel beams are made 
of X section. The rolled sections suitable for use as beams are shown in 
Fig. 201. 

gis the case of cast-iron beams, the area of the tension flange is made 
much greater than that of the compression flange, Fig. 247, since cast 
iron is much weaker in tension than in compression. The neutral axis 
then falls much closer to the tension than to the compression flange, and 
consequently the stress in tension is much less than in compression. 
Many rules have been given for the correct proportions of a cast-iron 
beam section; the proportions shown in Fig. 247 were suggested by 
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Professor Goodman. If the tension flange be made too wide and thin, 
weakness due to unequal cooling results. Except in special cases, cast- 
iron beams are now seldom used in structural work. 

Timber beams are usually made rectangular in cross section. Rela- 
tively short timber beams commonly fail by longitudinal shearing, and 
their strength in this direction should always be examined. 

169. Use and Application of Mild Steel Beams.—Mild steel Z 
beams are very suitable for the construction of steel-frammed buildings, 





Fiaq. 248. 


and are very exteasively used for this purpose. They require little work- 
manship beyond straightening, cutting to length, and the provision of 
the necessary attachments. These attachments have been more or less 
Standardised for the different sizes of beams. Typical angle cleats for 
the connection of beams to beams are shown in Fig. 248; ftish-plate 
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connections in Fig. 249; and attachments of beatas to stanchions in 
Figs. 251 and 252. In a design, the load which these con nections will 
safely carry should be properly calculated, and sufficient rivets or bolts 
should be provided to carry the forces coming upon the connections. 
Fish-plates of the type shown in Fig. 
249 are unsuitable for resisting a bending 
moment, and where such moments 
exist, flange covers must be fitted, Fig. 
250. When one beam by itself is in- 
sufficient to resist a bending moment, 
more than one may be used, side by Frc. 250. 


side, fitted with cast iron or mild steel 
separators, (i) Fig. 253. In such arrangements, care must be taken that 


the load is equally distributed between the beams. Alternatively, 
the section modulus of an I beam may be increased by the addition 
of flange plates,’ (ii) Fig. 253. Such combinations are called compound 
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beams or girders. The length and cross section of the flange plates may 
be determined by the methods of 9 9, § 181. Alternative types of com- 
pound girders are shown in (iii) and (iv) Fig. 253. 





Fra. 253. 





Proportions.—-The depth of a beam should not be less than J,th the 
span, and the breadth B should not be less than ;);th the unsupported 
length as defined in § 171. The deflection should not exceed ,i,th the 
span, particularly if the beam is to support plastered ceilings or brick 
walls. If, however, the beam is encased in concrete, e.g. filler floor beams, 
the L.C.C. Code of Practice permits a depth of ,4;:nd the span. 

Working Stresses.—For ordinary dead loads, the permissible stress on 
the net area of the tension flange and on the gross area of the compression 
flange should not exceed 8 tons/sq. in. If, however, the ratio //B 
exceed 20, the stress in the compression flange should not exceed fe = 
11 — 0-15 1/B, unless the flange is embedded in a concrete floor, when a 
stress of 8 tons/sq. in. is permissible. The strength of the web should be 
examined by the methods of § 174, and stiffeners provided if required. 
The pitch of the longitudinal riveting can be found as in § 175. The safe 
shear stress on the closed area ‘L.C.C., nominal area) of shop rivets, and 
on tight-fitting turned bolts, may be taken as 6 tons/sq. in.; on field 
rivets as 5 tons/sq. in., and on black bolts as 4 tons/sq. in., the area of the 
bolt itself being used. The shearing resistance of rivets or bolts in 
double shear may be taken as twice that in single shear, and the safe 
bearing pressure as twice the safe shear stress. 

170. Plate Girders.— When the span and/or the loading are too great 
to permit the employment of rolled steel beams, singly or in combination, 
plate girders are used, Fig. 272. In a riveted plate girder the flanges are 
built up of plates or flats, and are attached to a web plate by means of 
flange angles. The web plate is stiffened by a series of vertical stiffeners, 
Fig. 262. In very large and heavy plate girders, two or more webs may 
be used. Suitable end bearings must be provided, Fig. 267. 

171. Types and Proportions of Plate Girders.—The most economical 
form of plate girder is that with parallel flanges, in which the area of the 
flanges is everywhere proportioned to the bending moment, Fig. 272. 
In special cases, plate girders of varying depth are used. (i) Fig. 254 
represents what is called a fish-bellied girder, in which the bottom flange 
is curved. This is a common type in large overhead travelling cranes, 


x 
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and is adopted to save headroom. (ii) is called a hog-backed girder, 
sometimes employed for large-span plate girders on railways. This type 
is often considered to present a better appearance than that with parallel 
flanges, but unless the ci cumstances warrant the use of the more expensive 





Fiq. 264. 


curved flange, the plain parallel girder should be adopted. When more 
than one web is used, the girder is called a box girder, Fig. 255. This 
type should be selected only when it is wapossible to carry the shear on 
one web, or when very wide flanges are a 
necessitv. It must be so arranged that it can 
be riveted up, and it should be possible after- 
warda to paint the inside. 

Proportions.—In order that the deflection 
of a plate girder shall not exceed permissible 
limits, the depth D should not be less than 
gjth the span L. For economy, the ratio 
of depth to span should be from 75 to 75. 
The ratio of breadth B to unsupported length 
t, as defined below, should not exceed 3). 
The minimum value of B is determined by 
the tendency of the compression flange to 
deflect laterally when the girder is loaded. 
This flange is really a strut subjected to a 
longitedinal load increasing from zero at the 
supports to a maximum near the centre of the span. Mathematical 
theories have been given for the strength of compression flanges con- 
sidered as struts, but in ordinary cases it is usually considered sufficient 
to limit the unsupported length / of 
the flange. 

By the expression ‘ unsupported 
length ’ is to be understood the dis- 
tance between lateral supports which 
are sufficiently rigid as substantially 
to prevent lateral deflection where 
they occur, so that the flange can only deflect laterally in the manner 
indicated in Fig. 256. Such lateral support may be provided by 
transverse members attached to the compression flange, or as in the 
case of half-through bridges, (iii) Fig. 297, by stiff brackets rigidly 
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attached to stiff cross girders.* If the ratio //B, thus defined, does 
not exceed 20, the full working stress in compression (6-8 tons/sq. 
in. on the gross section for ordinary dead loads) may be used when 
designing the flange. If the ratio!/B exceed 20, the stress in compression 
on the gross area should not exceed 


fo=94—-0-13B . . . . 


for ordinary dead loads. 

172. Flanges.—The flanges are constructed of a series of flats or 
plates, Figs. 258 and 272. Flats and universal plates have the advantage 
that the edges do not require to be planed. Except in smali and un- 
important girders, the thickness of a single plate should not be less than 
Zin.; it should not excved in. Only the innermost flange is carried the 
full length of the girder ; the usual graphical process for determining the 
length of the other plates from the bending-moment diagram is shown in 
Fig. 271. The length of a curtailed plate should be made two or three 
rivet pitches longer than is theoretically necessary, to facilitate the trans- 
ference of the stress to that plate. 

For economy, in all but very large girders, the cross section of the top 
and bottom flanges should be made the same. When calculating the 
requisite area of the tension flange, it is necessary to make a deduction 
for the area of the rivet holes cut therein; the gross area of the compression 
flange can be taken as carrying the stress, but the permissible stress 
will depend on the value of //B as explained in § 171. A separate cal- 
culation and figure, as indicated in Fig. 271, must therefore be made 
for the compression flange. This calculation may determine the area and 
arrangement of both flanges, unless the difference be so great as to 
warrant a different construction in the two flanges, but often the area. 
necessary in the tension flange will suffice for the compression flange. 

The method of finding the requisite area is set forth in full in J 9 of 
the worked example, § 181, to which reference should be made. Usually 
only the flange plates and the flange angles are assumed to form the flange 
area, but where suitable covers (see vii, Fig. 261) are provided at the web 
joints to transmit the stress, certain standard specifications permit }th 
of the depth of the web to be counted in as forming part of the flange. 
Except in large heavy girders, it is usually preferable to increase the 
flange area rather than introduce the heavy web joints which this necessi- 
tates. The remarks in J 13, § 181, regarding the stress distribution in 
deep flanges require consideration. 

Joints —If the length of a flange plate exceeds about 35 ft. it is, as 
a rule, better to use two shorter plates connected by a suitable joint. 
Typical flange plate joints are shown in Figs. 257 and 259. When one 
flange plate is cut, a single outside cover is provided, (i) Fig. 257. If the 
joint can be arranged near to the point at which a second flange plate 


* It is doubtful whether this type of construction really prevents lateral deflection, 
and the British Standard for Girder Bridges limits the ratio of 1/B to 15, and the 
ratio L/B to 40, where L is the overall length of the flange. 
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ends, this second flange plate, if of suitable thickness, can be extended 
to form the cover for the first, (ii) Fig. 257. The length of the extension 
must be equal to that of the separate cover (not one-half this length) in 
order to give the load an opportunity to get back on to the cut plate 
before the second platc is required to help resist the bending moment. 


—S>>>>EaoEe 
q) Cover 





Fia. 257. 


It is not necessary that the cover or extendcd plate be placed in contact 
with the cut plate, other plates may intervene, as shown in (iv) Fig. 257. 
Some confusion in thought often occurs as to whether the rivets in a flange 
joint are in single or double shear. In a case like (iv) Fig. 257, it would 
appear at first sight that the rivets which pass through the cut plate are 
in double shear. Consideration will show that this is not so. Since the 
flange plate C is cut, the load in it has to be transferred 
th:ough the rivets to the plate B as indicated in the 
figure by the arrows, and the load normally carried 
by B is similarly transferred to the cover A. On the 
opposite side of the joint a reversal of the process takes 
place. Now a rivet transferring load from C to B is in 
single shear, and a rivet transferring load from B to the 
cover A is in single shear. The plate D and the flange 
angles E have each their own load to carry, and do not affect the 
question. If it be desired to put the flange rivets in double shear, under- 
neath covers must be added as shown in Fig. 258, in addition to the top 
covers. It must be clearly understood that neither flange plate B, nor 
flange plate D, (iv) Fig. 257, can act as a cover to the cut plate C. If 
any plate be cut, a cover of at least equal area must be added to make up 
the strength ; it is usual to make the cover about 1} times the thickness 
of the cut plate. 


Cover _ 


RB cone 


Cover 
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The method of design of flange joints is indicated in the following 
examples: Suppose that, in a joint of the type shown in (i) Fig. 257, 
the cut plate is 16 x } in., and the diameter of the closed rivet is 4} in. 
Let the working stress in tension be 8 tons/sq. in., and in shear be 0-75 
of 8 = 6-0 tons/sq. in. Then the resistance to tension of the plate, less 
two #-in. rivet holes, is (16 — 2 x #) x 4 x 8 = 57-5 tons. A #-in. 


rivet in single shear is worth 7 x (44)? x 6 = 3-1 tons. Hence 57-5 + 


3-1 = 19 rivets are required on each side of the joint. There will be 
four rows of rivets as shown in plan, (iii) Fig. 257, i.e. four rows of five 
rivets each side of the joint. The cover should be 14 x 4 = % in. thick. 

Grouped Flange Joints —When there are a number of flange plates, 
and all require to be cut, the joints are grouped together as shown in 
Fig. 259. There is a substantial saving in length of cover by so doing, 
and the grouped plates are convenient for transport. 

As an example of the method of design, suppose that three plates are 


A Cover 





Fig. 259. 


cut, Fig. 259, each 16 in. x f in. The diameter of the closed rivet is © 
4g in. Let the working stress in tension be 8 tons/sq. in., and in shear be 
6 tons/sq.in. There will be four rows of rivets in plan, arranged as shown 
in Fig. 259. From eq. (9), § 152, if the longitudinal pitch be 4 in., 
k= Zz, and ¢° >= 4 in., 
50k? 
(le, + 2d)(c, + 24) 


and m + 1 = 3-26 rivet diameters must be subtracted from the flange 
width. The resistance to tension of the three flange plates is, therefore, 
3(16 — 3-26 x #) x & x 8= 175 tons. If the joint fail by shear 
along the line AA, three groups of rivets will be sheared. Suppose that 


each group contain n rivets, worth x (4)? x 6-0 = 4-1 tons per rivet. 


The resistance to shear of the three groups is then 3n x 4-1 tons, which 
should be equal to the resistance to tension, or 3n x 4-1 = 175 tons; 
hence n = 15, and each group must contain 15 rivets. With a longitudinal 
pitch of 4 in., two of the rivets must pass through each joint, preferably 
two on the inner rows, as shown in Fig. 259, and must not be counted in. 
It is evident from (iv) Fig. 257, which shows how the load is transferred 


m=3 = 2-26 
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from plate to plate, that the number of rivets in each group should be 
the same. The proposed arrangement is therefore equivalent to three 
groups of 16 rivets worth 3 x 16 x 4-1 = 197 tons. The resistance to 
tension of the three solid plates is 3 x 16 x ~ x 8 = 216 tons. Hence 
the shearing efficiency is 197 + 216 = 0-91, and the tearing efficiency 
175 — 216 = 0-81. From eq. (9), § 152, had the longitudinal pitch been 
64 in., k = 3-25, only two rivet holes need have been deducted, and the 
tearing efficiency would have been 0°88. 

173. Flange Angles.—The flange is united to the web by means of 
flange angles. These must be of sufficient size to transmit the shearing 
force from the web to the flange, and to accommodate the rivets which 
are necessary. If one row only of rivets is required to attach the angles 
to the web, the vertical leg of the angles need not exceed 34 to 4 in. 
in width ; the horizontal leg may be nade wider if desired. The flange 
angles are usually made a little thic!e: than the web plate; their area 
may be counted in as forming part of the flange. 

When the length of the flunge angles exceeds about 40 ft. it is necessary 
to make joints in them. These joints are usually grouped as shown in 





Fig. 260. The joints are covered by means of round back covers as shown. 
These consist of angle sections with a rounded edge, usually machined 
out of a piece of ordinary angle section to fit into the root of the flange 
angle. The method of design for such joints is as follows : 

Suppose that the section of each flange angle be 4 x 4 x } in. (area 
= 3-75 sq. in.) and that the diameter of the closed rivet be } in. Let 
the safe tensile stress be 8 tons/sq. in.; the safe shear stress } of 8 
=: 6 tons/sqy. in.; and the safe bearing pressure on the rivets twice the 
safe shear stress = 2 x 6 = 12 tons/sq. in. Then the net area of one 
flange angle is 3-75 sq. in. less the area of one rivet hole = } x # 
= 0-41 aq. in., ie. 3-75 — 0-41 = 3°34 sq. in. Its tensile resistance at 
8 tons/sq. in. is 3-34 x 8 = 26-7 tons. The joint would fail due to the 
angle C, Fig. 260, pulling out and shearing the rivets marked A and B 
in the figure. Of these rivets, those marked A are in single shear, those 
marked B, since there is a round-back cover on each side of the web, are 


indouble shear. A rivet in single shear is worth ; x (4)? x 6 = 3-1 tons, 


and a rivet in double shear bearing in the angle } in. thick is worth 
4 xX #§ x 12 = 4-8 tons. Suppose there be n rivets marked A in single 
shear, and (m+ 1) rivets marked B in double shear. Then the total 
shearing resistance to the angle C being pulled out is 3-1n + 4:8(n +1) 


THE DESIGN OF BEAMS AND GIRDERS 379 


= 7°9n + 4-8 tons. Equating this to the tensile resistance of the angle, 
i.e. 26-7 tons, n = 2:8. That is to say, 3 rivets in single shear and 
4 rivets in double shear must be provided as shown in Fig. 260. At 
the point D, where the angle C is cut, it is evident that the load on the 
joint is carried by one flange angle and two round back covers. Hence 
the net area of two round back covers must be at least equal to that of one 
flange angle, or the net area of each cover must be 3:34 — 2 = 1-67 sq. in. 
For a 4 x 4 in. angle, a 34 x 34 in. cover would be used. If this be 
made # in. thick, the net area, after deducting a rivet hole, is 21 sq. in., 
which is ample. 

If, instead of grovping the joints, a round back cover be fitted on one 
flange angle only, its net area must be at least equal to that of the cut 
flange angle. Such a cover is of necessity rather thick, and the rivets 
will come fairly close to the inside corner. Care must be taken that it is 
possible to insert and close up these rivets. In this case, all the rivets 
through the cover are in single shear. 

174, Web.—The web of an ordinary plate girder consists of a single 
plate attached to the flanges by the flange angles, and stiffened at intervals 
by web stiffeners. Exccpt 





for small and unimportant === 
girders, the thickness of a ~~... « —_*_*}* 1 — 
web plate should not be less °° h 

than % in.; it is better not o| 

to exceed ?in. Ifa thicker alel i. . 
web than } in. be required, : of tie 2 

the advisability of two webs =“) Stel lel S 
should be considered. Joints Breet 

in web plates are made with _* * | * *_ Al. leliie m 


butted joints, usually with ————— 

double covers, (i) and (ii) morsel 

Fig. 261. Such joints must 

be of sufficient strength to 

carry the shearing force at ‘®) 

the joint, but in this country 

are not often designed to 

resist a bending moment. 

A web stiffener may be used 

to form a cover for a web 

joint, (ili), and it is some- 

times considered good prac- 

tice to provide a stiffener at Fic. 261. 

each web joint, (vi). The 

methods of effecting a change in thickness in web plates is shown at (iv) 

and (v) Fig. 261; in large and important girders it may be economical 

to vary the thickness of the web plate with the varying shearing force, 

but it is usually more economical to keep one web thickness throughout. 
(vi) and (vii) Fig. 261 show the type of web joint which would be 
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used in large plate girders such as might be employed in railway spans ; 
(vii) also shows the method adopted for covering the web joint when it 
is desired to count in part of the web as helping to resist the bending 
moment. The covers, top and bottom, are extended, and sufficient rivets 
provided to carry the bending stress in the web. 

Web Stiffeners.—Fig. 262 shows the usual types of web stiffeners. 
For all except very large plate girders these consist of angles, (i), placed, 
as shown in the figure, on both sides of the web plate. These angles are 
either joggled at the ends, (ii), to fit over the flange angles so that when 
riveted up they clamp the web plate ; or flat bar packing may be inserted 
between the web and the stiffeners as shown at (iii). In ordinary circum- 
stances, the flange of the angle stiffener which is attached to the web need 
not be more than 3 in. wide, unless the rivets exceed { in. in diameter, 
but the outstanding flange should be made at least as wide as the flange 
angle itself. It was common, formerly, to use tee bars for web stiffeners, 
but since this involves odd riveting through the flange angles, an angle 





Fie. 262. 


stiffener is to be preferred. When the flange plates are wide, kneed 
stiffeners, (iv) and (v) Fig. 262, are used to give better support to the 
flange. There is justification for using tee bars in this case, as the rivet 
pitches through the flange angles are unaffected, and the stiffener can 
be attached to the flange by two rivets, whereas with an angle stiffener 
there could be only one. The type of stiffener used in very large single 
web girders is shown in (ii) Fig. 267 and Fig. 286. In the case of box 
girders, internal diaphragm plates, Fig. 255, are inserted at intervals to 
prevent distortion and to help equalise the shearing force between the 
webs. Handholes or manholes must be cut in these plates to give access 
to the space enclosed. 

The web stiffeners have three separate functions. In the first place 
they must stiffen the web plate against buckling by the shearing force ; 
secondly, they must prevent the girder from twisting or racking sideways ; 
stiffeners of the type shown in (ii) and (iii) Fig. 262 are made to butt 
tightly between the flange angles with this end in view ; and thirdly, they 
must distribute any concentrated load which comes on the girder over 
the depth of the web plate. To satisfy this latter condition, a stiffener 
muss be placed under every concentrated load on the girder ; to prevent 
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twisting and racking, the pitch of the stiffeners should not exceed 6 ft. 
or the depth of the girder, whichever be the greater; further, in order 
to prevent the web plate from buckling, there is a minimum pitch for the 
stiffeners, which depends on the thickness of the web plate (see the next 
paragraph). Those stiffeners which come under a concentrated load 
should be treated as columns and designed by a column formula ; they 
may be taken for this purpose as approximately equivalent to a column 
equal in length to ,5,ths the depth of the girder, and with both ends fixed 
in position but free in direction (position-fixed). When the girder is 
shallow, all that is necessary is to see that sufficient area is provided in 
the stiffener angles to carry the concentrated load, and sufficient rivets 
to transmit it to the web plate. 

Thickness of Web Plate——The thickness of the web plate and the 





Fia. 263. 


spacing of stiffeners must be such that the web is able to carry the 
shearing force without buckling or shearing. The following elementary 
theory is commonly applied to the end bays, where the stress in the web 
is principally a shear. ; 

It was shown in §§ 16 and 16, Vol. I, that the shear stress on any 
two vertical planes, such as AD, BC of the web, (i) Fig. 263, must be 
accompanied by shear stresses of equal intensity on the planes AB, CD 
at right angles thereto, and that these shear stresses are together equiva- 
lent to tensile and compressive stresses of the same intensity as the shear 
stress, at right angles to one another, but in directions making an angle 
of 45° with those of the shear stresses. It follows that on any strip of 
the web such as GH, Fig. 263, making an angle of 45° with the flange, 
there is a compressive stress of equal intensity to the shear stress. The 
strength of such a strip to resist compression will determine the resistance 
of the web. Ifthe strip be considered as a column of breadth b, thickness ¢, 


382 MATERIALS AND STRUCTURES 


and length 4/2 x d, direction-fixed at both ends, and its strength be 
determined by a strut formula, a relation is obtained from which the 
dimensions of the web can be ascertained. 

A convenient straight-line formula is 


s = 64¢ — d/20_ tons per inch of depth . ; . (1) 
where 


s = the safe shearing force per inch of depth (toas/in.). 

t = the thickness of the web (inches). 

d = the distance apart of the stiffeners centre to centre, (ii), or the dis- 
tance centre to centre of the flange angles, (i), whichever be the 
lesser (inches). 


For the purpose of fixing the thickness of the web, it may be assumed 
that the shearing force is uniformly spread over the depth thereof [cf. (iil) 
Fig. 266], when the shear per inch of depth is equal to 8, the total shear 
force at the section, divided by D,, the depth of the web plate. Then, 
for the proposed thickness of the web and spacing of stiffeners, the value 
of s as determined from eq. (1) must be greater than 8/D,. 

In order to determine the thickness of the web and the best arrange- 
ment of the stiffeners, it is convenient to construct a shear per inch of 
depth diagram, of which the ordinates everywhere represent the values 
of S/D,. By a simple graphical process it is then easy to obtain the 
necessary dimensions of the web. The method is fully explained in the 
worked example, { 8, § 181. 

In no case should the shear stress fs on the gross area of the web 
plate exceed 5 tons/sq. in., corresponding to a value s = 5t tons per inch 
of depth, however closely the stiffeners he placed. 

Timoshenko’s Theory. 1°—Timoshenko treais the web-plate problem 
as one of elastic stability. He considers a rectangular panel of the web, 





Fig. 264. 


supported along all its edges, and subjected to both shear and bending 
stress, and concludes from his analysis that a small compressive stress 
superposed on the pure shear stress has little effect on the tendency to 
buckle due to shear; that the critical conditions for buckling due to 
pure compression are but slightly affected by the presence of a small 
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shearing stress; and that if the web be stable under the shear stress at 
the ends of the girder, and also under the compressive stress near the 
centre, in ordinary circumstances it will be stable everywhere. 
Assuming, therefore, that at the ends of the girder the panels are 
subjected to pure shear, if in (i) Fig. 264, d, and d are the longer and 
shorter sides of the rectangular panel into which the web plate is divided 
by its stiffeners ; ¢ the thickness of the web; D the flexural rigidity of 


Ee =m? 
the plate; 1/m = 3/10, Poisson’s ratio ; then D = ay and if 
Mm — 
fs (crit.) be the critical shear stress which would cause the web plate 
to cripple, : 


ze 2 
fo (crit.) = k= D = fee pee i(; 


t\? : 
io (oy 5) =: 11,750 (5) tons/sq. in. (2) 


where k is a coefficient given in the following table. 
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This formula applies to panels in which the edges are merely supported, 
and in which the plates were originally mathematically plane. Timoshenko 
considers that ordinary stiffeners are not sufficiently rigid to justify 
assuming that the edges of the plate are direction-fixed. 

For panels which are relatively very wide, k = 5-35; putting fs (crit.) 
= 9 tons/sq. in., the yield point of the material in shear, d/t = 83-6, which 
may be regarded as the validity limit of the formula (cf. § 99, Vol. I), for 
it follows that, when d/t is less than 83, an ‘ideal’ web would fail in 
direct shear, and for values above 83 by buckling. Eq. (2) applies 
equally to wide or deep panels, but d is always the narrower dimension. 
If, as in (ii) Fig. 264, the lower edge be unrestrained, replace k by ky. 

Considering the upper half of a central panel subjected to pure com- 
pression, Timoshenko finds for the critical stress at which the plate will 
buckle 


m>? /t\? i\2 
it.) = KE—_——(-] = 14,290k( - aie. 24 
fe (crit.) cE, = i( i) 90 ( ‘) tons/sq. in (3) 





Ratio d,/d| 9-4| 0-5) 0-6! 0-67) 0-75; 0-8 0-9/1, 


a ee as ome 
k | 23-9/21-1/19-8/ 19-7 ses ee ee Lan “1119-8, oan 


d is the depth of the panel as shown in (i) Fig. 264; the value of fo (crit.) 
depends on the wave length of the buckles, and is not much affected 
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by the spacing of the vertical stiffeners. Horizontal stiffeners are much 
more effective. Putting k= 19-7, and fe (crit.) = fy = 16 tons/sq.in., 
d/t = 132-6, which is the validity limit for the formula. As both equa- 
tions (2) and (3) are of the Euler type, the factor of safety should not be 
less than 3. 

175. Riveting.—The usual diameter d of the rivets for different 
thicknesses of plate ¢ is as follows: thicknesses under  in., d = § in. ; 
thicknesses between # and 3} in.,d = #in.; thicknesses between } and 
§in.,d = §in.; thicknesses over fin., d= 1 in. When many thick- 
nesses have to be riveted together, it is common to increase these diameters 
slightly. The diameter d should not be less than } the grip length, i.e. 
the total thickness through which the rivet passes. The distance of the 
rivet centre from the edge of the plate should not be less than 14d, if that 
edge be planed or rolled; nor less than 12d, if the edge be sheared. In 
neither case should the distance of the rivet centre from the edge exceed 
8 times the thickness of the thinnest outside plate, otherwise rusting will 
occur between the plates. The rivet pitch p should not be less than 3d 
nor exceed 16 times the thickness of the thinnest outside plate. In 
angles with two lines of staggered rivets, the pitch in each line may be 
twice this limit, but nowhere should the pitch exceed 12 in. As far 
as possible, simple uniform pitches 3, 4, or 6 in. should be used. The 
diameters of the rivets themselves are manufactured to eighths of an inch, 
§, 2, %; and the holes should be drilled or punched 4 in. larger, in 
order that the hot rivet may be inserted. 

The safe load on a rivet may be calculated on the area of the closed 
rivet, the diameter of which may be taken as equal to that of the rivet 
hole, for the rivet, if properly closed, should fill the hole. The bearing 
area of such rivets may be taken as the diameter of the hole multiplied 
by the thickness of the metal through which it passes. In the case of 
field rivets, the permissible working stresses are to be reduced by 20 per 
cent. The shearing strength of rivets in double shear may be taken as 
twice that of similar rivets in single shear. In calculating the net area 
of parts in tension, if the holes be drilled, or punched and reamed, the 
diameter of the hole as shown on the drawings should be used. In punched 
work, the hole should be assumed } in. larger than the figured dimension, 
to allow for the taper and for damage to the metal round the hole 
during punching. If the holes be countersunk, the diameter may be 
taken as } in. larger than the figured dimension, to allow for the loss 
in area. 

Longitudinal Pitch—The shear per inch of depth diagram may be 
utilised to determine the longitudinal pitch of the riveting. The shear 
stress in any two directions at right angles is of the same intensity, and 
therefore, as was seen in (i) Fig. 263, the shear on any horizontal plane 
AB is equal to the shear on the vertical plane AD. Hence the shear 
force per inch of length at any section on the row of rivets joining the web 
plate to the flange angles is equal to the shear per inch of depth at that 
section. This can be shown from first principles thus: Let K,K,, Fig. 265, 


THE DESIGN OF BEAMS AND GIRDERS 385 


represent a length / of the girder, so short that the shearing force § on it 
may. be regarded as sensibly constant. Let the bending moment at K, 
be M,,andatK,beM,. Then, taking moments about K,,M,+ S/=M,; 
or M, ~— M, = Sl. Suppose that the zoroe in the flanges corresponding 
to M, be F,. and to M, be F,; then M, = F,DandM,=F,D. Hence, 


F,—F, 8 
bo Dp 
in the flange in a distance J. This increase is brought about by the 
transfer of horizontal shearing force from the web to the flangé angles 
through the rivets in the flange angles. In other words, (F, — F,) ~ / 
is the shear force per inch of length on the row of rivets connecting the 
flange angles to the web, and it is equal to S ~ D, the shear force per inch 
of depth. For practical purposes D can be 
taken as equal to D,, § 174. 

For the purpose of determining the 
thickness of the web, it was sufficiently 
accurate to assume that the shearing force 
was uniformly spread over the depth of 
the web. This is not strictly true, and 
in the interests of economy, when de- 
termining the pitch of the longitudinal 
riveting, it is worth while taking the true 
distribution into account. This distribu- 
tion, for the girder considered in § 181, is 
shown in (iii) Fig. 266, and it is evident 
that the ordinates s, and s,, representing 
the actual shearing force per inch of 
length on the rivets through the flange 
angle, are considerably less than 8/D, the Fra. 265. 
average value. If P, be the safe load on 
a rivet in single shear, p, the pitch of rivets connecting the flange plates 
to the flange angles, and there be 7, rows through the two angles, the safe 
shear force per inch of length on the rivets is n,P,/p,, which must be equal 
to, or greater than, s,. Similarly, if P, be the safe load on a rivet in 
double shear, p, the pitch of the rivets connecting the flange angles to 
the web, and there be n, rows of such rivets, n,P,/p, must be equal to, 
or greater than, 85. 


F,D — F,D=Sl, and But (F, — F,,) is the increase of force 





Let 8, = ve and 8 = Asi The values of A, and A, can be found 


from Fig. 266, or by the eae aiven in § 81, Vol. I. Ifa’ be the area of 
the flange plates outside the angles, and v’ the distance of the centre of 
this area from the neutral axis, then s, = Sa’v’/I [eq. (4), § 81, Vol. I]. 
But s, = A,S/D,, hence, 


so a us ; and A, = pi a’v’ : . (5) 
D, 


—_ 
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Similarly, if a” be the added areas * of the two flange angles, and v” 

the distance of their centre of area from the neutral axis, 
8, = Sav’ + a’v") = ye ; and A, = Dray’ + a’v") . (6) 

D, I 

The gross area may be used in calculating I, a’, and a”, but if the rivet 
holes are subtracted in the calculation for I, they must:be subtracted from 
a’ anda”. The value of A, and A, will be different at different points in 
the length of the girder, depending on the number of flange plates. The 
fullline, (iii) Fig. 266, represents the shear distribution if there be one flange 
plate, and the thin dotted line in the lower part of the diagram represents 


me lng — 4 





the distribution if there be two. For practical purposes it is usually 
sufficient to calculate A, for the end cross section, where the shear is 
greatest, and to assume that the value thus obtained applies everywhere. 
The value of A, is more variable, and the effect of the addition of a flange 
plate should be examined (see the worked example, § 181). 

It follows from the above that 


et Nees Ss. ee SS 
tS s Ay~j; and +s Agx-. 
P; oh SS 1D, Po => °2> {D, 
Hence, 
WPS Nees tS 
I} -- 3 and = : ; . (7 
PA, ee D, Por e D, cr 


from which the values of p, and p, can be obtained. From eqs. (5), (6), 

and (7), 
— 2,P,I a n,PI 

ee Wee ee ee on AS 

Pri< Sa’y’ ’ Poa< S(a’v’ ve a’v”) ( ) 

* It will be observed that in calculating the above value of A, the angles have 

been treated as a complete unit, instead of being divided into two rectangles, as was 

done in obtaining (iii) Fig. 266. This is not only more correct, it is more convenient. 


The difference made to A, is not large in the case of a plate girder, but in a Z section 
eomposed of two angles riveted together, the effect is more important. 
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It is convenient to proceed graphically. On the shear per inch of depth 
diagram, of which the ordinates represent S/D,, plot horizontal lines 


representing at! and a for different values of p, and p,. It is then 
“4 


2 
easy to choose suitable pitches (see J 10, the worked example, § 181). 

In many cases it is sufficiently accurate to assume that A, = A, = 1, 
when 


n,P, — S NoP = S 
In} ——* and —— * = ; ; . 9 
Pi a D, Pe es D, ” 


This is the common asrumption. 

176. Distribution of Shearing Force.--The method of determining this 
is given in § 81, Vol. I. The calculation for the end cross-section 6f the 
girder in the worked example, § 181, is as follows : 


—e 








I = 14,590 in. 
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S = 47-8 tons, ({ 7, § 181). 





So, 47:8 
Segoe GY = Tgp 6 te 
248 =: 0:81 
338 = 1-11 


396 = 1-30 tons/inch. 
The gross areas have been used in the above, and the values of Ea’v" 
are taken from col. 5 of the table. The mean value of s = D.> as 
1 
= 1-18 tons/inch. The above values are plotted irf (iii) Fig. 266, the 
straight line representing the mean value of the shear per inch. From 
the values of s, the shear stress fs everywhere can be obtained by dividing 
by the breadth 6 of the cross section, remembering that where changes 


in the breadth occur there are two values of 6 for one value of s [see (iv) 
Fig. 266]. Thus, where 


& = 0:54 b = 16 Ss = 0-034 
= 8% = 0-064 

= 0-81 = 8% = 0-096 
=: 1-]] = ly, = 0-77 
=“ = 2-53 

== 1-30 =—-= * == 2:07 
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177. The Ends of the Girder and its Supports.—At the ends of the 
girder, vertical stiffeners must be provided of sufficient 7trength to carry the 





end reactions and to spread them over the depth of the web plate, Figs. 267 
and 268, The construction shown in (i) Fig. 267 is that common in this 


country. The ends of the girder are closed with a 
plate of the same width as the flange plates, and 
the flange angles are carried round the ends of the 
girder. An additional stiffener is usually provided 
to share the reaction ; the area resisting this load 
is indicated in the plan. (ii) Fig. 267 shows the 
end stiffening for a large plate girder. (iii) Fig. 267 
and Fig. 268 are variants more common in America 
and Germany, which present some advantages. The 
stiffening is made symmetrical with regard to the 
reaction, and no attempt is made to close the ends 
of the girder. The wide plate shown in (i) Fig. 
267, however, helps to prevent lateral deflection of 
the top flange at the ends of the girder. Whatever 
construction be used, the area provided must be 
such that the permissible compressive stress in the 
material is not exceeded, and sufficient rivets must 
be provided to transfer the load to the web plate. 
Where the stiffeners are of considerable length 
compared with their lateral dimensions, they should 
be examined as struts, as explained in § 174. 





Fia. 268. 


If the ends of the girder are carried on walls or brick abutments. 
wall or bearing plates are riveted to the underside of the girder at its ends, 
(i) Fig. 267, as in the case of rolled steel beams. These plates are made of 
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mild steel and should not be less than j in. thick. They rest in turn 
on bedstones which transmit the pressure to the brickwork. Between 
the wall plate and the bedstone is placed a thickness of hair felt, in order 
to bring about a more uniform distribution of pressure ; otherwise, when 
the girder deflects, there is a tendency to concentrate the reaction on the 
front edge of the wall plate, which sometimes has the effect of cracking 
the stone. With the object of spreading the reaction more uniformly 
over the stone and brickwork, a bolster plate of limited area is sometimes 
riveted to the underside of the girder, which bolster plate rests on the 
wall plate, Fig. 272 and (ii) Fig. 268. This also fixes the position of the 
reactions more definitely. (i) Fig. 268 shows another construction 
designed with the same objects in view. If the span of girder excced 
50 ft., the ends may be carried on a cast-iron bedplate of the type shown 
in Fig. 269. One end of the girder is then left free to slide, to allow for 
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alterations in length due to changes in temperature. The ends of very 
large plate girders may be carried on rocker bearings of the type shown in 
Fig. 307. 

If the ends of the girder be seated on a stanchion, the cap of the latter 
would be arranged as shown in Figs. 231 and 233. 

The safe bearing pressure between the wall plate and the bedstone will 
fix the size of the wall plate, and the safe bearing pressure between the 
bedstone and the brickwork will fix the size of the bedstone. When, as 
in (i) Fig. 267, no special precaution is taken to obtain a uniform pressure 
distribution, the safe bearing pressure on bedstones and their supports 
may be taken as: granite 20; hard sandstone 16 tons/sq. ft.; on blue 
bricks set in 1 : 3 cement mortar as 12 ; on London stocks set in 1 : 3 cement 
mortar as 6; and on ordinary bricks set in 1 : 2 lime mortar as 3 tons/sq. ft. 
When the end bearings are capable of spreading the load uniformly, these 
pressures may be increased by 25 %. 

178. Deflection and Camber.—The deflection of the girder may be 
found by the methods and formulae of Chap. V, Vol. I. A-close approxi- 
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mation can be obtained by assuming that the curvature is circular, when 
the maximum deflection is y= ML?/8EI. M and I are respectively the 
bending moment and moment of inertia at the centre of the girder, and 
E may be taken at 9,000-10,000 tons/sq. in. to allow for the give of the 
riveting. The maximum deflection should not exceed 74,th the span. 
Large and important plate girders are often given an initial camber, so 
that when deflected under the load they become straight. An old prac- 
tical rule for the amount of this camber is # in. per 10 ft. of span. Small 
girders should be built straight. 

179. Weight of Plate Girders.—The probable weight of a plate girder 
may be found from Unwin’s formula 

_ Wir 
Oo Ff — ls 
= total equivalent distributed load in tons on the girder, exclusive of 
its.own weight. 
weight of girder itself, in tons. 
actual span in feet. 
ratio of span to depth. 
maximum stress in flanges, tons/sq. in. 
= a coefficient ranging from 1,400-1,500 in small plate girders, and from 
1,500-1,800 in large plate girders. 


For irregular load distributions, W may be taken as the uniform load 
producing the same maximum bending moment on the girder. In the 
case of live loads the neces- 
sary allowance for impact Hy 
must be made. 

180. Girders with Curved 
or Sloping Flanges.—If the 
flanges of the girder be not 
parallel, the following modi- 
fications to the methods of 
this chapter must be made : 
Let AB, (i) Fig. 270, be a 
girder with a curved bottom 
flange, and suppose that at 
any section KK the com- 
ponents of the force F in the 
bottom flange are a hori- 
zontal force H and a vertical 
force V. Then the force in 
the top flange at the section 
will be H, and the bending 
moment at the section will 
be M = HD, where D is the Fre. 270. 
distance between the centres of area of the two flanges at the section. 
Hence H = M/D, and V = H tan@ = M tan @/D, if 6 be the angle which 


= 
| 
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the force in the lower flange makes with the horizontal. This vertical 
force V, in the case shown, reduces the shearing force at the section. To 
find the true shearing force on the web of the girder everywhere, draw 
shearing-force and bending-moment diagrams, (ii) and (iii) Fig. 270, as 
if the flanges were parallel. From (iii), draw the full line in (iv), of which 
the ordinates represent H = M/D. Then V is obtained by multiplying 
these ordinates by the appropriate value of tan@. Plot these values of 
V downwards from the base line of the shearing-force diagram (ii), so that 
the ordinates subtract ; then the shaded diagram represents the shearing 
force on the web. This can be transferred to a new base line and used to 
design the web. The full line in (iv), representing H, may be used to 
design the upper flange. Since F = H sec 0, it is necessary to multiply 
the ordinates of this diagram by sec @ everywhere, in order to obtain a 
diagram representing the force F in the curved lower flange, which is shown 
by the dotted line in (iv), and may be used for the design of this flange. 
The longitudinal riveting in the straight flange may be determined from 
a shear per inch of depth diagram obtained from the corrected shearing- 
force diagram, and in which the ordinates represent s = (S— V)/D. To 
determine the longitudinal riveting in the curved flange, a separate 
diagram must be used in which the ordinates represent (S — V) sec 0/D. 

The above theory applies equally to a hog-backed girder. 

181. Plate Girder. Worked Example.—It is required to design a 
plate girder to carry the system of loads shown in (i) Fig. 271. The clear 
span is 50 ft., and the ends of the girder are supported on walls. It is an 
advantage not to make the girder too deep. 

1. Type.—Parallel flanges; single web plate; drilled holes #-in. 
diameter for }-in. rivets ; material, mild steel. 

2. Actual Span.—The larger end reaction is about 44 tons. Assuming 
a safe bearing pressure of 16 tons/sq. ft. between the wall plate and 
the bedstone, Fig. 272, a bearing area of 2-75 sq. ft. is required, say a 
wall plate 20 in. square. The clear span is 50 ft. If the ends be arranged 
as shown in Fig. 272, the actual span or distance between the reactions is 
52 ft. = 624 in. 

3. Depth and Width.—The minimum depth of the girder is y x 624 = 
32 in. For economy a depth of ;1, x 624 = 52 in. is required. Since it 
is advantageous to reduce the depth of the girder; the mean of 42 in. 
will be taken. This value for D implies a dimension D, = 36 in. between 
the rivet centres in the flange angles, which is convenient in that it is 
a multiple of several even rivet pitches. Assuming that the loads are 
brought on to the girder by beams running laterally to it, the top flange 
may be considered as reasonably well supported in this direction; if 
B be limited to L/40, B = ;\, x 624 = 16 in., a convenient dimension. 
The ratio //B, § 171, is 15 x 12 + 16 = 11-25: 1, and the maximum safe 
working stress on the gross area of the compression flange may be used. 

4. Working Stresses—Safe tensile stress, f; = 8 tons/sq. in.; max. 
safe compressive stress on the gross area of the compression flange, 
fe = 6-8 tons/sq. in. Direct shear on gross area of web plate not to 
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exceed 5 tons/sq.in. Safe shear stress on rivets fg = 3f¢ = 6 tons/sq. in. ; 
safe bearing pressure fp = 2fs = 12 tons/sq. in. 

5. Weight of Girder—The bending moment at the centre of the girder 
due to the applied loads is approximately 8,500 in.-fons. The equivalent 
uniformly distributed load W, necessary to produce this bending moment, 





is given by 
WL 8 x 8500 
os 8500 ; or W = 604 = say 110 tons. 
— z = a = 14-8; Lin feet = 52; C = 1500; f = 8 tons/sq. in. 
D 42 
Hence, by Unwin’s formula, § 179, 
es WIr 110 x 52 x 14:8 — 7-6 tons, 


Cf -Ir 1500 x 8 — 52 x 14:8 
which will be the weight of the girder. 

6. End Bearings.—The larger reaction, including the weight of the 
girder, can now be calculated. It is 44-0 + 3-8 = 47-8 tons. With 
the wall plate 20 in. square, as proposed, the pressure on the stone is 
47-8 tons ~ 2°78 sq. ft. = 17-2 tons/sq. ft., which is permissible on a 
hard sandstone. The proposed arrangement at the end may therefore be 
adopted, and the exact span taken at 52 ft. 

7. Shearing Force and Bending Moment Diagrams.—These can now 
be set out, (ii) and (v) Fig. 271. The maximum shearing force at the end 
is 47-8 tons, and the maximum bending moment under the central 32-ton 
load is 9,100 in.-tons. This includes the bending moment due to the 
weight of the girder itself, which is 590 in.-tons at the centre. 

8. Web Plate and tts Stiffening—The distance D,, centre to centre of 
rivets in the flange angles, has been fixed at 36 in. Adding the 2} in. 
punchings of the 4 x 4 in. flange angles, top and bottom, Fig. 272, the 
total depth of the web plate is D, = 36 + 2} + 2} = 40} in. Set out 
a shear per inch of depth diagram, (iii) Fig. 271, which is obtained by 
dividing the ordinates of the shearing force diagram everywhere by D,. 
For convenience, the lower half of the diagram should be inverted as shown. 
The maximum ordinates at the two ends will be 47:8 + 40} = 1-18 tons 
per inch; and 44-8 ~ 40$ = 1-11 tons per inch, respectively. From 
eq. (1), § 174, s = 54¢ — Ad, find the worth of say 7; in. and 4 in. web 
plates, with stiffeners at various distances d apart. 


d= 24 30 36 42 inches. 
If¢= }in., 8s = 1-55 1:25 0-95 0°65 
Ife= yin, 8s = 1-2 0-9 0-6 0-3  tons/inch. 


Plot these values as horizontal lines on the shear per inch of depth dia- 
gram, as shown in (iii) Fig. 271. From a consideration of the plotted 
values it is evident that a 7; in. web plate stiffened every 24 in. will carry 
the shearing force over the end panels, and that the spacing of stiffeners 
can be increased to 36 in. over the centre panels. If a } in. web plate be 
used, d can be increased to 30 in. in the end panels, and to 42 in. in the 
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centre panels. Probably the 7% in. plate is the better alternative, par- 
ticularly as the requisite pitches work in better with the distance between 
the loads ; it will therefore be adopted. 

9. Flanges.—If F ‘be the total force in a flange, (v) Fig. 266, and D 
the distance between the centres of area of the two flanges, the moment 
of resistance of the cross-section, on the assumption that the flanges carry 
the whole of the bending moment, is F x D, which is equal to the bending 
moment M; hence F = M/D. To determine the cross-section of the 
flanges, therefore, set out a diagram, (vi) Fig. 271, representing the force 
in the flange at every cross-section. This is obtained by dividing the 
ordinates of the bending-moment diagram everywhere by D. A difficulty 
arises in that D cannot be determined until the cross-section is known, 
but for practical purposes D may be taken as equal to D,, the depth of 
the girder over the backs of the angles, in this case 40} in. Since the 
maximum bending moment is 9,100 in.-tons, the maximum force in the 
flanges is 9,100 = 404 == 225 tons. The working stress in tension is 
8 tons/sq. in. ; hence the area required is 225 -- 8 = 28-2 sq. in. This 
can be made up as follows, allowance being made for +3 in. drilled holes 
suitable for ? in. rivets : 

Two4 x 4 x } in. flange angles, area of each 3-75 sq. in., less one +? in. 
rivet hole, giving a net area of 3-34 sq.in., and each worth, at 8 tons/sq.in., 
3°34 x 8 = 26:7 tons. Three } in. plates, 16 in. wide (as before decided), 
each less two 44 in. rivet holes, giving a net area per plate of (16 — 2 x 
+#) x $8q. in., which, at 8 tons/sq. in., will carry 57:5 tons. The total 
worth of the two angles and three plates is 2 x 26-7+ 3 x 57-5 = 
225-9 tons, which is just sufficient. The values of the angles and flange 
plates are plotted as full lines in (vi) Fig. 271. 

The gross area of the compression flange can be used, working at 
6-8 tons/sq. in. (see | 4, above). The two angles are worth 2 x 3-75 x 
6-8 = 51-0 tons; each } in. flange plate is worth 8 x 6:8 = 54-4 tons; 
to make up the requisite section, the outside flange plate must be made 
$ in. thick, worth 16 x § x 6-8 = 68-0 tons. The total worth of the 
two angles and three flange plates is then 227-8 tons. ‘These values, 
given in brackets, are plotted in (vi) as dotted lines, and as will be seen 
they determine the necessary length of the flange plates. The angles and 
one flange plate will be carried the full length of the girder, the other 
plates are cut short, but made two or three rivet pitches longer than is 
theoretically necessary. 

The cross-section of the girder will then be as shown in Fig. 272. Both 
flanges will be made alike, except that the thickness of the shortest plate 
on the compression side will be } in. thicker than the corresponding plate 
on the tension side. This is the most convenient way of providing the 
necessary area. 

10. Longitudinal Riveting.—It will be assumed that the rivet holes 
are drilled #} in. diameter, that fs = 6-0 and fp = 12-0 tons/sq. in. 
The method of determining the pitch of the longitudinal riveting is set 
forth in § 175. The value of I for the cross-section with a single flange 


THE DESIGN OF BEAMS AND GIRDERS 395 


plate is 14,590 in.* (§ 176) ; D, = 40} in.; the area of a flange plate is 
16 x $= 8 sq. in.; v’ = 20} in., and a’v’ = 8 x 204 = 164. The area 
of the two angles is 7-5 sq. in., v” = 19-1 in., and a’v” = 74 x 19:1 = 143; 
hence, a’v’ + a*v” = 164 + 143 = 307. Then, ffom eqs. (5) and (6), 
§ 175, 


_D, a’y’ 40} 
A= 74 = 14,590 * 184 = 0-46; 
and Ay= (ae + ately = (ME x 307 = 0-86. 


Dealing first with the riveting in double shear connecting the flange 
angles to the web plate, the safe load on a +3 in. rivet bearing in a 
tz in. web plate is P, = x ¥% x 12 tons/sq. in. = 4-26 tons. There 
is one row of rivets, therefore n, = 1, and 

_ m™P, 1x 4:26 _ 5:01 

= pm PX 0-85 py | 
If p, = 3’, 8, = 1-67; if D, = 4" ’ 8, = 1:25; if p, = 6", 8, = 0:83 tons 
perinch. Plotting these values as horizontal lines on the shear per inch 
of depth diagram, (iv) Fig. 271, it is evident that a 6 in. pitch will be 
ample over the middle bays of the girder, and a 4 in. pitch will be 
sufficient for the end bays. Considering next the rivets connecting the 
flange plates to the flange angles, there are two rows of rivets in plan 
passing through the flange angles, hence n, = 2. Each row is in single 





shear, and the worth of one rivet is P, = ; x (43)? x 6 tons/sq. in. = 


3-1l tons. Hence 
_mP, 2x3: _ 13-52 

Pr, Py X 0-46 Pi 
If p, = 8’, 8, = 1:69 tons per inch. This is also plotted as a horizontal 
line on (iv) Fig. 271, and it is evident that two rows of 8 in. pitch would 
be sufficient to carry the shear. This pitch, in addition to being rather 
long from a practical point of view, will not work in with the 6 in. 
pitch in double shear, nor with the pitch of the stiffeners. A 6 in. 
pitch will therefore be adopted. It is desirable to examine the effect 
on A, and A, of the addition of a flange plate to the cross-section, top and 
bottom. I then becomes 21,660 in.‘, and 


», = 40% (168 + 164) 6) go. y, — 408 (168 + 164 + 143) 
1 21,6600 ee 21,660 

Thus A, is but slightly altered, A, is increased from 0-46 to 0-62. The 

value of s, for two rows of rivets at 6 in. pitch is then 

MP) _ 2x 3-11 . 

é, = DA, 6x 0-62 = 1-67 tons per inch, 

practically the same value as for an 8 in. pitch when A, = 0:46. 

Evidently a 6 in. pitch in these rows is sufficient. 


8 


= 0:89. 





306 MATERIALS AND STRUCTURES 


11. Jotnts.—The inner flange plate will be over 53 ft. long, and should 
be made in two pieces. The calculation for the joint is given as a worked 
example in §172. The middle flange plate is 39’—8}” long. If possible 
this should be obtained in one piece, otherwise a grouped joint for the two 
cut plates should be used. The flange angles are 53’—0}” long and 
must be made in two pieces. The calculation for the joint is given in 
§ 173. The joints should be staggered as shown in Fig. 272, and not 
placed all in the same neighbourhood. The web joint should be placed near 
the centre of the girder where the shear is small. It is provided with double 
covers ; the necessary pitch of rivets can be obtained from the shear per 
inch of depth diagram, exactly as in the case of the longitudinal riveting. 
In this instance a 4 in. pitch will be employed, though more than sufficient. 

12. Stiffeners at the Ends and under the Loads.—The maximum shear- 
ing force at the ends is 47-8 tons. This has to be distributed over the 
depth of the girder by the end stiffeners. A rivet in double shear, bearing 
in ayy in. plate, is worth 4:26 tons. Hence the minimum number of 
rivets required is 47-8 + 4:26 = 12. It will be scen from Fig. 272 that 
there are 16 rivets in the two end verticals, but a margin in strength is 
desirable, as the load may not be equally divided between the rivets. If 
the direct compressive stress in the material is not to exceed 6-8 tons/ 
8q. in., an area of 47-8 — 6-8 = 7-1 sq. in. isrequired. The added area of 
the two 4 x 4 x } in. vertical angles, together with that of the two 
4x 3x gin. end vertical stiffeners, is 12-4 sq. in., without taking the 
end plate into consideration. There is therefore ample strength. 

To spread the applied load of 32 tons down the web plate, 32 + 4-26 
= 8 rivets in double shear are required, and a net area of 32 ~ 6:8 
= 4-7 8q.in. A 4 in. pitch is therefore necessary through the stiffeners 
under the load, and since the area of two stiffener angles is only 4-96 sq. 
in., they will be reinforced by a plate as shown, which will help to give 
lateral stiffness to the girder in the vicinity of the applied loads. 

13. Moments of Inertia and Resistunce of the Cross-Section.—The 
moments of inertia and resistance of each cross-section should now be 
computed, making due allowance for the rivet holes in the bottom flange.* 
At the central load the moment of inertia is 28,400 in.*; the values of v 
for the extreme fibres are 23-2 in. on the tension side, and 20-4 in. 
on the compression side; hence the safe moments of resistance are 
{[Z= fljv= . x 8 == 9,790; and TT x 6-8 = 9,460 in.-tons in 
tension and compression respectively. The diagrams representing the 
moments of inertia and moments of resistance in both tension and com- 
pression have been plotted on the bending-moment diagram, (v) Fig. 271. 
The moment of resistance diagrams lie everywhere outside the bending- 
moment diagram, proving that the girder nowhere works at more than 
8-0 tons/sq. in. in tension, or than 6-8 tons/sq. in. in compression. In 


* For an diternative method of making allowance for rivet holes, seo a letter 
from, W. H. Thorpe, Engineering, September 22, 1922, p. 363. 
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plotting these diagrams no account has been taken of the joint in the web 
plate. The efficiency of this joint is only 30 %, and at a section through 
the joint, so far as its resistance to bending is concerned, the web should 
be considered as a plate 32 in. deep, yy in. thick, and at an efficiency 
of 0-3. If this be done, I will be reduced by about 2,000 in.‘, and 
the moment of resistance in compression by about 660 to 8,800 in.-tons. 
The web joint has been kept at a considerable distance from the point of 
maximum bending moment, otherwise it would have been necessary to 
increase further the thickness of the top plate in order to keep within the 
allowed stress. 

It may appear surprising, having made the flange plates and flange 
angles sufficiently strong to carry the bending moment everywhere, that 
the moment of resistance, even counting in part of the web at 30 %, falls 
below that required. The explanation of the anomaly lies in the fact 
that the average stress over the thick flanges is considerably less than the 
maximum. Only in the extreme fibres will the maximum permissible 
stresses be reached, whereas in (vi) Fig. 271, the whole flange areas were 
assumed to work at 6-8 and 8-0 tons/sq. in. respectively. 

14. Deflection and Camber.—If it be assumed that M/I is constant 
from one end of the girder to the other and equal to 9,100 in./tons 
~ 28,400 in.‘, the maximum deflection will be given by the formula 
[eq. (15), § 52, Vol. I), 

_ ML? © 9,100 x 624? 
Y = BEI ~ & x 10,000 x 28,400 
Here E has been taken at 10,000 tons/sq. in. to allow for the ‘ give’ 
of tne rivets. As will be seen from the shape of the [ diagram, this value 
for y is an over-estimate. As a check, a practical formula given by W. H. 
Thorpe * may be used. For mild steel plate girders with parallel flanges, 


12, 52 
y= DS = F000 x35 


where L = span in feet; c = constant = 4,000 for mild steel girders ; 
D = depth in feet, = #§ = 3-5 in the present instance; f = the mean 
stress in the extreme fibres in tons/sq. in., estimated on the gross section. 
This in the present case may be taken at 6-8,tons/sq. in., and the 
value of y is 1-32 in. The maximum permissible deflection is 1/400th 
the span = 1/400 x 624 = 1-56 in., so that the actual deflection should 
not exceed the allowed limit. If the girder is built with a camber 
of § in. per foot, this would equal 52 x § = 2 in. 

15. Setting out the Girder—Set out first the centre lines of the flange 
rivets, and of the web stiffeners. Arrange if possible that the latter 
come on regular rivet pitches. Put in the rivets ; as simple and uniform 
an arrangement as the circumstances will permit should be the objective. 
The rivets passing through one leg of a flange angle should be staggered 
relative to those through the other leg. When, as in the present case, 


* Engineering, April 14, 1905, p. 466. 


= ]-56 in. 


x 6-8 = 1-32 in. 
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52’ 0° Plate Girder. 
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sie 
Length a: Qo |Weight.| of One. N es | 
ion 2 um , Rewiaele: 
in. | Inches. | in. lb. | Ib. lb. 
Net sizes. 
2; 1 8 20 | 1} | 61-2 170 340 | Wall plate. 
1/28 84 | 16 | § | 25-5 976 976 | Flange plate 
2| & 24 16 § | 25:5 177 354 | Covers to flange plates. 
2/39 8$| 16 | 4| 20-4 | 1,080] 2,160 | Flange plates. 
2| 35 11} 16 +; 20-4 978 1,956 % 5 
1; 28 8% 16 | t | 20-4 781 781 + ‘6 
2; 17 2} 16 4 | 20-4 468 936 - s 
2; 3 4 16 4 | 20-4 92 184 | Vertical plate at ends. 
2; 1 it 16 4 | 20-4 31 62 | Bolster plate. 
1! 30 3} 404 ye | 17°85 | 1,823 1,823 | Web plate. 
1/22 94 403 |; yy | 17-865 | 1,372 1,372 ss ‘ 
| | 10,944 | 
Angles. 
2| 43 Of 4x4 4 | 12-75 549 1,098 | Flange angles. 
2} 41 7% 4x4 $ | 12-75 531 1,062 ee - 
2) 11 4} 4x4 + | 12-75 145 290 i 35 
2; 10 0} 4x4 4 | 12-75 128 256 5 ss 
“4; 4 24 4x 4 4 | 12-75 54 216 | End vertical angles. 
4; 4 24) 34 x 33 # |} 8-45 36 144 | Round back covers. 
*44| 4 24 4x3 #6 68-45 36 1,584 | Vertical stiffeners. 
4.650 
Flat Bar. 
6; 3 4 7} %#| 9-88 33 198 | Web stiffeners. 
2; 2 8 | 54 fs | 5:84 16 32 | Covers to web plates. 
| 230 
Total weight of plates and bars : . | 16,824 | = 7-06 tons. 
Sree 


Rivets 5% = 0-35 ,; 
Weight of girder = 7°41 99 


* An allowance to be made for forging. 


there are four rows in plan, the outer rows should be staggered relative 
to the inner rows. From the drawing it will be seen that, over the whole 
of the centre portion of the girder, at any one section, only two holes are 
cut out of a flange plate, and only one out of a flange angle. Near the end 
of the girder, owing to the change from 6 to 4 in. pitch in the rivets 
connecting the flange angles to the web, in some cases the rivets in the 
two legs of the flange angles come close together. There are, however, 
no joints in the web plate in this neighbourhood, and the strength of the 


a 
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uncut web will more than compensate for the close proximity of the rivet 
holes, otherwise it would have been necessary to subtract the area of two 
rivet holes from each flange angle. Having settled the position of all the 
rivets, put in the angles and plates, seeing that the lengths are convenient 
and the joints properly staggered. 

16. Quantities and Weight.—Finally, the quantities can be taken out, 
and the weight of the girder calculated. The method of setting out the 
results is shown in the table on p. 399. It will be seen that the actual 
weight of the girder as designed comes to 7-41 tons, as compared with the 
estimate of 7-6 tons. The sizes given in the table are the net sizes given 
on the drawings. In making up the order for the material, } iu. is 
added to the length and width of all the plates (except to the width of 
flat bars and universal plates), and 1 in. to the length of all angles, to 
allow for planing and cutting to length. 
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QUESTIONS ON CHAPTER X 


1. A beam, intended for use as a bulkhead stiffener in a ship, is formed 
of two 6 x 3$ x 0-5 in. angles placed back to back and riveted together 
so as to form a Z section 9 in. deep overall. The properties of a 6 x 3} 
angle are: area = 4-50 sq. in., distance of centroid from shorter flange 
2:06 in., I about an axis parallel to the shorter flange and passing through 
the centroid = 16-36 in. units. Find the moment of inertia and section 
modulus of the compound section about an axis parallel to the 3}-in. flange, 
and passing through its centroid. Neglect the rivet holes. (I.C.E.) 

Ans. 19°18 in.’ 

2. If f; be the maximum tensile stress in the lower flange of the cast-iron 
beam section shown in Fig. 247, and D the overall depth, prove that the 
moment of resistance is f;Z = 0:077D* f;; neglect the fillets. (Low's 
Applied Mechanics, p. 112.) 

3. A beam, 20 ft. span, supported at each end, is loaded with 12 tons 
evenly spread over 6 ft. of its length, one end of the load coinciding with the 
centre of the beam. Draw the shearing force and bending moment diagrams, 
dimension their maximum ordinates, and the position where the maximum 


2v 


402° MATERIALS AND STRUCTURES 


bending moment occurs. To economise head room it is proposed to use for 
this beam two 10 x 6 N.B.S.H.B. No. 6, with cast-iron separators. Com- 
ment on this proposal from the point of view of (a) allowable stress, (5) 
ane deflection. Section modulus of a 10 x 6 beam = 41-in. units. 
(1.0.B.) 

Ans. (a) Stress = 6:8 tons/sq. in., quite permissible; (b) the ratio 
depth/span = ,j,;, may be permitted, but the deflection might be found 
exceasive for certain purposes. 

4. A compound beam of 20 ft. span is formed of two 12 x 5 x 30 lb./ft. 
N.B.S.B. No. 10 (a = 8-83, I = 206-9 in. units) with a 12 x 4 in. plate 
added top and bottom. Each plate is connected by one line of rivets through 
each beam; the rivets are in line across the girder. If the safe stress in 
compression is not to exceed 6-8, and in tension 8-0 tons/sq. in., find the 
safe distributed load. Find also the maximum direct shear stress in the 
webs of the beam, and the necessary pitch of the rivets. What will be the 
deflection of the girder when carrying this load ? 

Ans. 30-3 tons; 2-2 tons/sq. in.; 9-6 in., use 6-in. pitches; 0-52 in. 
(if E = 13,000 tons/sq. in.). 

5. Choose a suitable B.S.B. for the beam AB in Fig. 273. Stress 8 tons/ 
sq. in. Assume that the end A is directicn-fixed. 

Ans. 12 x 5 x 30 lb./ft. N.B.S.B. No. 10. 

6. Make sketches showing approxi- 
ruately the distribution of (a) the normal 
stress due to bending, (0) the shear stress, 
over the cross section of a plate girder. 
Hence justify the practical assumption 
that the flanges carry the bending moment, 
and the web the shearing force ; also that 
the shearing force may be regarded as 
uniformly spread over the depth of the Fic. 273. 
web plate. (I.C.E.) 


7. The span of a plate girder is 40 ft. and it carries four loads of 20 tons 
each which divide the span into 5 equal panels of 8 ft. Find the maximum 
bending moment and the necessary cross section at the centre of the girder, 
assuming that the stress in compression is not to exceed 6:8 and in tension 
8-0 tons/sq. in. Take the depth of the girder as th the span. Rivets, 
2 in. diameter in }3-in. drilled holes. 

Ans. M = 5760 in.-tons; D, = 40 in.; each flange to consist of two 
4x 4X }$ in. angles, one 12 x 4 and one 12 x § in. flange plate. 

8. A plate girder is 26 ft. span and 2 ft. deep. The total shearing force 
at the ends is 33 tons. Find the pitch of the rivets connecting the angles 
to the web near the ends. The web is } in. thick, and the rivets are } in 
diameter. Take fs = 6 and fy = 12 tons/sq. in. (U.L.) 

Ana p = 3-28 in. (say 3 in. pitch). Note: In this example take 
# in. as the diameter of the closed rivet, and \ = 1. 

9. The maximum shearing force in the end panel of a plate girder of a 
through bridge is 230 tons. The web plate is 6 ft. 6 in. deep over the backs 
of the angles and j in. thick ; the flange plate, top and bottom is 18 x § in., 
and the flango angles are 6 x 6 x ? in.; there are two rows of rivets in 
each leg of each angle. The rivets are j in. diameter in 14 in. holes; find the 
theoretical pitches necessary to connect the angles to the web and to the 
flange plates. Take f, = 6 tons/sq. in., and fy = 12 tons/sq. in. 

Ans. p, = 18-1; py = 7°48 in. 

10. The ends of the girder in Q. No. 7 are supported on bed stones. The 
web is f in. thick. Design the ends of the girder, making a dimensioned 
sketeh showing the arrangement and sizes of the stiffeners, and the number 
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and pitch of the rivets in both the vertical and horizontal rows. Take 
fs = 6 and fp = 12 tons/sq. in. 

Ans. , = 0°38; A, = 0-81; p, = 6ins.; take p, = 6 ins.; 9 rivets 
in double shear required to carry the end reaction. 

11. Draw diagrams showing the distribution of shear force and of shear 
stress over the ends of the girder of Q. No. 10. Find by measurement the 
values of A, and \,, and compare them with those given in Q. No. 10. 

12. Draw the M/I diagram for the plate girder of § 181, find graphically 
from this the actual deflection curve for the girder, and hence the maximum 
deflection. Show by how much tho true deflection curve differs from an arc 
of a circle. 

13. Redesign the plate girder of § 181 as a welded structure; see § 149 
and Fig. 213. 


CHAPTER XI 
BRIDGE CONSTRUCTION. GIRDER BRIDGES 


182. Girder Bridges. Definitions.—The superstructure of a girder 
bridge is composed of (a) main girders which support the floor system : 
(b) the floor system suitably arrange: to carry the traffic; (c) secondary 
bracing resisting lateral and other distorting forces. The substructure 
consists of the foundations, abutments, and intermediate piers, if any. 

If the floor system is pl:ced on top cf the main girders, the bridge is 
called a deck bridge, Fig. 87. If the traffic passes between the main 
girders, the bridge is called a through bridge, (ii) Fig. 306. If the bridge 
carries a railway it is termed a ratlway bridge; if it carries a roadway it 
is called a road bridge. If part of the bridge is made movable, leaving a 
clear opening to permit the passage of traffic past the bridge, it is called 
an opening bridge, otherwise it is termed a fixed span. There are various 
types of opening bridges, of which the commonest is the swing bridge, 
(i) Fig. 283, in which the movable span turns about a vertical axis. In 
a traversing bridge the movable span is drawn backward on rollers. In 
a bascule bridge the movable span is hinged ahout a horizontal axis, and 
lifts up like an ancient drawbridge; the 'Tower Bridge, London, is a 
well-known example. A variation of the bascule type is the rolling lift 
bridge, (ii) Fig. 283, in which the lifting span carries circular segments 
which roll over suitable paths as the span rises. In a vertical-lift bridge 
the movable span is lifted vertically. 

183. Other Types of Bridges.—In place of main girders, the floor 
system may be supported by: (i) arches (Arched Bridges, Chapter XIII), 
(ii) suspension chains (Suspension Bridges, Chapter XIV); or (iii) by 
cantilevers (Cantilever Bridges, Chapter XIV). 

184, Main Girders.—The main girders of a bridge may be either 
of the plate or braced type. For spans above 60 to 80 ft. a braced girder 
should be used, as this type is lighter, and the area exposed to the wind 
is less. Braced girders cost more per ton than plate girders, and the 
latter are to be preferred for shorter spans. Such plate girders are similar 
in general construction to that shown in Fig. 272 ; some details are given 
in Figs. 267, 286, and 298. 

Braced girders are classified according to the arrangement of the web 
bracing. The simplest type is the N girder, (i) Fig. 274, sometimes called 
@ Pratt truss. In this design the shorter (vertical) web members are 
struts, and the longer ones ties, The vertical members are convenient 
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for the attachment of cross girders and the overhead sway bracing, § 191 
and Fig. 309. The diagonals are not necessarily placed at 45°. The 
arrangements shown at (i) and (ii) are suitable for through bridges, and 
(iii) for a deck bridge. In ordinary circumstances (ii), with the inclined 
end post, may be regarded as the simplest and best type of main girder. 
The Howe truss, a timber construction at one time common in America, 


Fia. 274. 


is similar in outline to the Pratt truss, except that the diagonals, which 
are timber struts, slope the other way. The verticals are in tension, and 
take the form of iron or steel bolts. For a composite truss of timber and 
steel, this arrangement is rather more convenient to construct than the 
Pratt truss. 

(i) Fig. 275 represents a type called a Warren girder. At (i) and (ii) 
the web diagonals are inclined at 60°; at (iii) and (iv) they are inclined 
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at 45°. In the latter case it is usual to insert vertical members vv to 
reduce the pitch of the cross girders supporting the bridge floor. (i) and * 
(iii) are suitable for through bridges, (ii) and (iv) for deck bridges. 
Sometimes a duplicate system of web bracing is used, as shown in 
Figs. 276 and 277. Type (i), Fig. 276, is obtained by inverting on> 
Warren girder of type (iii), Fig. 275, superposing it on another, and 
omitting the verticals vv. It is called a lattice or dowble Warren girder. 





Fic. 276. 


(ii) Fig. 276 is the result of treating two N girders of type (i) Fig. 274 in 
a similar way. ‘Type (ii) differs from type (i) only in the introduction 
of the verticals, which are intended to equalise the load between the two 
component frames. In the Linville truss, Fig. 277, two N girders are 
superposed, but one is moved half a bay along relative to the other. An 
extra member j must be introduced at each end to complete the frame- 
work. Two advantages are claimed for the Linville truss: first, it 
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halves the pitch of the cross girders, thus reducing the span of the rail 
bearers, § 188; secondly, the diagonals give support to the long vertical 
struts at the point where they cross. Linville trusses are only suitable 
for very large spans. Types (i) and (ii) are suitable for through bridges, 
and (iii) for a deck bridge. 

Multiple web girders of the types shown in Figs. 276 and 277 are not 
nowadays regarded with much favour by bridge engineers. 

Two lattice girders, (i) Fig. 276, may be superposed, one being moved 
half a bay along relative to the other, to form a double laitice girder ; 


Fie. 277. 


and (iii) Fig. 276 may be regarded as a multsple lattice girder. This type 
is common for small light spans. The web is composed of a number of 
flat bars placed diagonally and riveted together at their points of inter- 
section. The web thus formed is stiffened by vertical stiffeners of the 
kind used in plate girders, and intended to serve a similar purpose. It 
is usual to make the area of the diagonal bars such that, at any vertical 
section, the vertical component of the safe load in all the bars cut by the 
section is equal to the shearing force at the section. Hence it results 
that the bars are made of greater area towards the points of support. 


‘ADA, ASTD 


Fria. 278. 





(i) Fig. 278 shows a Baltimore truss. The bracing is of the N type, 
Fig. 274, but secondary members are introduced to support intermediate 
cross girders. In (i) the load from these cross girders is carried back to 
the panel points of the lower flange, in (ii) it is transferred to those of the 
top flange. The short verticals from which the intermediate cross girders 
are suspended are called sub-verticals. 





Girders with Curved Flanges.—(i) and (ii) Fig. 279 represent girders of 
the N and Linville types with curved upper flanges. The curvature is 
often introduced with the intention of improving the appearance of the 
bridge ; in long spans it has other advantages (see infra). Such girders 
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cost more per ton than those with straight parallel flanges, and the extra 
expense should only be incurred when the circumstances justify the 
expenditure. 

Girders of the type shown at (i) Fig. 280 are called bowstring girders, 
from their similarity to a bow and string. If the load were uniform, and 
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the shape of the curve parabolic, the area of cross-section of the flanges 
would be constant, and no diagonal bracing would be required in the 
web. Since, in practice, the load will not be uniform, and the bridge 
must carry a moving load, these theoretical considerations will not hold, 
and, as shown in Fig. 280, diagonals must be introduced in the web. The 
type reduces therefore to a girder with a curved upper flange. Owing to 
its greater depth where the bending moment is large ; the reduction in 
the shearing force carried by the web members due to the curved flange 
(see § 180); and to the shortness of the heavy web members near the 
ends, where the shearing force on the web is large; the bowstring girder 
is economical in weight. Consequently, it is properly employed in bridges 
of long span, where the weight of the bridge itself is a most important 
part of the total load to be carried. The girder may be inverted, when 
the curved member becomes the tension flange. 

(ii) Fig. 280 shows the arrangement used in the famous Saltash bridge 
of 455 ft. span, sometimes called a bow and chain girder. The thrust from 
the bow is neutralised by the tension in the chain. The roadway is | 
suspended from the girder by means of vertical suspension rods. 
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Fig. 281 shows two types of loug span girders of American design. 
(i) is the Hawkesbury bridge of 410 ft. span, and (ii) a span of 490 ft. 
over the Ohio River. Fundamentally, the bracing is of the N type, but 
secondary members are introduced to - 


halve the effective length of each main 
member. In (ii), the secondary bracing SVN 
is arranged to support intermediate cross 


girders. In both types the depth is re- Fic. 282. 
duced toward the supports, and the truss 
pproximates in outline to the bowstring girder. Fig. 282 shows a 
60 m. span over the Danube, a type common on the Continent. 
It is to be clearly understood that the special types of main girder 
shown in Figs. 277 to 281 are quite unsuitable for ordinary short and 
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medium span bridges. Their justification is for long span girder bridges, 
where it is imperative to reduce the weight of the main girders to a 
minimum, even at the expense of increased cost of production. 

(i) Fig. 283 shows the type of main girder used in a swing bridge, 
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and (ii) that for a rolling lift bridge. Web bracing of the type shown in 
Fig. 282 is commonly used for such bridges. 

185. Counterbracing.— Near the centre of the girder the shearing force 
due to the dead load, represented in Fig. 284 by the line cd, will be small. 
It results that, over a certain length of the middle of the girder, the 
positive shearing force due to the travelling load, represented by the 
line ae, will be greater than the 
negative shearing force due to the 
dead load; and the negative 
shearing force due to the travelling 
load, represented by fb, will be 
greater than the positive shearing 
force due to the dead load. As 
the tram passes over the bridge, 
therefore, the sign of the sheur Fic. 284. 
force in this region will be reversed ; 
and, in consequence, the sign of the forces in the web bracing will alyo 
be reversed, the ties becoming struts, and the struts ties. The length gh, 
Fig. 284, over which this occurs, can easily be tound by inverting the line 
ed as shown in the figure. In plotting the lines ae and bf, the live load 
should be multiplied by (1 + +) where 7 is the impact factor. 

The members in which the stress is reversed must be of such a type 
thai they will act equally well as ties or as struts. They should be 
designed first to resist the compres- c 


sive load, second to resist the tensile 
load ; in order to allow for the alter- ZAIN 
nations in stress, certain standard 


specifications require that one-half a és sae 

the smaller gross area thus obtained 

be added to the larger gross area, in order to obtain the total gross area 
necessary. 

When, as in the older bridges, the tension members are of flat bar 
cross-section, they are incapable of acting as struts, and counter-braces, 
ec Fig. 285, are inserted. These are tension members, sloping in the 
opposite direction to the normal ties. When the stress reverses, the 
normal tie will give slightly under the compressive load, and the counter- 
braes will take up the reversed shear. If the reversed stress be small, 
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two parallel flat bar ties can be converted into a strut by the introduction 
of secondary bracing between the ties, in which case counter-braces are 
unnecessary. In girders with a duplicate system of web bracing of the 
type shown in Fig. 276, if flat bar ties are used, the second system must 
carry the reversed shear, otherwise it should be proportioned between 
the two systems. With the stiff tension members commonly used in 
modern girders, counter-bracing is unnecessary. 

186. Plate Web Main Girders. Details of Construction.—Some 
typical examples of plate web main girders are shown in Figs. 267, 286, 
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and 298. That shown in Fig. 286 is suitable for through or half-through 
bridges ; Fig. 298 represents a deck bridge. The methods and rules of 
Chap. X may be used for the purpose of designing these girders, but the 
live load must be multiplied by (1 + 7), where 7 is the impact factor, 
§ 61, in order to obtain the equivalent dead load. 

187. Open Web Main Girders. Details of Construction._-Com- 
pression Flange.—The compression flange of braced girders should 


be of trough section, made up of plates and angles, or of channels, as 
shown at (i) and (ii) Fig. 287. The outstanding edge of the stringer plate, 
(i), should be stiffened by an angle as shown, to prevent it from buckling, 
and diaphragm plates should be introduced to prevent the section from 
distorting. Tie plates or lattice bracing are fitted to prevent secondary 
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flexure, §160. In small girders, a tee section, similar to (iii), may be used. 
The breadth of the flange should not be less than jth its overall length, 
unless adequate lateral supports are provided, when the breadth should 
not be less than ;;th the distance between such supports. In shallow 
girders these supports may take the form of stiff brackets of the type 
used in plate girders, Figs. 286 and (iii) 297; but where possible, a lateral 
system of wind bracing is introduced, Fig. 295, which gives effective 
support to the flange. 

Tension Flange-—The tension flange may be similar in form to the 
compression flange (i), (ii), and (iii), Fig. 287; or it may be constructed 
of plates placed vertically, with stiffening angles, (iv) Fig. 287. This 
construction has the advantage that water cannot lodge therein; with 
trough sections, suitable drainage hcles must be provided. The type 
shown at (iv) enables the cross girders to be slung below the main girders, 
(i) Fig. 288, and the attachment of the web bracing is slightly more con- 
venient. The gain in height, when the cross girders are slung below the 
main girders, may enable uverhead lateral bracing to be fitted which 
wuuld otherwise be impracticable. 

Design of Flanges.—Having determined the forces in the flanges, the 
lengths and arrangement of the plates and angles in the tension flange 
can be obtained from a ‘force in the flanges diagram’ similar to (vi) 
Fig. 271, or by the method of | 12, § 196. The members of the compression 
flange should be designed as columns imperfectly direction-fixed at their 
ends ; eq. (1), § 163 may be used. For examples, see {[ 13, § 196. 

Joints in the Flanges.—The juints used in flange plates and angles of 
open web pirders are of a similar type to those used in plate web girders, 
§§ 172 and 173, and are similarly designed. Grouped joints are usual to 
facilitate transport. The joints in the stringer plates are butt joints with 
double covers (see Fig. 309). 

Riveting in the Flanges.—The riveting in the flanges should be arranged 
so that the rivet pitches are uniform and an even 3, 4, or 6 inches. The 
rules given on p. 384 for maximum pitches should be followed. As far as 
possible the rivets should be staggered across the flange, to minimise the 
loss of area due to rivet holes in the tension flange. 

Web Bracing.—Stiff sections are used for the tension members, 
Figs. 220 and 221. Such sections are capable of carrying secondary 
bending moments or accidental compressive forces. The methods of 
design discussed in Chap. 1X may be followed. For the web compression 
members of bridges, I sections are preferred, Fig. 227, with the web of the 
X placed transversely, Fig. 309. This facilitates the attachment of the cross 
girders and overhead bracing, and the combination forms a stiff construc- 
tion capable of resisting lateral deformation and cross girder deflection, 
§ 112. The methods of Chap. IX can be used for the design of the web 
compression members. 

End Posts.—These have to carry the-end reactions. They may be 
made of trough section similar to the compression flange, or may be of 
H aestion, (iv) Fig. 227, with stiffened plate edges. Special consideration 
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is necessary regarding the attachments of the end cross girders and the 
end bearings, Fig. 307. 

Connection of Web Bracing to Flanges.—If the number of rivets required 
is small, the web bracing may be connected directly to the stringer plates ; 
otherwise stiff gussets are provided, riveted to the latter, Fig. 308 and 
(i) Fig. 310, to which gussets the web bracing is attached. Sufficient 
rivets must be provided in the ends of the bracing to transfer the load to 
the gussets, and sufficient rivets through the gussets and stringer plates 
to transfer the load to the flanges. The axes of all the members taking 
on to a gusset plate should meet in a common point, and the rivets in 
each member should be symmetrically placed about its centre line. A 
tension member should not be weakened by more than one rivet hole. 
As far as possible the regular pitch in the flanges should not be upset. 
Compromise regarding these conditions is often unavoidable, but every 
effort should be made to fulfil them. 

188. Cross Girders.—The weight of the bridge floor and of the live 
load coming upon it is transferred to the main girders by cross girders, 
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which are placed at the panel points of the main girders and transversely 
to them. Cross girders are normally of the plate-web type; sections 
composed of four angles and a web plate, with no flange plates, are to be 
preferred ; for small spans, rolled steel beams may be used. Typical 
examples of cross girders and the methods of attachment to plate-web 
main girders are shown in Figs. 286 and 293, and to open-web main girders 
in Figs. 288, 292 and 309. (i) Fig. 288 and Figs. 292 and 309 show the 
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constructions used for through bridges; and (ii) Fig. 288 that used for 
deck spans. In (i) Fig. 288 the cross girder is slung below the main girder 
and the load transmitted directly to the verticals. 

In railway bridges the pitch of the cross girders should not be less 
than the distance apart of the most heavily loaded axles crossing the 
bridge, for however closely the cross girders be spaced, each one must be 
capable of carrying the load due to the most heavily loaded axle. When 
the available depth of construction is limited, the pitch of the cross 
girders must be kept small; in plate girder spans up to about 80 ft., a 
pitch of cross girders of 7 to 8 ft. may be regarded asa minimum. This 
may be considerably increased in longer spans, and with open-web main 
girders the arrangement of the web bracing is usually the deciding factor. 
With the modern tendency to deep main girders and single N bracing, 
in spans up to 200 ft., cross girder pitches of 16 to 20 ft. are common, 
but an excessive pitch means very deep floor longitudinals and is not 
economical. In very long spans these dimensions may be greatly 
exceeded, but the weight of the floor is then so much smaller, relatively 
to the weight of the main girders, that the design of the latter entirely 
governs the situation. 

In ordinary road bridges, the panel length of the main girders and the 
depth of the cross girders and longitudinals are the determining factors. 

The cross girders are usually treated as freely supported beams of 
span equal to the distance between the centres of the main girders, and 
are designed by the methods of Chap. X. Actually, their attachment to 
the verticals of the main girders is usually capable of carrying a consider- 
able bending moment, and the cross girders, main girder verticals, and 
overhead bracing, act to some extent at least as a stiff frame. The 
deflection of the cross girder under its load thus sets up bending moments 
in the main girder verticals (see § 112), and to reduce these moments as 
much as possible, stiff cross girders are desirable. Their depth should 
not be less than } to ;; their span. 

Strictly speaking, the rivet section at the ends of the cross girders 
should be designed to carry the bending moments at the ends of these 
girders. If this be not done, an ample rivet section should nevertheless 
be provided at the ends, for it is at these places that signs of weakness 
show themselves in practice. 

189. Rail Bearers.—In many types of railway bridge floors, the load 
from the train is carried by longitudinal girders placed directly under the 
rails and spanning from cross girder to cross girder, Figs. 293 and 309, 
called rail bearers. In small spans, rolled steel beams may be used, and 
plate girders in longer spans. Sections composed of four angles and a web 
plate with no flange plates are to be preferred. The rail bearers may be 
designed by the methods of Chap. X ; their depth should not be less than 
tyth their span. Strictly speaking, rail bearers form partially continuous 
girders over the cross girders, and with flat floor plates, Fig. 309, 
the degree of direction-fixing may be considerable. In the ordinary 
conventional calculations, however, they are treated as girders freely 
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supported at each end, with a span equal to the pitch of the cross girders. 
As in the case of the cross girders, and for similar reasons, an ample rivet 
section at the ends of the rail bearers is good practice, in default of a proper 
design taking into account the support moments. 

190. Bridge Floors.—These may be divided into two classes, (i) solid 
floors, (ii) open floors. In the former there is a continuous deck from end 
to end of the bridge. This has the advantages that it can be made water- 
tight, and is much safer in the case of derailment. Solid floors are used 
for railway bridges in the neighbourhood of towns, where dripping water 
is objectionable, and are imperative in the case of road bridges. Open 
floors are used in railway bridges crossing rivers, and in other situations 
where there is no objection to the rain dropping through. Direct support 
is provided for the timbers to which the rails are attached, but there is no 
continuous deck. Open floors have the great advantage of lightness, and 
are used in long span bridges where lightness is obligatory; they have 
the advantage that all the metal work is exposed and rapidly dries after 
rain ; they can also be readily scraped and painted. 

Desiderata.—The points to be aimed at in designing a bridge floor are : 
strength, stiffness, lightness, good drainage, freedom from corrosion, no 
ungetatable spots. 

Solid Floors.—These can be subdivided into (i) plate floors—flat or 
buckled plates ; (ii) trough flooring ; (iii) jack arches; (iv) reinforced- 
concrete floors. These types may take different forms depending on 
whether the bridge is a railway or a road bridge, and in the former case 
whether the floor is ‘free’ or ‘tied.’ If the floor is ballasted, and the 
rails are laid on sleepers unconnected to the structure of the bridge, it is 
called a free floor, and has the advantage that the continuity of the per- 
manent way is preserved. Ballasted floors are heavy and not suitable for 
long spans, but are advantageous on curves where superelevation is 
necessary. In long spans, the ballast would be such a large addition to the 
weight proper of the bridge, that either an open floor is used, or the rails 
are supported on longitudinal timbers bolted to the structure of the bridge, 
called way-beams. This is spoken of as a tied floor, Fig. 293. 

Plate Floors.—-Fig. 309 shows a typical flat plate floor for a through 
railway bridge. The floor plating is usually about 3 in. thick, and is 
attached directly to the tops of the cross girders and rail bearers by $ in. 
diameter rivets at 6 in. pitch. Vertical ballast guards are provided at 
the sides of the deck as shown, thus forming a trough which contains and 
confines the ballast. The object is to keep the ballast and timber away 
from the main structure of the bridge, thus minimising corrosion. The 
trough is made watertight by coatings of asphalt or bitumen sheeting, 
and a drainage system is provided to lead away the water caught in the 
trough. 

Buckled and cambered plates, (i) and (ii) Fig. 289, are sometimes 
used instead of flat plates for bridge floors. Buckled plates can be 
obtained from 3 to 6 ft. square and from } to 4 in. thick; a common 
thickness in bridge floors is yy, in. They can also be obtained in long 
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lengths with a series of buckles end to end, (i). Buckled plates should 
be placed with the concave surface upward, and attached to supports on 
each side of the square by } in. diameter rivets at 6 in. pitch. A 
drain hole should be provided at the centre of each buckle. The depth 
of the buckle should not be less than z{;th the clear span, nor less than 
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2 in. In cambered plates these limits should be increased by 50 %. 
(i) Fig. 291 shows a deck span with a longitudinal girder under each rail 
and a buckled plate floor. 

Trough Floors.—-Steel troughs are frequently uséd for bridge floors, 
particularly in road bridges; .they form a stiff continuous floor. The 
troughs may either be rolled to shape (i) Fig. 290, or pressed out of a steel 
plate, (ii) and (iii). In stock sizes the dimension @ may range from 
4 to 16 in., and 6 from 1 to 3 ft. The thickness ¢ ranges from ;'y to 
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g§ in. In the case of the rolled troughing, (i), the thickness of the 
horizontal part, or flanges of the trough, is increased, thus giving a better 
disposition of the material. Weights, section moduli, and other par- 
ticulars of standard troughs will be found in the makers’ catalogues. 

In railway bridges, if the troughing is made to run longitudinally, no 
rail bearers are required, Fig. 286; in plate girder spans the troughing 
may be placed transversely and supported directly by the main girders, 
when neither cross girders nor rail bearers will be required. This arrange- 
ment is also very suitable in small road bridges, (ii) Fig. 310. In very 
small road bridges the troughing will carry the load from abutment to 
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abutment, and the main girders can be dispensed with. The application 
of trough flooring to railway bridges is shown in Figs. 135 and 286. 

Trough floors have the disadvantage that it is difficult to make a 
watertight attachment between the troughs and the main girders, and 
also to provide efficient drainage. Unless each trough be separately 
drained, it is best to fill the whole construction with concrete to a level of 
2 to 3 in. above the top of the troughs, made watertight by means of a 
} in. layer of asphalt, which is protected from the picks of the permanent 
way men by a 2 in. covering of concrete, Fig. 135. 

The troughs are designed as beams. When the troughs sre placed 
transversely to the rails, a wheel load may be taken as spread over a 5 ft. 
width of the troughing * (cf. Q. No. 14, Chap. V). When sleepers 
9 ft. long are placed transversely to the troughs, a 10 ft. width of the 
troughing may be counted in as resisting the bending moment. 

Jack Arches.—-A type of jack arch floor is shown in (ii) Fig. 291. 
The arches may run transversely or longitudinally to the bridge. This 
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construction is heavy, and its use is confined to small bridges where ample 
construction depth is available, but the cost of upkeep is very small. To 
prevent water percolating between the arches and the steelwork and 
setting up corrosion, a waterproofing of asphalt is provided as indicated 
in Fig. 291. 

Retnforced-Concrete Floors.—Reinforced-concrete floors are frequently 
used for steel bridges of both the railway and roadway types. A typical 
road bridge example is shown in Fig. 292. ; 

Tied Floors —Examples of this type of floor are given in Fig. 293. 
(i) Fig. 293 illustrates a three-girder railway bridge with longitudinal way 
beams. These are carried in troughs and let in with bitumen to prevent 
rusting. The timbers are well creosoted and have a Jong life. All the 
main steelwork of the bridge is exposed. This type of floor is much lighter 
and the first cost is much lower than the baliasted floor ; there is far less 
riveting at the site. The cost of maintenance is higher. As an example 
of a long span bridge floor, (ii) Fig. 293 shows the troughs and way beams 
of the reconstructed floor of the Forth Bridge. 


* For a calculation of the distribution of load over trough flooring, see Martin, 
Statically Indeterminate Structures, London, 1895, p. 63. 
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Open Floors.—This type of floor is iliustrated in Fig. 294, which is 
typical of American practice, where open floors are common. 
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For a comparison of the relative weights and costs of ordinary railway 
bridge floors, see ‘ Floors for Railway Underbridges,’ The Engineer, 
April 16, 1920, p. 391. 
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191. Wind Bracing in Bridges.—To resist wind pressure and other 
lateral forces on a bridge, secondary bracing called wind or lateral bracing 
is provided. This takes different forms depending on the type of the 
bridge. In a deep through bridge, the top flanges and bottom flanges 
are braced together in a horizontal plane, (ii) and (iii) Fig. 295, thus form- 
ing two wind girders, whose func- 
tion it is to transmit the wind . yop | WIND 
load to the abutments. The Be 
flanges of the main girders form p ui) 
the flanges of the wind girders, 


and the stresses due to the vertical (i) 
loads and those due to the lateral AWYM”_ 
loads must be properly ccmbined. 

The web of the wind girder is 

usually cross-braced, as the wind (ii) 
may blow in either direction ; BOTTOM 


the cross girders are sometimes P 
utilised to form the transverse 
members of the web. When a (iv) 
plate or trough floor exists, this 
may be arranged to form the web K Bracing 
of the wind girder. The cross- Fig. 295. 
bracing of the top and bottom 
wind girders is similarly arranged, but in the former case the wind load 
has to be carried down'to the abutments by end portals, as indicated in 
(ili) Fig. 296. The feet, A and B, of these portals are usually assumed 
to be direction-fixed ; they are designed by the methods of Chap. VI, 
§ 99 e¢ seg. When designing the end bearings of the main girders, it should 
not be overlooked that the wind load will come upon them. 
K-bracing.—It has been pointed out that, due to the vertical loading 
on the bridge, stresses of considerable magni- 
tude may be induced in the web bracing of 
the wind girder ; for, as indicated in Fig. 296, 
the web members of the wind girders are 
altered in length by the shortening of the 
top flanges and the lengthening of the bottom 
flanges of the main girders, caused by the 
vertical load. These secondary stresses are 
obviated by using a type of web bracing 
called K-bracing, (iv) Fig. 296, to which this 
objection does not apply. K-bracing also has the advantage in a wide 
bridge of reducing the length of the diagonal members of the lateral 
braemg. It may be used for secondary bracing in other positions, and is 
sometimes adopted for the main web bracing of large girders (cf. Fig. 379), 
but it would appear that this is not advantageous in spans of less than 
350 ft.* 





* Eng. News-Record, vol. 106, p. 553. 
2% 
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Details of wind girder bracing are given in (i) and (ii) Fig. 297, and 308. 
The wind pressure on the main girders proper is assumed to be shared 
between the top and bottom wind girders. That on the train goes via 
the rails to the wind girder of the loaded flanges, in (ii) Fig. 306 to the 
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lower wind girder, on which it forms a rolling load, § 52, Bridges, and the 

web bracing must be designed accordingly, § 196, ¥ 19. 

_ Portal and Sway Bracing —:The transverse lateral bracing in a through 
bridge is of two types. That which occurs at the ends of the bridge is 
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called portal bracing. As was seen above, its chief function is to transfer 
the lateral forces from the overhead wind girder to the abutments. It 
also serves to stiffen the ends of the bridge. Sway bracing is placed at 
the intermediate verticals. It may range from a simple corner gusset 
to a construction similar to the end portals. Its function is to stiffen the 
cross-section of the bridge against lateral distortion and to prevent lateral 
deflection of the compression flange. Some details of construction of 
portal and sway bracing will be found in Figs. 307 and 309. Any of the 
types of portal bracing considered in Chap. VI may be used for bridges 
if convenient. 

Half-through Spans.—In half-through spans it is not possible to put 
overhead bracing, and the wind girder at the lower flange must carry the 
whole wind load to the abutments. Transverse stiffness is obtained by 
fitting large gussets where the cross girders occur, rigidly attached to 
cross girders and to the web verticals. Examples are shown in (ii) 
Fig. 286 and (iii) Fig. 297. 
Where head room permits, 
the top flanges are sometimes 
connected together by curved 
overhead girders, (iv) Fig. 
297. These provide some 
lateral stiffness and help to 
equalise the wind loads be- 
tween the main girders. 

Deck Spans—In a deck 
bridge, Fig. 298, the lower 
flanges AB are cross-braced 
to form the lower wind girder ; Fra. 298. 
the floor system is usually 
arranged to act as the web of the wind girder in the plane of the top 
flanges CD. The details of construction of the wind girders are similar 
to those in a through bridge. The main girders are cross-braced in a 
vertical plane, as shown in Fig. 298, to resist lateral distortion. This 
bracing occurs in line with the web verticals of the main girders. 

192. End Bearings.—The ends of the main girders of a bridge are 
supported on bearings. In a small bridge these may be simple sliding 
bearings similar to Fig. 269. It has been suggested * that such bearings, 
in that they dissipate energy in sliding friction, have the advantage 
that they reduce vibration and the effect of impact. In large bridges it 
is customary to provide bearings capable of angular movement so as to 
allow for the deflection of the bridge, and to make these bearings at one 
end in such a way that they will permit the bridge to lengthen or shorten 
with changes in temperature. A common type of such bearings is shown 
in Fig. 307. The angular movement is obtained by allowing the part 
attached to the girder to rotate about a pin; the longitucinal motion is 
obtained by mounting the bearing proper on a nest of rollers. These need 

* Ref. No. 17, Bib., Chapter IV. 
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not be completely circular; space is gained by adopting the shape 
indicated and fitting a parallel motion. The pressure per lineal inch on 
rollers of mild steel should not exceed d/4 tons, where d is the diameter 
of the rollers in inches; and d should not be less than 4 ins. An example 
of American practice is given in Fig. 299. 
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Bearings should be placed in an accessible position, as otherwise, with 
years of inattention, they become unworkable. 

193. Loads on Bridges.— Dead Load.—The dead load consists of the 
weight of the bridge itself plus any other permanent load which it has to 
carry. The weight of the floor system must be estimated as nearly as 
possible from an existing bridge. Useful information on the weight of 
steel bridges of many types, including both the main girders and bridge 
floors, has been given by Thorpe.*® Weights of different types of bridge 
floors will be found in The Engineer, April 16, 1920, p. 391. The following 
figures are a rough guide to the weights of complete bridge floors, including 
rail bearers and cross girders, if any. 


Single-Track Ratluany Bridges. lb. Jaq. ft. 
Flat plate, ballasted floor, Fig. 30f (ballast mee ; ‘ ‘ . 1235 
Flat plate, transverse sleepers, unballasted : : 55 
Trough floor, concreted and ballasted, (i) Fig. 286 and Fig. 135 ; . 236 
Trough floor, unballasted . se ag 60 
Jaek arch floor, on cross girders, (ii) Fig. 291. : ; . ; : 330 
Reintorced-concrete floor. ; i : ‘ . 230 
Longitudinal girders, 30-ft. span, (i) Fig. 201 : ; ; : - 160 


The width of the floor has been taken as the distance centre to centre of 
the main girders. The above figures should be increased by 15-20 % in the 
case of double-track bridges, and reduced by 5-10 % in three-girder 
bridges, Fig. 293. 


Road Bridges. lb. /aq. fe. 
Buckled plate, concreted, 2-in. asphalt surface é ; - ‘ - 120 
Trough floor, concreted, 3-3 in. asphalt surface : 5 - 180 
Wood deck, 5 in. thick, hardwood blocks, 9 x 5 x ‘Bin, ‘ ; : 60 
Reinforced-concrete floor, Fig. 292 ; : ‘ ‘ . 130 


The weight of the floor of a bridge will vary considerably with the 
circumstances (spacing of cross girders and longitudinals, thicknesses, 
kind of material) and it is preferable to estimate the weight of the flooring 
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proper independent of the cross girders and longitudinals, and to design 
the latter as plate girders (see the worked example, § 196). The following 
figures are useful : 


One track of permanent way comnlete Sa 95 Ib. Eee yard) . 168 Ib. /lin. ft. 
Rae tramway track ‘ - 100 lb. /lin. ft. 
halt or cement concrete . ‘ ; : ; : . 140 Ib./cub. ft. 
be ast (gravel) : ; . 120 lb. /eub. ft. 
Ditto, screened broken stone or granite chippings ; ‘ - 90 1b./ceub. ft. 
Macadam. oe ee 160 Ib. feub. ft. 
Tar macadam é ‘ ; ; j ‘ : j . 140 lb./eub. ft. 
Creosoted timber. : ; ‘ : ; ‘ : . 47 1b./cub. ft. 


The weight of the cross girders and longitudinals can be estimated by 
Unwin’s formula, using the constant C of § 179. The same formula can 
be used to find the weight of the main girders, but if these are of the 
open web type (ordinary plain girders), the constant C should be increased 
to 1,800-1,900, and f taken as the stress in the compression flange. When 
applying Unwin’s formula, the live load must be reduced to an equivalent 
dead load by means of a suitable impact factor (see {| 9, § 196). 

The weight of the wind and other secondary bracing should be esti- 
mated as nearly as possible from a similar existing bridge. In default of 
any better information it may be taken, in bridges of the type of § 196, as 
15 % of the weight of main + cross + longitudinal girders, a very rough 
estimate. 

If the floor is supported on cross girders, the loads on the main girders_ 
must be taken as concentrated at the panel points. If the main girders 
are of the plate type, and the floor system transfers its load direct, e.g. a 
trough floor with the troughs running transversely, the load on the main 
girdors can be taken as uniformly spread. For girders of less than 200 ft. 
span the whole load may be supposed to act on the flange which carries 
the floor. In longer spans the load should be correctly proportioned 
between the flanges. 

Inve Load and Impact Allowance.—A public rail or road bridge in this 
country must be designed to carry the standard loading specified by the 
Ministry of Transport. For each track of a main line railway bridge this 
consists of the system of wheel loads shown in (ii) Fig. 49, each unit being 
taken as 20 tons. A main road bridge must carry the Ministry of Trans- 
port Standard Load for Highway Bridges. From Eig. 50, the equivalent 
loading, including impact, for all spans may be obtained. In the case 
of railway bridges the specified impact allowance is given by eq. 4, § 61. 

When the design is not subject to Official Regulations, but the bridge 
has to carry a particular class of traffic, the procedure given in the worked 
example, J 8, § 196, may be followed. Either the equivalent uniform 
load, corresponding to the given travelling load, may be used to find the 
stresses in the members of the main girders; or these stresses may be 
determined directly for the actual axle loads by means of influence lines. 
In ordinary bridges the two methods lead to very similar results, and for 
road bridges of over 20 ft. span the first method is all that is necessary. 
The heaviest axle loads are the most important consideration in the 
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design of the floor system. Footwalks should be designed to carry a load 
of 84 lb./sq. ft. without impact.* 

Wind Pressure——The usual stipulations for wind pressure on bridges 
are discussed in § 52. The method of treatment in design will be evident 
from the worked example, J 19, § 196. 

Longitudinal Forces. -There is evidently a longitudinal force acting 
at the rail level equal in magnitude to the tractive foree which the loco- 
motive exerts on the train, and acting in a direction opposite to the 
motion. A clearer idea of this effect may be obtained by considering the 
forces called into play when a man pushes a truck along the track ; with 
whatever force he pushes the truck forward with his arms, he pushes, or 
tends to push, the track backward with his feet. 

Similarly, if the brakes be applied to the moving train while it is 
crossing the bridge, there will be a negative accelerating force acting on 
the train which will have an equal reaction at the rail level, in this case 
in the direction of motion. 

Various empirical rules have been given for the magnitude of these 
longitudinal forces. Formulae equiva- 
lent to the requirements of the British 
Standard Specification *? for single-track 
railway bridges are given in J 20, § 196. 
The original may be consulted for further 
details. "or a more recent investigation 
of these effects, and of the action of 
the track in transmitting the load, 
see Gelson, Proc. Inst. C.E., vol. 237, 
1933-34, p. 333; and also p. 402 for the relevant Indian Bridge Rules. 
When the bridge carries two or more tracks, accelerating and braking 
should be supposed to take place simultaneously on alternate tracks. 

These longitudinal loads must be carried back, via the flanges to which 
the floor is attached, to the fixed end-bearings. When the bridge has a 
plate or other continuous floor, this may be arranged to transmit the 
load either to the flanges or direct to the bearings. In the case of an open 
floor, diagonal members AA, Fig. 300, should be provided to transmit the 
load from the rail bearers to the bearings. For the method of allowing 
for the stress in the flanges when they transmit the load, see { 21, § 196. 

Centrifugal Loads.—If the track on a bridge is curved, there will be a 
lateral load we tons per foot due to centrifugal force. If V be the maxi- 
mum speed of the train in miles per hour, w the weight of the train in 
tons per foot, and R the radius of the curve in feet, the centrifugal force 


¢ = 32-2 x 60x BR 16R Or POF f00%- 
This load must be regarded as a lateral travelling load on the train and 
‘bridge, and may be assumed to act at a point 6 ft. above the rail level. 





Fie. 300. 


* According to Johnson’s experiments the weight of a densely packed crowd 
' may reach as rush as 181 lb./sq. ft.—Eingg., September 21, 1906, p. 375. 
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It should be treated in a manner similar to the lateral wind load. No 
allowance for impact is necessary, but it should be assumed that each 
track on the bridge is loaded. 

194. Secondary Stresses.—Except in the portals at the ends of a 
bridge, which must be designed to carry the wind pressure down to the 
bearings, it is customary in conventional designs to neglect the effect 
of secondary and deformation stresses. When the span exceeds 200 ft., 
the deformation stresses due to vertical and lateral deflection, and also 
those due to cross-girder deflection, § 112, should be taken into account. 

195. Permissible Stresses. Combination of Stresses.—In conven- 
tional bridge designs, the calculated primary stresses in the structure for 
dead plus live ioad plus impact should not exceed the permitted stresses 
set forth in the Specification. For the combination of these primary 
stresses with the stresses due to wind, longitudinal force, centrifugal force, 
temperature, and deformation, if such exist, a 25 °%% increase in the said 
permitted stresses may be made. 

Nore—The following design has been worked through from first principles. The 


modifications necessary to make it conform to B.S.S. No’ 153 are indicated in 
§ 197 following. ....- . 2 


196. Worked Example. Open Web Girder Bridge.---Desiyi for a 
Single Track Through Railway Bridge, 160 ft. span, with ballasted track, to 
carry a train of locomotives of the type shown in Fig. 301. 

1. Permissible Stresses.—In direct tension 8 tons/sq.in. On the gross 
area of compression members 6-8 tons/sq. in. Direct shear on the gross 
area of web plates not to exceed 5 tons/sq. in. 

On rivets: 6 tons/sq. in. in shear; 12 tons/sq. in. bearing pressure. 
Impact Factor: 1 = 65/(45 }- L)  [max. == 1]. 

2. Type of Main Girders——Parallel flanges ; N bracing ; inclined end 
posts. Floor: Flat plate floor, supported by cross girders and rail 
bearers. Wind bracing: Horizontal wind girder top and bottom, portal 
bracing between each end post, and at each vertical. (ii) Fig. 301 shows 
the general outline of the bridge. 

3. Actual Span.—The actual span will be the distance between the 
centres of the pins of the rocker bearings, viz. 160 ft. This span is to be 
used in all calculations. 

4. Depth of Main Girders and Arrangement of Panels.—The depth of 
the main girders should be from ;'; to } the span. Adopting the latter 
figure, the depth of the main girders will be 20 ft. to the centres of the 
flanges. It will then be possible to obtain the standard head room of 
14 ft. 6 in. above the rail level, and at the same time make the overhead 
bracing of a reasonable depth, Fig. 309. The span of 160 ft. may be 
divided into 8 panels of 20 ft., or 10 panels of 16 ft. The latter alternative 
will be adopted as the better arrangement. 

5. Width of the Bridge—The standard clear width is 14 ft. 7} in. To 
obtain this clearance, the main girders must be placed from 17 to 18 ft. 
centre to centre. A mean of 17 ft. 6 in. will be adopted. 

6. Bridge Floor—Ratl Bearers.—The cross girders are riveted to the 
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verticals of the main girders, so that the span of the rail bearers is 16 ft. 
From Fig. 309 it will be evident that, in addition to the live load, each 
rail bearer will support an area of floor 16 x 4-2 sq. ft. A single track, 
including rails at 95 lb. per yard, chairs and sleepers, weighs 0-075 ton 
per lineal foot. 

Allowing for a depth of ballast of 9 in., ic. 4 in. under the sleepers, 
2 in. of fine concrete, 1 in. of asphalt, and a } in. floor plate, the total 
weight per sq. ft. of the floor system, other than the girders which support 
it, can be taken at 0-07 ton/sq. ft. 

The dead load carried by a rail bearer is, therefore, 16 x 4:2 x 0:07 
= 4-7 tons, or adding say 0:6 ton for its own weight = 5-3 tuns. The 
dead load bending moment is ae = 128 in.-tons. The 
maximum shearing-force and bending-moment diagrams for the travelling 
load, (i) Fig. 301, on a rail bearer can be found by the methods of § 21 
or § 28. From the impact formula given, since L = the distance centre 
to centre of the cross girders = 16 ft., i= 1. If, for comparison, ¢ be 
calculated from eq. (2), § 64, i = 2-1/(4 + +/L) = 0-7. The load on 
each driving axle is 20 tons, or 10 tons per wheel. Hence the corre- 
sponding load on a rail bearer is 10(1 + ¢) = 20 tons, and similarly for 
the other wheel loads. The maximum shearing-force diagram is given in 
(i) Fig. 302. The maximum bending moment anywhere on the rail 
bearer will occur at J when two driving wheels and the trailing wheel 
of the bogie are in the position shown in (ii) Fig. 302. This can be proved 
by means of § 25. The maximum bending moment due to this load 
arrangement is 1215 in.-tons; that at J due to the dead load is 
126 in.-tons. Hence the rail bearer must withstand a total bending 
moment of 126 + 1215 = 1341 in.-tons. The ratio of depth to span 
should not be less than ;4;; a minimum depth of 16 in., therefore, 
is required. A 20 x 74 x 89 lb. B.S.B. will be a suitable section, 
.Z = 167-3 in.’, so that the stress will be 1341 + 167-3 = 8-02 tons/sq. 
in., which may be permitted. No holes must be cut in the bottom 
(tension) flange near the centre, for the support of lateral bracing or 
other reasons. 

From the maximum shearing-force diagram, (i) Fig. 302, it will be seen 
that the maximum shearing force at the ends of the rail bearer is 35-46 
tons. The web of the B.S. beam is 0-6 in. thick and 17:4 in. deep; 
area = 10-44 sq. in. Hence the mean stress per square inch is 35-46 
~ 10-44 = 3-40 tons/sq.in. Applying the formula s = 5} — d/ 
eq. (1), § 174, the safe shear per inch of depth on this web, without any 
stiffeners, is s = 5} x 0:6 — 17-:4/20 = 2-43 tons per inch; and the 
safe shearing force is 17-4 x 2-43 = 42-3 tons. The depth of the web 
is only 29 times its thickness ; and the compression flange of the girder 
is prevented from deflecting sideways by the floor plating, so that there is 
little tendency for the beam to distort laterally. In these circumstances 
no intermediate stiffeners are required. 

The rivets to be used in this design are { in. diameter in }{-in. holes. 


~ 
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Considering the riveting in the angle cleats at the ends of the rail bearer, 
those passing through the 0-6 in. web plate are in double shear ; each is 
worth # x 0:6 x 12 = 6:75 tons, and 35-46 + 6:75 = 6 are required, 
7 are provided. Since the load 35-46 tons comes ell from one side of the 
cross girder, the rivets connecting the cleats to the cross girder must be 
regarded as being in single shear, each worth 0-69 x 6 = 4:14 tons; and 
35:46 + 4:14 = 9willberequired. These rivets are field rivets, and their 
number must consequently be increased by 15 %. Five in each cleat 
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Fic. 302. 


and three in the shelf angle will be provided. The rail bearer is shown 
in (iii) Fig. 302. 

7. Bridge Floor—Cross Girders.—Each cross girder supports an area 
of bridge floor 16 x 114 sq. ft., weighing 0-07 ton/sq. ft. = 12-9 tons. 
To this must be added 2 x 0-6 tons, the weight of two rail bearers, plus 
approximately 14 tons for its own weight, including brackets, etc., a total 
of 15-6 tons. Of this, 2 x 5-3 = 10-6 tons is conveyed direct by the 
rail bearers, leaving 5 tons which may be considered, for practical pur- 
poses, as uniformly spread. To find the position of the travelling load 
which produces the maximum load on a cross girder, use may be made 


_ of a reaction influence line, (iv) Fig. 302. Consider the cross girder at 6 ; 
the reaction from the rail bearer span ab can be obtained from the reaction 


influence line for the right-hand reaction of span ab, which is the triangle 


} 
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adb, § 32. Similarly, the reaction from the span bc will be given by the 
triangle bdc, which is the reaction influence line for the left-hand reaction 
of the span bc. The triangle adc, therefore, is the influence line for the 
total reaction on the cross girder 6 from the two rail bearers ab and bc ; 
and, for any load position, the sum of the ordinates, each multiplied by 
the magnitude of its load, will give the reaction. By trial, it can be shown 
that the maximum reaction carried by the cross girder occurs when the 
loads are in the position shown in (iv) Fig. 302, and that it is 43-6 tons. 

If the usual assumption for cross girders be made, that L in the impact 
formula is twice their distance apart, L = 32 ft. and + = 65 + (45 4+ 32) 
= 0-85, which value includes the effect of lurching. Had eq. (0) § 64 
been used, ¢ = 5/(6 + L), where L = 16 ft., ¢ = 0-23, a much smaller 
figure, but in this case no allowance is made for lurching. Using the value 
U:85, the equivalent static reaction on the cross girder is 43-6 x 1-85 
:= 80-6 tons, or per rail bearer = 40-3 tons. The total equivalent dead 
load on a cross girder is, therefore, 2 x 5:3 + 5+ 2 x 40-3 = 96-2 tons, 
disposed as shown in (v) Fig. 302. The maximum bending moment occurs 
at the centre and is 4597 in.-tons ; the shearing-force diagram is shown 
at (vi) Fig. 302, the maximum shearing force being 48-1 tons. The 
girder can be designed as a plate girder, Chap. X. The necessary cross- 
section is shown in (vii) Fig. 302, for which Z; = 452-6 in.’, and the 
maximum tensile stress is 3597 — 452-6 = 7-95 tons/sq.in.; Ze = 490-1, 
and the maximum compressive stress is 7:34 tons/sq.in. Since the: 
compression flange is reinforced by the floor plating of the bridge, this 
stress may be permitted. The web plate is ~ in. thick ; taking d = 27 in., 
and D,* = 293 in., it is worth [eq. (1), § 174] 1-74 x 294 = 51-3 tons, 
which is sufficient. The average shear stress is 48-1 + (294 x &) 
= 2-9 tons/sq. in. A 4 in. rivet, bearing in a % in. plate, is worth 
6-32 tons; A, = 0-83 [eq. (6), § 175]; hence the safe shear force 
(S, = 8, x D,) on a row of rivets at 4 in. pitch, connecting the flange 


32 Bases 
x 0.83 * 293 = 56-ltons. A 4in. pitch will 


therefore be adequate at ‘the ends of the girder; a 6 in. pitch will be 
used between the rail bearers where the shear is small [see (vi) Fig. 302]. 

The maximum shearing force at the ends of the cross girder being 
48-1 tons, 48-1 — 6-32 = 8 rivets in double shear will be required to 
connect the end cleats to the web. A rivet in single shear is worth 
0:69 x 6 = 4:14 tons; and 48-1 + 4-14 = 12 rivets will be required 
to attach the cross girder to a main girder. These rivets will be field 
rivets, on which account not less than 14 must be provided. The cross 
girder is shown in Fig. 309, and the attachment to a main girder in 
Fig. 308. 

A # in. flat floor plate, with ballast guards, Fig. 309, will be used to 
contain the ballast. 


angles to the web plate, i is j 


* In a cross-section of the above type with no flange plates, D, should be taken 
ert not outside, the flanges of the angles. In this case D, = 31 — 2 X } = 20} 
inches 
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8. Determination of the Equivalent Rolling Loads.—The equivalent 
uniform rolling loads for both shear. and bending should next be deter- 
mined for a train of locomotives, (i) Fig. 301. The methods of § 21 may 
be employed. The actual wheel loads should be used for this purpose, 
without additions for impact. In the present instance, the equivalent 
uniform rolling load for shear is found to be 380 tons, or 2-38 tons per ft. ; 
the maximum shearing force at the ends of the span due to this load 
being + 190 tons, (iv) Fig. 300. The equivalent uniform rolling load for 
bending is 342-5 tons, or 2-14 tons per ft.; and the maximum bending 
moment at the centre of the span is 6850 ft.-tons = 82,200 in.-tons. 
It is worth noticing that the average weight per foot of the locomotive 
is 148-76 tons -~- 70-4 ft. = 2-12 tons per ft., a close check on the equi- 
valent uniform rolling load for bending in spans of this length. 

9. Estimation of the Total Dead Load.—The total dead load on the 
bridge is found by adding the weights of the floor system, the main girders, 
and the overhead wind bracing. From { 7 above, the weight of the floor 
system carried by one cross girder is 15-6 tons, and there are 10 panels. 
Hence the total weight of the floor system is 156 tons. The weight of 
the main girders may be estimated as follows: The equivalent rolling 
load is 342-5 tons, and the impact factor for the main girders (see { 1) is 

65 65 
45+L 45+ 160 7 
load is 342-5 x 1-32 = 452 tons. As a first estimate, the weight of the 
wind and portal bracing may be taken as 15 tons. The total equivalent 
uniform load carried by the main girders, exclusive of their own weight, 
is, therefore, 156 + 452 + 15 = 623 tons, or 312 tons per girder. The 
weight of each main girder may be estimated by Unwin’s formula, § 179, 


_ Wlr | 312 x 160x 8 34-3 tons 
 Cf—Lr- 1900 x 6-8 — 160 x 8 © 

where 7, the ratio of span to depth, is taken as 8 ; f, the stress in the com- 

pression flange = 6-8 tons/sq. in. ; and C for girders of this type may be 

taken as 1900. The total dead weight of the bridge is, therefore, 

156 + 2 x 34:3 + 15 = 240 tons, or 12-0 tons per panel point of each 

main girder, since the dead load may be taken as uniformly spread. 

10. Estimation and Tabulation of the Forces in the Members.—The 
forces in all the members of the main girders, due to the dead load, may 
now be ascertained. This is most conveniently done by drawing a stress 
diagram for a main girder, with unit load at each panel point, (iii) Fig. 301, 
and checking the results obtained by calculation. The forces in all the 
members, with unit load at the panel points, are transferred to the stress 
sheet, p. 430; the actual forces due to the dead load are obtained by 
multiplying these figures by the real panel point load, 12:0 tons. The 
forces due to the live load will be determined from the equivalent rolling 
loads. The maximum forces in the flanges will occur when the equivalent 
rolling load covers the whole span. In this case (see J 9), the impact 
factor is 0-32, and the equivalent uniform static load is 342-5 x 1-32 


t= = 0:32. Hence the equivalent uniform static 
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= .452 tons ; or 452 — 20 = 22-6 tons per panel point. The actual forces 
in the flange members are obtained by multiplying the forces due to the 
unit load by 22-6 (see the stress sheet). 

The maximum forces in the web members, due to the live load, are 
found from the equivalent rolling load for shear. The position of this 
load, when the shear force in each panel is a maximum, can be obtained 
from an influence line (v) Fig. 301 [compare (v) Fig. 63]. As a particular 
cage, consider panel 4. It was explained in § 34 that the positive shearing 
force is a maximum in this panel when the front of the load has advanced 
to ky, (v) Fig. 301. From the geometry of the figure, b,j, = 0:3; kgjs 
= 0-6; hence, k,k, = §k,k, = §L,, and ak, = 3$L,, — L, is the 


nal) and 





panel length. In a similar way, for the nth panel, £,k, = 9 


ak, = {(n — 1) + — L, = 9" — IL, = *——L, since there are 

10 equal panels. If the load per unit of length be unity, the reaction 
(ak,)* 1 /n—1,\*_ (n— 1) 

R, = 1 x (3) (5-1 ~_ ™— i)" Also [see § 33 and {v) 








“QL «oL\ 9 162 
Fig. 61), 
P=) y ske)®_ 1 fn-l — 1{L, (wn — UL 
oe “2L, eal 1} 162 —its:«C2«*2CD 


But the shearing force in the nth panel is 


o (n—1)29L (n—1)°L (n— n — 1)8L 
S=R,—-P.= 799 — lox le2~ 180 


Since the equivalent rolling load is 2-38 tons per ft. of length, and 
L = 160ft.,8 = 2-38(” — 503 or, per main girder, S = 1-056 (n — 1) * 


tons. It is convenient to make the calculation in the tabular form given 
on p. 430. In this table the length ak, and the shearing force S are found 
from the above formulae by giving successive values 1, 2,3, ... ton. 
In the present state of knowledge (see § 64) the same impact factor, 0-32, 
will be used for all the web members as for the flanges; the procedure 
commonly adopted with the Pencoyd formula will not be used. From 
the equivalent shearing force in the panel, the forces in the two web 
members composing it are at once obtained. It should be noted that the 
two web members in panel 4 are Nos. 24 and 34, and so on. The force 
in the vertical is equal to the equivalent shearing force S(1 + 4), that in 
the diagonal is S(1 + #) sec 0, Fig. 21. 

In carrying these forces to the stress sheet, every bar in the web must 
be included, and care must be taken to give the correct sign to the forces. 
Thus the shearing force considered above produces compression in the 
diagonals of panels 2, 3, 4, and 5, and tension in the verticals. When . 
the front of the load has: passed the centre of the girder and the slope of 
the diagonals reverses, the force in the diagonals becomes tensile, and 
that in the verticals compressive. Verticals Nos. 32 and 39 are exceptions 


430°. MATERIALS AND STRUCTURES 


Stress IN THE WEB MEMBERS DUE TO THE TRAVELLING LOAD. 





oreo 


Force in the Bars. 





. Equivalent 
Panel Length cee Shearing Tons. 
" ak, 3 Force —_---—____—_-— —— 
a 
S(l+ 4) Diagonals. Verticals. 





oe oer fee ee rem Aen ee be er ae ee 








Feet. Tons. Tons. 

1 0 0 0 ( 
2 17-8 1-06 1-40 1-8 
3 85-6 4-99 5-57 7-2 
4 53-3 9-50 12-54 16-1 
5 71:1 16-90 22-3] 28:6 
6 88-9 26:40 34-85 44°7 
7 106-7 38-00 50°16 64:3 
8 124-4 51-74 68-30 | 87-5 
9 142-2 67-58 89-21 114:3 
10 160-0 85-54 112-91 | 144-6 z 


Pe eae a 2h Ne ee ea ce tere at a le ne ag ot 
* 4 = (0:32 for all bars. 


One Main Girder. Stress SHEPFT. 
Rime creesmees erecremeeroectie <a cer t ECASEEE  A  AA A  A  P EA 











Bar. Force in Bar (Tons). 


i Dead Live | Dead + Live 












Load. | Lead. Load. 

3-6 43-2 |4 81-4 |4+124-6 

3-6 |4 43-2 |+ 81-4 |4+124-6 
6-4 [4 76-8 (4144-6 |4221-4 

8-4 |4100-8 |+189-8 |4+290-6 

9-6 |4115-2 |4217-0 |4332-2 
_ 6-4 |— 76-8 |—144-6 |—221-4 

8-4 |—100-8 |—189-8 |—290-6 
— 9-6 |~115-2 |—217-0 |—332-2 
—10-0 |—120-0 |—226-0 |—346-0 
— 5-76 |— 69-1 [+ 0-0 |— 69-1 |—213-7 
4+ 4-48 14 53-8 1— 1-8 |-+ 52-0 |4168-1 
4+ 3-20 |4 38-4 /— 7-2 |4 31-2 [4125-9 
4+ 1-92 1+ 23-0/— 16-1] 6-9 1+ 87°3 
+ 0-64 |4- 7-7 |— 28-6 |— 20-914 52-44 
+ 0-64 (4 7-7 (4 44-7 [4 62-4 
4+ 1-92 |-- 23-0 |4+ 64-3 |4+ 87-3 
4+ 3-20 + 38-4 |4 87-5 |-+125-9 
4+ 4-48 |+ 53-8 |4114-3 |4168-1 
— 5-76 |-- 69-1 |—144-6 |—213-7 
+ 1-0 48-14 
— 2-6 |— 30-0 l4- 6-6 |— 24-4 
— 1-5 |— 18-014 12-6|— 5-4 
— 0-5 |— 6-0 1+ 22-3 |+ 16-3* 
—00 |—- 00! — ee 
— 0-5 |— 6-0 |— 34-9 |— 40-9 
— 1-5 |— 18-0 /— 50-2 |— 68-2 
~ 2-5 |— 30-0 |— 68-3 |— 98-3 
+ 1-0 





* Stress reverses, t Cross girder reaction. 
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in that they merely act as hangers for the end but one cross girders, and 
are therefore always in tension. The correct sign is given to all the forces 
in the stress sheet. 

ll. The Stress Sheet.—All the forces may now be entered on the stress 
sheet. For the top and bottom flanges, only one-half the girder need be 
considered. The forces in all the web members should beincluded. Cols. 
1 and 2 designate the bars. Col. 3 gives their length centre to centre of 
the panel points. Col. 4 gives the forceq due to unit load at the panel 
points. The forces due to the dead load, Col. 5, are obtained by multiplying 
the forces in Col. 4 by 12 tons (see J 9). The live load forces in the flanges, 
Col. 6, are likewise obtained by multiplying the forces in bars iNos. 1-5, 
and 12-15, given in Col. 4, by 22-6 tons. The remainder of the forces 
in Col. 6 are entered from the table in § 10. The addition of the dead 
and live load forces is given in Col. 7, taking account of signs. So far, 
no consideration has been given to the negative shearing force which 
occurs at any section when the tail of the train is at that section, § 34; 
but it is evident that the negative shearing force in panel 4, when the 
tail of the train is at k, in that panel, will be exactly equal to the positive 
shearing force in the symmetrically placed panel 7, when the front of the 
train is at &, in panel 7, and so on for the other panels. Not only so, 
but since the diagonals slope in opposite directions on the two sides of 
the centre, the negative shearing force in panel 4 will produce forces in 
the web members of that panel of the same sign as the positive shearing 
force produces in panel 7. The forces due to the dead load in the two 
panels are also equal and of like sign. If then the total force in bar 
No. 27 from Col. 7 be entered opposite bar No. 24 in Col. 8, this will give 
the total force in bar No. 24 when the maximum negative shearing force 
occurs in panel 4, and similarly for the other web members. Only . 
the forces in the web members for one-half the 


girder need thus be entered. These members ar 
must be capable of carrying the larger of the two 
forces given in Cols. 7 and 8. In two bars, F 

ej} 


Nos. 25 and 35, the stress actually reverses, and 
special treatment is necessary. 
12. Bottom Flange.—The type of cross-section b—- a — 

proposed for the bottom flange at the centre of the Ansles 4’s abe e 
bridge is shown in Fig. 303. The worth of the ee 

four 4 x 34 x } in. angles, less two }{ in. rivet holes in each, at 8 tons/sq. 
in., is 4(3-6 — 2 x 4 x 44) x 8 = 82 tons. The net width of a flange 
plate is 18 — 4 x {8 = 14-25 in. Then, 


Bar No. . ‘ : : - 1&2 3 4 5 





ForceinBar . . .  . 124-6 221-4 "290-6 332-2 tons. 

Worth of 4 angles. : . 82-0 82-0 82-0 82-0 tons. 

“Worth of Plates J. 42-6 139-4 208-6 260-2 tons. 
Net Area sv aactaiee: in. ; 5:4 17-4 26°1 31-3 aq. in. 
wo required . : 0-38 1-23 1-84 2-20 in. 


° e .- e e 2 at } 2 at } 2 at sal in. 
+2 at +2 at 
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The two angles and one § in. plate must extend from end to end on 
each side of the flange, and an additional } in. plate will be required on 
each side for bars Nos. 4, 5, 6, and 7. 

13. Top Flange.—The normal cross-section is shown in Fig. 304. The 
width, centre to centre of the rivet lines through the top plate, is 22} in. 
According to the American rule, § 160, in 
ordes to develop the full strength of the 
plate, the thickness should not be less than angies 
sth of this dimension, say 0-56 in.; the  4%4*4’ 
flange plate has therefore been made ;%, 4 
in. thick. The particulars of the cross- Angles, : . 
section are: area 45-2 sq. in, mm. 1 4" sat 
= 1681 in, min. «= 6-09 in. For Fra. 304. 
practical purposes the centre of area can 
be taken as 5 in. below the backs of the upper angles. Using eq. 


(1), § 168, as 
fa = 6-8 — wma) 


L=16 ft. = 192 in.; the member may be taken as imperfectly 
direction-fixed, q = 0-78, x = 6-09, whence qL/x = 0:78 x 192 + 6:09 


Ra 
= 24°6, fa = 6-8 — aa = 6-63 tons/sq.in., and the safe load on the 


section is 45-2 x 6-63 = 299-6 tons; this section would be suitable for 
bars Nos. 12 and 13. 

To increase the safe load to 346 tons, either the 4 x 4 in. angles might 
be doubled on each side, or a second flange plate, say yz in. thick, might 
be added. The first expedient is lighter, but the second allows the gusset 
plates to take on to the rows of rivets through the 4 x 4 in. flange angles, 
and enables a longer attachment for the verticals to be made. If, the 
second alternative be adopted, the area = 57 sq. in. ; min. I = 2002 in‘; 
x = 5-92 in.; and gL/« = 25:3. The safe stress, therefore, is again 
6-62 tons/sq. in., and the safe load is 57:0 x 6:62 = 377 tons. Taking 
secondary flexure into account, the pitch of the rivets connecting the 
flange plates is 6 in., x’ for a yy in. plate bending between the rivets 
is ¢ + V12 = 0-126 in. Since there are many identical elementary | 
spans in line, each may be considered as direction-fixed at the ends, 
q’ = 0-56, and q’L’/x’ = 0-56 x 6 + 0°126 = 26-7, hence from eq. (3), 
§ 160, with the constants from eq. (1), § 163, 


1 T/ql\* /q'L’\? 
fam 6-8 - wapl () + () | 
= 6:8 — ap l25:3" + 26-79] = 6-43 tons/sq. in. 


and the safe load is 57-0 x 6-43 = 366 tons. 
a quite ¥y in. plate must extend over panels 14, 15, 16, and 17. 


3 


& 
3 ppemncamee 6 cavqaeeswee 224 
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14. Hnd Posts. Bar No. 21.—The force in this bar is — 213-7 tons, 
its length is 25-61 ft. It is proposed to use the same cross-section as 
that for the top flange, bar No. 12, min. «x = 6-09 in. Assuming the 
ends to be imperfectly direction-fixed, g = 0-78, gL/« = 25-61 x 12 
x 0-78 -- 6:09 = 39-4; and from eq. (1), § 163, 

l /ql ae 

fa = 6-8 soa ) : 6-38 tons/sq. in. 
The area of the member = 45-2 sq. in., hence the safe load is 45-2 x 6°38 
= 288 tons, which is ample. The strength of the member as part of the 
portal bracing must also be considered. To carry 
the load of 213-7 tons. 52 rivets in single shear at 
4-14 tons per rivet are necessary. As will be seen 
from Fig. 307, 60 rivets have been provided, some in 





double shear, see {| 17. Le. 15h". of 
15. Tenston Members.—In each case a section 


consisting of four angles connected by batten plates | 

will be used, (i) Fig. 305. The calculations, given 

below, include the vertical bar No. 32, which isa Y y 
' 


tension member. For the consideration of bar 

No. 25 as a column, see J 16. Tension members, (ii) 

thus constructed, may be regarded as concentrically Fia. 305. 
loaded, and the full net area may be counted in. 












32 
Force in bar, tons . 2-4 + 48-1] 
Net area at 8 tons/sq. in. 6-6 6-1 
Net area per angle 1-65 1-53 | 
Rivets required at 4- 14 | 
tons per rivet single 31 22 13 12 
shear ‘ 
Add 15% for field rivets 36 7 — “ 





Rivets per angle . ; 
Angle section required . 


9 
6x4x} | 5x4x sx 3b x | 5x3Exd at | 


Treating bar No. 22 as a typical example, and pean two rivet 
holes from each angle, the loss of area if the materia! be ? in. thick is 
2x 4 x }= 1-41 sq. in. The required gross area is therefore '5-28 
+ 1-41 = 6-69 sq.in. A suitable section would be a6 x 4 x jin. angle 
(area 6-94 sq. in.), as given. 

16. Compression Members (Verticals).—The length between the centre 
lines of the flanges is 20 ft. = 240 in. The type of section proposed for 
the verticals is shown in (ii) Fig. 305. Considering the bending about 
the yy axis, the members are attached by stiff gussets to the heavy flange 
members, and q may be taken as 0°7; ql = 0-7 x 240 = 168 in. The 
calculations are set out in tabular form on p. 434; the safe load per 
square inch is found from eq. (1), § 163. 
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Bar No. 


Force in bar, tons . 


Section {Angles - 
proposed | Web 


tno area, sq. in. . 


Ratio, gL |e . 
Safe load, tons/sq. in. 
Safe load on member, tons. 
Rivets required at 4-14 tons per rivet 

in single shear 24 
Add 15% for field rivets : ; 28 
Rivets per angle . ; ‘ ; 7 
Shear, 24% of W, tons . ; : | 2-5 





Lighter sections for bers Nos. 34 and 35 could be designed if lattice 
webs were used, but this entails narrow spaces between the angles which 
cannot be kept painted. The plate is to be preferred, and the extra weight 
is not serious. The shearing stresses on plate and rivets are small. 
Bar No. 25 should be examined for bending about the vz axis (q7L = 0°8 x 
307-3 = 245-9 in.) as a batten plate column, § 166, taking into account 
local flexure. It will be found to be much stronger in this direction 
than about yy. 

17. Rivets in Gussets—As typical of the method of calculation, the 
attachment of bar No. 12 to the end top gusset will be considered, 
Fig. 307. The load in this member is 221-4 tons, and at 4-14 tons per . 
rivet in single shear, 54 shop or 62 field rivets are required. Apportion 
these to correspond with the areas of the different parts of the member. 


Top plate 27 x fin. . ‘ ‘ . . Grea = 15-2 rivets = 21 
Two stringers 16 x4. : : : : 16-0 22 
Two angles4 x4 xq}. ; : : 7:5 10 
Two angles 34 x 34 x 4 ‘ : : ; 6-5 9 

45- 62 


Approximately 4x 214+4x 22+ 4x 10= 20 rivets must be provided 
in the top row through each 4 x 4 angle. It is impossible to do this, 
and the rivets must be placed in double shear by introducing short lengths 
of angle inside the gusset plate; 10 rivets bearing in the } in. gusset 
plate are then sufficient. Approximately 4x 9 + 4x 22=8 rivets are 
required through each 34 x 34 angle. 

The horizontal force on the rivets connecting the gussets at the foot 
_ of bar No. 35 t6 the bottom flange, Fig. 308, is the horizontal component 
of the force in bar No. 24, ie. 87-3 sin @ = 54-5 tons, and 14 shop rivets 
are required. The other gussets may be similarly treated. 
_ . 18. Joints —The girder has been arranged for dispatch in parts and 
se-etection at the site. .The field rivets are shown as open circles, the 
chotfrivets as black circles. Assuming that 43 ft. lengths can be handled, 
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it will be necessary to make joints in the flanges ; these may conveniently 
be placed in bars Nos. 2, 4, 7, and 9, towards the centre, in the bottom 
flange; and in bars Nos. 13, 16, and 18, towards the centre, in the top 
flange; thus breaking joint as far as possible. A typical joint for the 
bottom flange, bar No. 7, is shown in Fig. 309. It is of the grouped 
variety and may be designed by the methods of § 172, but should be 
examined in the light of Fig. 257. Double-butt covers are used for the 
plates, round-back covers for the angles. The batten plates also are 
utilised as covers for the latter. 

19. Wind Pressure.—Adopting the proposals of § 52, the empty bridge 
will be designed to resist a wind pressure of 40 — 0-016L = 37-5 lb./sq. 
ft.; it will be sufficient to adopt the usual 30 lb./sq. ft. for the loaded 
bridge. In order to calculate the area exposed to wind of one main 
girder, the value of C, § 45, for the members must first be fixed. The 
two sides of the bottom flange are 1 diameter apart, and from Stanton’s 
experiments with flat plates C = 0-83. To allow for the ‘cup’ effect 
of the outstanding angles, take C= 1. This value may also be assumed 
for the compression flange, the end posts, and the verticals. The 
diagonals average about 14 diameters deep, and C = 0-74. It will be 
an error on the safe side, therefore, if C be taken as unity for all the 
members, in which case the area exposed to wind is : 


Bottom flange. ; ; ; . 240 
Top flahge . : : ; . 179 
End posts . ‘ b : ; . 72 
Verticals. ; ; : ‘ . 134 
Diagonals_ . ; ‘ : ; . 165 
Gussets é : , ; . 20 

810 sq. ft. 


The area of the contour of the girder is about 3,100 sq. ft., so that ¢, 
the fullness factor (see § 47), is 810 — 3100 = 0-26, and according to 
Flachsbart’s experiments, C = 1-26 for a single girder, agreeing with 
Stanton’s experiments. The main girders are 17-5 — 20=0-88D apart, 
and are connected by a floor; C for the pair will be taken as 1-5 (see 
§48). The total pressure on one main girder at 37-5 lb./sq. ft. is therefore 
1-26 x 37-5 x 810 + 2240 = 17-1 tons, 7:9 tons acting on the top 
flange and 9:2 on the bottom flange. The total ptessure on the pair 
is 1-5 x 37:5 x 810 ~ 2240 = 20-3 tons; or on the leeward girder is 
20:3 — 17-1 = 3-2 tons; 1-5 on the top and 1-7 on the bottom. On 
the windward girder at 30 lb./sq. ft., the corresponding figures are: top 
flange 6-3, bottom flange 7-4 tons. 

The depth exposed to wind by the ballast trough is 184 in., which 
will be doubled to allow for the exposed area on the leeward side, 
rails, etc. The depth of the rail bearers is 20 in., and since they are 
5 ft. apart, take C = 14. The exposed area of the floor system is then 
160(37 + 14 x 20) + 12 = 804 sq. ft., and the wind load at 37} lb./sq. ft. 
is 15 tons; at 30 lb. /sq. ft. it is 12 tons. 

The ares of the train may be taken as 10 sq. ft. per foot of length, 


& 
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equivalent at 30 lb./sq. ft. to a wind load of 0-134 ton/ft., or 21-4 tons 
on the completely covered bridge. The exposed areas of the leeward 
girder in this condition are 251 sq. ft. at the top, and 240 sq. ft. at the 
bottom. Assuming the same shielding ratio as before, the corresponding 
wind loads will be 0:9 and 0:8 ton. 

The wind loads on the bridge in the two conditions are then as shown 
in Fig. 306. The maximum wind load on the upper wind girder is, 


373 lb./sq.ft. —> 30 1b/sq_ ft. 





Fria. 306. 


therefore, 7-9 + 1-5 = 9-4 tons; and on the lower wind girder is 
7°-4+ 12-:0-+ 0:8 = 20-2 tons, plus the rolling wind load of 0-134 
ton/ft. The upper wind girder is shown in Fig. 301. There are 8 panels, 
and the load per panel is 9-4-—-8= 1-2 tons. Dividing this load 
equally between the double system of bracing, the forces in the diagonals 
are found to be (tons) : 


Panel No. 2-—2-9 2-1 1-3 0-5—Panel No. 5. 


The end reaction to be carried by the portal is 4:7 tons. The maximum 
wind force in bar No. 15 is 12-9 tons. 

There are 10 panels in the lower wind girder and the load per panel is 
2:02 tons. The shearing force in any panel due to the rolling wind load 
is given by the formula established in { 10, 

— (n— 1)?L Vs _ 8 ; 2 
S = - aK x 0-134 = 5 * 0-134(2 — 1)? tons. 
Dividing the loads equally between the two systems of bracing, the 
maximum forces in the diagonals are (tons) : 


n= 10 y 8 7 6 
Static load . : . 616 4-80 3-43 2-06 0-69 
Rolling load . . 6°54 5°17 3-96 2:91 2-02 

Total ; . 12°70 9-97 7-39 4:97 2-7) 


The maximum load in bar No. 5, when the span is fully covered, and 
the wind load is 20-2 + 21-4 tons, is 46-9 tons. 
ave iol addition, there will be an increase in the force in the flange 
* ante bere due to the concentration of load on the leeward girder, which 
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will be a maximum when the bridge is fully covered. Taking moments 
about the plane of the lower wind bracing, which carries the shearing 
force [see (ii) Fig. 306], 


7-2tons x 20-7ft. = 149-1 
21-4 x 11-75 = 261-5 
12-0 x 2-5 = 30:0 
8-2 x 0-75 = 6-2 
48-8 436-8 ft.-tons. 


The distance between the main girders is 17-5 ft. centres ; hence the 
extra downward force on the leeward girder is 436-8 = 17-5 = 25-0 tons, 
or 2:50 tons per panel. From the stress sheet, the forces in bars No. 15 
and No. 5, with unit loads at the panel points, are — 10 and + 9-6 tons 
respectively. Hence the extra wind forces in these bars are — 2-50 
x 10 = — 25:0, and + 2-50 x 9-6 = + 24-0 tons. 

The forces in the flanges due to wind pressure must be properly com- 
bined with the other forces in the flanges (see J 21, below). The diagonal 
bracing is designed in the usual way to resist the forces calculated above, 
working at normal stresses. 

The portal is designed to carry a load of 4-7 tons by the methods of 
§ 101, assuming the lower ends to be fixed in direction. Again it will be 
found that the end posts will carry the wind load without extra stiffening. 
The upper transverse struts, Fig. 309, must be designed to carry one-half 
the wind load per bay, viz. 1-0 ton. This sway bracing, including the 
corner brackets, should be made as deep as possible to give lateral rigidity 
to the bridge. _ 

20. Longitudinal Forces.——The longitudinal reactions at the rail 
heads due to acceleration and braking may be assumed to be : 


358 35 x 190 


Ca 0 28-3 tons (max. = 0-26S). 


Acceleration : P = 
Braking : 


L+ 90 } 


where S is the maximum shearing force at the end of the span due to the 
travelling load [190 tons, (iv) Fig. 292]. The force of 40-7 tons will be 
transmitted through the ballast trough to the 11 cross girders and thence 
to the main girders. There will therefore be a lateral force of 1:85 tons 
on each end of a cross girder. The stress produced thereby is small, 
otherwise a construction similar to Fig. 300 should be used. The forces 
in the members of a lower flange, due to these cross-girder loads, will 
increase in equal steps of 1-85 tons from -+ 1-85 tons at the free end of 
the girder to -+ 18-5 tons at the fixed end. 

21. Combined Stresses —The stresses due to the dead, live, and wind 
loads will combine in the top flange ; in the bottom flange the combina- 
tion must include the longitudinal forces. Thus the combination of 
forces in bar No. 15 is: dead + live = 346-0, wind = 12-9 + 25-0, 


oes {rapt Ons S= {550+ 0-13] x 190 = 40-7 tons (max. = 0-268) 
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total = 383-9 tons, or well within the allowed increase of 25 %, § 198. 
In bar No. 5 the combination is: dead + live = 332-2, wind = 46-9 
+ 24-0, longitudinal force = 11-1, total = 414-2 tons. The allowable 
load on the section, § 12, at 8 tons/sq. in. is 338-5 tons, or plus 25 % 
= 423-1 tons, so that again the permitted increase is not exceeded. Ifthe 
other members of the bottom flange be similarly examined, they will be 
also found to be adequate. 

22. Hnd Bearings.—From {| 9, the total load to be carried by the end 
bearings is 240 + 380 x 1-32 = 742 tons, or 186 tons per bearing. 
Allowing 20 tons/sq. ft. on a hard sandstone bedstone, an area of base 
39 in. x 37 in. will be provided. The load on the projected arna of the 
rocker pin should not exceed 2 tons/sq: in. to prevent seizing, and that 
on the rollers should not exceed 0-25d tons per inch-of length (d = 
diameter of pin in inches). These bearings, one fixed and one sliding, are 
shown in Fig. 307. 

23. Camber.—The main girders should be built with a camber, so that 
the loaded bridge will not sag below the horizontal. To effect this, the 
length of the top flange members should be increased by } in. per 10 ft. 
of length, = 0-2 in. in the present design. 

24. Materials and Workmanship.—All materials and workmanship 
should be of the highest possible class and conform to the British 
Standard for Girder Bridges (B.S. No. 153, Pts. 1 and 2, 1933). 

197. Single Track Railway Bridge, 160 ft. Span. § 196.—Redesign to 
conform to B.S. No. 153,* Parts 3, 4, and 5, 1933.—Loading.—Ministry 
of Transport 20 unit loading; see Fig. 49. Total equivalent dis- 
tributed load = 400 tons ; Maximum shear at the abutments = 220 tons, 
cf. (iv) Fig. 301; Maximum axle loads, two of 25 tons, 6 ft. apart ; 
Uniformly distributed load on a rail bearer = 70 tons, maximum — 
shear at a support = 42-5 tons; Maximum reaction on a cross girder = 
56-9 tons. 

Impact Factor.—Use eq. (4), § 61. 

Wind Pressure.—50 lb. /sq. ft. on the unloaded bridge ; 30 Ib./sq. ft. 
on the loaded bridge. 

Permissible Stresses.—9 tons/sq. in. tension; 7-65 tons/sq. in. com- 
pression ; 5-5 tons/sq. in. web shear ; 6 tons/sq. in. rivet shear ; 15 tons/ 
sq. in. rivet bearing ; strut formulae, see eqs. (4) and (5), § 163. 

Combined Stresses —The combination of dead, live, including impact, 
wind, and longitudinal stresses, must not exceed 10-5 tons/sq. in. 

The general course of the calculations as given in § 196 should be 
followed, the loads and stresses should be adjusted as above. 


* Students can obtain copies of this and other British Standards through their 
college or school for le. 
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QUESTIONS ON CHAPTER XI 


1. Design for Hinged Gangway. (i) Fig. 310; 120 ft. span; heights and 
clearances as shown in (i). To carry the following alternative loadings: 
(a) 112 lb./sq. ft. ; (6) moving column of men 200 Ib./ft. run; (c) 4-wheeled 
trolley, wheel base 6 ft., gauge 4 ft., to carry 2 tons. Wind pressure 20 
Ib./sq. ft. Use the normal stresses for mild steel, §59. Design the struts 
by the Johnson parabolic formula, eq. (3), § 164, factor of safety = 3; gL/« < 
120; if arranged as in Fig. 310, take g = 0-6 for verticals, g = 1 for top 
flange. Asa first approximation take the weight of the gangway as 25 tons. 

2. Design for a Small Road Bridge. (ii) Fig. 310; 25 ft. clear span; 
17 ft. clear between the parapets; Ministry of Transport loading for road 
bridges, § 23. Stresses for mild steel as in B.S.S. No. 153, see §59; wind 
pressure 20 lb./sq. ft. When designing the troughing, consider a strip of 
roadway 5 ft. wide. In the first instance take the weight of the floor as 
120 lb./sq. ft. 

3. Through Railway Bridge. Redesign the bridge of § 196 to conform to 
the British Standard Specification No. 153, 1933, using the Ministry of 
Transport 20 unit loading, see § 197. 

4. In § 196, check the maximum forces in some of the members as found 
from the uniformly distributed load, by using influence lines and the actual 
axle loads. 

5. Deck Bridge. Design a double track plate girder deck bridge, 50 ft. 
span, with 4 main girders, (i) Fig. 291 (cf. Fig. 87). Spacing of main girders, 
4 ft. 6in., 6 ft. 7} in., 4 ft. 6 in. The weight of the floor, including per- 
manent way, may be taken as 190 lb./sq. ft. Equivalent uniform rolling load 
per track, for bending, 3 tons/ft. ; max. shear at abutments 89 tons, at centre 
284 tons. Impact factor 0-7; wind pressure end stresses as in § 197. 
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CHAPTER XII 
THE DESIGN OF ROOFS 


198. The Construction of Roofs.—The outer watertight covering of 
a roof is supported by w system of framework made up of (i) the principals 
or roof trusses which span from abutment to abutment and support the 
whole structure ; (ii) a series of longitudinal beams called purlins which 
rest on the principals and carry the roof over the space between them ; 
(iii) secondary rafters, sash bars, boarding, etc., to which the covering 
proper is attached, which are supported by the purlins ; (iv) wind bracing 
to prevent the principals from overturning when the wind blows on the 





Fie. 311. 


ends of the building. Drainage arrangements to carry off the rain water, 
and means of ventilation, complete the roof system. Fig. 311 shows a 
typical roof framework. 

The upper longitudinal edge of a roof is called the ridge, and the lower 
longitudinal edges are called the eaves. 

199. Principals or Roof Trusses.—These consist of frames of the 
form shown in Figs. 312 to 315. The two members sloping down from 
the ridge to the eaves are called the main rafters. Their lower ends rest 
on the abutments and are provided with suitable bearing surfaces called 
shoes. These ends are connected together by the main tie bar and are 
thus prevented from spreading. Except in very small roofs, the main 
rafters are supported at points intermediate between their ends by means 
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of struts and ties. The point of attachment of every purlin should be 
thus supported, otherwise the main rafters must be designed to carry the 
bending moments which will be set up in them. 

The commoner types of roof principals may be divided into three 
classes: (1) King and Queen post principals ; (2) Trussed rafter princi- 
pals ; and (3) Curved rafter principals. 

(1) King and Queen Post Princtpals—These are illustrated in Fig. 312. 
The centre vertical, (ii) Fig. 312, is called the Kzng-post, and the inter- 


King Post T° 


up to 25ft. span 
oY up to 50 ft.span 
(iv) 
Queen Post 
up to 40 ft. span up to 30ft. span 
(iti) (V) 


Fie. 312. 


mediate verticals, (iii), are called Queen-posts. The truss shown at (iv) is 
sometimes called an English truss. If each main rafter be divided into 
four panels it may be used for spans up to about 50 ft. (v) represents 
what is called a saw-tooth or workshop truss of this class.| One rafter is 
given a much greater slope than the other. The covering on the greater 
slope is of glass and should be given a northern outlook. The interior is 
thus well lighted without direct sunshine. The covering on the other 
slope may be of slates or other suitable material. This type of roof has 

been much used for workshops, weaving : 


sheds, and factories, a series of such 
trusses being placed side by side, like 
the teeth of a saw. It is quite common, 


however, in modern workshops, to make Fic. 313. 
the whole covering of glass. 

~ King and Queen post principals are very convenient for hipped roofs 
(roofs with sloping ends), in that the vertical members lend themselves 
to the attachment of the half-trusses necessary in such cases. -- They are 
open to the objection that the longer members are struts and the shorter 
ones ties. This means a somewhat uneconomical design, and for this 
reason the second class of principal, called trussed rafter principals, Fig. 314, 
are more commonly used. An attempt to remedy this defect is shown in 
Fig. 313, in which design the verticals or shorter members are struts ; 
but if (viii) Fig. 314 be compared with it, it will be seen that the latter, 
in which the struts are at right angles to the main rafter, is a better design. 
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(2) Trussed Rafter Princtpals.—In this class of principal the rafter is 
supported by trusses consisting of secondary struts and ties, one of which 
trusses is shown isolated at (i) Fig. 314 [compare the trussed beam, 


ZZ. 


up to 25f* span up to 65 ft span 
(ily (v) 


<I Yo 


up lo 40f* span 
(iii) 





up to 80 f* span 
(vi) 


up to SOf* span 
(iv) 


up to 30f* span 
(vil) 
up to 40f* span 
(viii) 
Fia. 314. 


(ii) Fig. 19]. These trusses are connected together by the main tie bar. 
The various forms taken by this class of principal are shown in Fig. 314. 
In all of them the shorter members are struts, and the longer members 
ties. This is considered the most economical type of roof principal ; 


(ii) 


(i) 
Fie. 315. 


Poncelet was probably the originator. The design shown at (iv) is 
sometimes called a Fink, French, or a Belgian truss., Occasionally Tod, — 
alidwn-dotted-in (vi), depending from the apex, is introduced with the 
object of supporting the weight of the main tie bar, if this be very long. 
A saw-tooth or workshop: roof of this class is shown at (vii). 


r 
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(3) Curved Rafter Principals——Two types are illustrated in Fig. 315, 
(i) for small and (ii) for large roofs. Curved roofs are expensive and 
should only be used if and when the circumstances require them. They 
are most suitable for very large spans. Inexpensive roofs for small and 
unimportant spans are made from curved sheets of corrugated sheeting. 
These form their own principals ; tie bars are fitted at intervals to prevent 
the roof from spreading. 

200. Spacing and Proportions of Principals.—In ordinary roofs the 
principals are usually pl.ced from 10 to 15 ft. apart, the exact spacing 
depending to some extent on the length of the building and other circum- 
stances. ‘Too wide a spacing involves heavy purlins and is uneconomical. 
Too narrow a spacing means unnecessary weight and cost in the principals. 
It should be borne in mind that the difference in weight of principals at 
10 ft. spacing, and that of principals at 15 ft. spacing, per principal, is 
usually not very great. Good practice seems to indicate the limits given 
above for spans of from 25 to 75 ft. _ For smaller spans a closer spacing 
may be found economical, and for very large spans the spacing may be 
increased with advantage. An old rule is from } to } the span. 

Slope of Roof.—The slope of the roof depends on the nature of the 
covering. For sheet zinc the slope may be as flat as 1 in 10; for corru- 
gated sheeting the minimum slope is 1 in 5; for slates 1 in 2; and for 
plain tiles 1 in 1. A very common slope for the main rafters of roof 
principals is 1 in 2, corresponding to an angle with the horizontal of 
26° 34’. This is suitable for corrugated sheeting, glass or slates. Tiles 
require a higher pitch or the rain will penetrate. Where heavy snowfalls 
are to be expected, a high-pitched roof should be used. The pitch is 
defined as the rise -- span, so that if the slope be 1 : 2 the pitch is 1: 4. 

Panelling of Main Rafters——The types of principal suitable for 
different spans are indicated in Figs. 312 and 314. The figures given 
are to be regarded as indications rather than as rigid limits. The panels 
into which the length of the main rafter is divided need not be less than 
6 ft., and should not much exceed 7 ft. 

Camber of Tie Bar.—The main tie bar is sometimes made with a 
camber, Fig. 316, which may be about jth the span. The advantages 
of a camber are; shorter struts, greater head room, and better  appear- 
ance. “Nevertheless, in modern workshop ~ 


‘buildings, the tie bar is usually made 
straight, as shown in Figs. 319 and 331 ; LY 
this is more economical, and the principal 


so constructed is more rigid and better able Fie. 316. 
to withstand possible reversals of stress. 

Details of Construction.—Fig. 317 shows the sections commonly used 
for the members of roof principals, and the usual methods of construc- 
tion.*, A modern roof is nearly always built up entirely of angles, which 
are connected by rivets and gussets. An angle bar is the cheapest form 

of rolled section, and the most convenient for attachment. The main 
| * For welded details see § 149. 
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rafter is usually of T section, for which a tee bar is sometimes used, but 
more commonly it is made of two angles, (i) Fig. 317, placed back to back. 
Such a section forms a good strut, and attachments can readily be made 
by means of gussets. Single or double angles, as may be required, (ii), are 
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used for the struts. The tie bars also should be made of angles, (iii), in 
order that they may resist_compression, should the stress in them be 

reverted due fo sny cause.) Trusses thus constructed are easy to handle 
a ansport. Flat bars placed on edge are sometimes used for ties, 
but these will not resist compression. Round bars are not used for ties 


in roofs of any magnitude. Welds and forked ends, which have to. be 
2a 


& 
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made in the smithy, are both expensive and often unreliable. Only when 
the diameter of the bars does not much exceed | in., so that the ends can 
be drop-forged, are round bars commercially practicable, and even then 
they are more expensive than angles. Right-and-left-handed screw 
couplings are introduced with the object of adjusting the length of members 
with forged ends, which are difficult to make to an exact dimension. In 
modern forms of riveted construction, all angles and gussets are drilled 
to template, and the work is sufficiently accurate without means for | 
adjusting length.) 

‘The sections used in ordinary roof principals are small and thin. 
For the ties and struts, the angles range from 2} x 2} x } in., which 
may be regarded as the minimum section, to about 3 x 3 x # in, 
doubled if necessary. For small roofs, the main rafter would be made of 
two 24 x 24 x } in. angles back to back, and for larger spans of two 
4x 3x j in. angles back to back, with the longer legs vertical. The 
gusset plates would be # in. thick for the smaller spans, and § in. 
thick for the larger. The rivets would be § in. diameter for material 
thickniésses Tess than f in. thick, and for 24 x 24 in. angles; and 
? in. diameter for material thicknesses over # in., and angles wider 
than 24 in. Only one size of rivet should be used in a roof, and as 
few different sections as possible should be employed. 

Where roof principals have to be sent away in parts, and riveted up 
at the site, the number of rivets in the ends of the members to be thus 
riveted should be increased by 20% over the number theoretically 
necessary. 

Fig. 317 shows a number of details of the riveted connections. In 
arranging these joints, care should be taken that the axes of members 
which meet intersect in a point, so as to reduce secondary stresses to a 
minimum. This has been done correctly in (v) ; it is more usual to make 
the rivet_centre lines thus intersect, as shown in the other details, , All 
members should be arranged as simple ties or struts, and not subjected 
to secondary bending moments. The details should be quite plain and 
simple. If possible, the ends of the members should be cropped square. 
Occasionally, members are joggled over the main rafter as shown at (v), 
but although this makes a rigid connection it is more expensive. However 
small the load in a member, there should be at least two rivets connecting 

it’ to the glisset, so that if one prove defective the roof would nevertheless 

» séetitthold up. Further, the second hole enables a service bolt to be 
[inet ‘and the principal to be properly bolted together while the rivet 
is put in. When a member is formed of two angles, the gusset is placed 
between them. Washers are then required to hold the angles at the 
correct distance apart, (iv) Fig. 317. These washers should be spaced 
at distances not exceeding 2 ft. apart. It is an objection to this arrange- 
ment that the narrow space between the angles is difficult to paint 
- properly, .1As far as possible, all gussets should be so shaped that they 
\o [can be cut from stock sizes of flat bar with the minimum number of cuts. 
~“TAt the same time, the standard distance from the edge of the plate to 
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the outside rivet centre—say 1} in. for a } in. rivet—should not be 
greatly exceeded. Fig. 318 shows the method of setting out a gusset. 
Shoes.—Cast-iron shoes are no longer used to carry the lower ends of 
the main rafters, but the principal is so arranged that suitable bearing 
surfaces are provided ; (vi) and (vii) Fig. 317 show typical arrangements. 
A sole plate is riveted to the angles forming the main tie bar, on which 


_ plate the principal rests. Vertical stiffening angles as shown. at (vii) are. 


sometimes fitted to give lateral rigidity. A modification, suitable for 
cases in which the main tie bar is formed of flats, is shown at (viii). Here 
the sole plate is attached by two angle cleats. The holding-down bolts 
pass through the aole plate. If the principal rest on a wall, these bolts 
would be lewis or rag bolts let into a stone template. If the load per unit 
area be greater than the stone is able to support, or if the end of the 
principal be intended to slide, a wall plate is introduced between the sole 
plate and the stone template. To permit the shoe to slide, and thus 
allow for expansion and contraction due to changes in temperature, the 
holes through the sole plate at one end are sometimes slotted. The 
effectiveness of this device may be doubted. In very large roofs a roller 





Fig. 318. 


bearing is provided under one shoe, similar in design to those used to 
permit the ends of bridges to expand, Fig. 307. 

It will be observed that in (vi) and (vii) Fig. 317 no attempt is made 
to arrange the intersection of the axes of the main rafter and tie bar 
vertically over the line of the reaction, as should be theoretically the 
case; (viii) is an attempt to effect this. The arrangements shown at 
(vi) and (vii) are nevertheless the usual ones in practice. In workshop 
buildings, where the roof is supported on columns, the design shown in 
Fig. 331 is common. Here the object is to obtain as rigid a connection 
as possible. 

Workshop Buildings —A typical arrangement of the roof principals, 
and. their supporting columns, in a workshop building is indicated in 
Fig. 319. 

201. Purlins.—The usual types of purlins and the methods used to 
attach them to the main rafters are illustrated in Fig. 320. The com- 
monest arrangement is an angle section bolted to short angle cleats, . 
which are riveted to the main rafter, (i). For wide spacing of the 
principals, a light beam section forms a suitable purlin, (ii), or a channel, 
(iv), may be used. If the roof is to be boarded over, timber purlins are 
convenient, which are sometimes supported by a continuous angle, (iii). 
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Joints in purlins should occur over a main rafter. Some details are shown 
in (v) and (vi) Fig. 320. The spacing of the purlins depends on (i) the 
kind of roof covering, (ii) the arrangement of panels of the main rafter. 
The purlin should be placed immediately over a panel point, in order not 
to set up bending moments in the main rafter. If, owing to the nature of 
the covering, as in (ii) Fig. 327, it be unavoidable that purlins come 
intermediately between the panel points, the rafter should be designed as 
a laterally loaded strut. This makes a heavy main rafter and is to be 
avoided if possible. Purlins should be designed as girders spanning’ 
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between the principals and carrying the loads on the rogi, As a rule 
they are continuous over more than one span and should be treated as 
continuous girders, though the continuity is poor at places where a joint 
occurs. It is probably sufficiently accurate for most practical purposes 
to take the maximum bending moment on the purlins as WL/10, inter- 
mediate between that for direction-fixed and freely-supported beams. 
Their depth should not be less than zy their span. } i 
“Bince the purlins are usually placed perpendicularly to the rafter, they 
are evidently subjected to bending in more than one plane, due to the 
weight of the roof, though in some cases the roof covering offers some 
support in its own plane. In these circumstances the design can only 


be a rough approximation. 
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In cases where the distance between the principals is considerable, 
purlins are often made in the form of lattice girders. They are then 
placed intercostally between the principals, and attached to the bracing 
of the latter. 

202. Secondary Rafters, Sash Bars, etc.—Except in very large roofs 
these bars are of small size, and the scantlings are determined as the 
result of successful practice. For glass, T bar sashes about 2 x 14 x Fin. 
may be used, spaced from 1 ft. 6 in. to 2 ft. 0 in. apart, provided that the 
spacing of the purlins does not exceed about 6 ft. Boarding to carry 
slates may be from | in. to 1} in. in thickness, if the pitch of the purlins 
does not exceed 2 ft. 6 in. to 3 ft. Corrugated iron is attached directly 
to the purlins and needs no secondary rafters. 

203, Wind Bracing.—If the wind act on the ends of the building, it 
will tend to overturn the principals about the shoes as fulcrums. This 








End Frame Eaves Level. End Bay. 
Fie. 321. 


tendency is resisted to some extent by the rigidity of the roof as a whole, 
and by the stiffness of the roof covering. In small and unimportant 
roofs this resistance appears to be sufficient, but in roofs of any magnitude 
it is necessary to introduce special wind bracing to prevent such over- 
turning. Some typical arrangements are shown in Fig. 321, and details 
of construction in Fig. 322. In (i) Fig. 321, diagonal braces are fitted in 
the plane of the main rafters, connecting together the two end principals. 
These braces, with the main rafters and purlins, form a braced girder by 
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which the longitudinal load is transmitted to the abutments; (ii) and 
(iii) are modifications of the arrangement. In (iv), the bracing is put in 
the plane of the main strut AB. Two lattice girders, as shown in section, 
are thus formed, which prevent the principals from overturning. If the 
wind bracing is put on top of the main rafter, it should be attached to a 
gusset placed between the main rafter and the purlin cleat, (ii) Fig. 322. 
If it is put underneath the main rafter, it may be attached by cleats as 
shown at (iii). This arrangement is suitable for the bracing shown at 
(ii) Fig. 321. Details of the wind bracing illustrated in (iv) Fig. 321 are 
given in (iv) Fig. 322 ; here the purlin forms the top flange of the lattice 
girder, and a longitudinal angle in the plane of the main tie bars forms 
the lower flange. ‘Sometimes the roof is braced from end to end in the 
plane of the main tie bars. 


Wind Tie ‘” 






Princtpal 






(it) Wind Brace 
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The common arrangement of the framework at the ends of a building, 
when it is to be enclosed by corrugated sheeting, is shown in (v) Fig. 321. 
The wind pressure is transmitted from the sheeting to the verticals, and 
thence via the wind bracing in the roof to the walls or side framework. 
A strong horizontal girder is provided at the level of the eaves, often of 
the braced type. This transmits a large proportion of the end wind 
pressure direct to the sides. When the depth of this girder is considerable, 
_ the weight of the outstanding flange must be suspended from the roof 

structure. 

204. Ventilators—Three methods of constructing ventilators for 
roofs are shown in Fig. 323. (i) is called a hooded ventilator; in the 
design shown the hood is formed of a bent steel plate 4 in. thick, but 
curved galvanised corrugated steel sheeting is often used for the purpose. 
In (ii) and (iii) louvres are fitted ; these may be fixed as shown, or may be 
movable. Curved baffles, as illustrated in the figure, should be provided, 
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to prevent the entrance of driving rain. When the lantern, (ii), is very 
large and heavy, special bars may be necessary in the truss to support it. 


SS L "Plating 
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205. Very Large Roofs.—For very large roofs, arched principals may 
be used. Fig. 324 illustrates a type 
suitable for a large hall. A two- 
hinged arch, or as in Fig. 324 a 
three-hinged arch, may be employed. 
The feet of the principals may be tied 
together by a horizontal tie as shown, 
otherwise abutments of sufficient 
strength to resist the thrust of the * 
arch must be provided, (ii). As an paapeae 
alternative to the arch, the span may be subdivided and combinations 
of elementary roof trusses made use of. Examples can be seen at large 
railway termini. 
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206. Roof Coverings.—The three commonest kinds of roof coverings 
are glass, corrugated sheeting, and slates. 

Glass.—In modern workshop and factory building practice it is quite 
usual for the whole roof covering to be made of glass. With efficient 
ventilation, a coat of whitewash in the summer, and steam heating-in 
winter, an equable temperature is secured, with plenty of light and air. 
The glass is usually rough cast plate glass, in sheets from 6 ft. to 6 ft. 6 in. 
long, 18 in. to 24 in. in width, and } in. in thickness. As previously 
mentioned, it is laid in T bar sashes (about 2 x 14 x } in. for a span of 
6 ft.), (i) Fig. 325, with putty. The glass sheets should have an overlap 
of 2 to 3in. There are many forms of glazing without putty, designed 
to obviate covt of upkeep, and possible trouble due to the unequal ex- 





Fia,. 325. 


pansion of the glass and steel. They are more expensive than putty 
glazing. (ii) Fig. 325 shows a typical arrangement of glass roof. Com- 
binations of glass with other forms of roof covering are very common, 
and in saw-tooth roofs the steeper slope is glazed. 

Galvanised Corrugated Sheeting is a cheap and light roof covering 
much used for sheds. It is supplied in sheets up to 12 ft. long, from 
2 ft. Qin. to 2 ft. 6 in. in width, with corrugations at cither 6, 5, 4, or 3 in. 
pitch, and of thickness ranging from 16 to 28 W.G. The depth of the 
corrugations is one-quarter the pitch. for roofing, the usual pitches are 


e 


5 or 3 in.; and, owing to rusting, the thickness should not be less | 


than 18 W.G. The Standard widths are either 5 or 6 corrugations at 5 in. 
‘pitch, giving sheets 2 ft. 1 in. or 2 ft. 6 in. centres ; or 8 or 10 corrugations 
at 3 in. pitch, giving sheets 2 ft. 0 in. or 2 ft. 6 in. centres. There is an 
overlap of I in. at each side, making the overall width of the sheet 2 in. 
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more. (i) Fig. 326 shows a typical arrangement of this kind of roof cover- 
ing. The sheeting is laid directly on angle purlins and secured by hook 


Its which are 4, or § in. diameter and spaced 16 in. apart, or_gal- 

SSAnGH Snape TCT in, secured by serew bolts, Qi) Mig. 898, maybe 
used, The corrugations should run down the roof from ridge to eaves. 
ere the sheets join, they should be arranged to lap over a purlin, and 

the width of the overlap should be 6 in., (i). There should be a rivet 
or a } in. screw bolt in each corrugation thrcugh the lap, or alternatively 
the pitch of the hook bolts should be reduced to 5 or 6 in. The joints 
along the sides of the sheets should be made as shown at (iv) or (v) 
‘Fig. 326; (iv) is the common arrangement. The pitch of the rivets or 





screw bolts through these joints should be_12.in. In all cases the 
holes for the rivets or screw bolts should be made through the ridge of 
the corrugation, and all bolts should be furnished with curved washers to 
prevent leakage. To preclude the wind from lifting the sheets, should 

get underneath them, the hook bolts should be placed at 9 or 10 in. 
pitch”at the eaves, instead of at the normal pitch of 15 in. ‘Alterna- 
‘tively, a flat bar wind tie as shown at (i) Fig. 322 may be fitted. When 
‘wooden purlins are used, the sheeting is usually attached by screws, spaced 
10 to 12 in. pitch, and fitted with curved washers. This pitch is 
decreased to 5 or 6 in. where laps occur. The straps shown at (iii) 
Fig. 326 are a better means of attachment. 

The following rule has been given for the strength of corrugated 
sheeting. lf L denote the span between the supports in feet, ¢ the 
thickness of metal in inches, d the depth of the corrugations in inches, 
w, the applied loadin Ib./sq. ft., and 4 the factor of safety, then 
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L= o/ oa . The value of c for wrought-iron sheeting is 316 and for 


mild steel sheeting is 373. or ordinary roofs the value of 7 may be taken 
as 3. 
Slates are largely used as a rouf covering. They may be laid on 
boards and nailed in the usual way, (i) Fig. 327, in which case a conimon 
size would be 16 x 8 in. 

Duchess slates, 24 x 12 in., may be used, attached to angle purlins, 
(ii) Fig. 327, which are spaced 10} in. apart, allowing a 3 in. overlap 
for the slates. If the span between the principals does not exceed 8-feet, 
purlins 14 x 1} x } in. can be used, which section should be increased 
to 2 x 2 x } in. for spans up to 10 feet. 
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Ttles of many varieties are used for roof coverings. They are heavy, 
and require a high pitch or the rain will get underneath them. They are 
supported in a similar manner to slates. 

Zinc sheets, laid on boarding with wooden rolls, may be used when an 
exceptionally low-pitched roof is required. This is a very light form of 
covering. 

Asbestos sheeting, plain and corrugated, and asbestos tiles are also used 
for roof coverings. 

207. Weights of Roof Coverings (Approximate) in pounds per square 
foot of area covered by the roof. 

}” glass . : ‘ d ‘ : 
Se ee od talaga — 
0 eeting, includin and fastenings :— 
5 cpenigasionn, 16 8.W.G. 7 ; : : ‘ 
- ys 18 S.W.G. : 
Slates, including fastenings, 16° x 8” 
be 99 24” x 12” 
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Felt ‘ . O83 
Boarding, per inch of thickness - 3°5 
Zinc sheets. - 15 
Tiles. ‘ 10 to 20 
Steel purlins . 2 to 4 
Wood purlins . lto3 
Snow in British h Tales 5 to 6 
Wind. see § 52 
Typical roofs :— ; 

?” glass 3°5 Corrugated eee: 16 W. o 5:0 
Sash bars, etc. 2°5 Purlins ; 2-0 
Purlins 2:0 — 
— 7-0 

8-0 
Slates, 16” x 8” 6-0 Slates, 24” x 12”. 10-0 
Boarding, 1” thick | 3:5 Purlins, 10}” pitch 4-0 
Purlins ‘ 3°5 —_—— 
14:0 

13-0 


208. Weights of Principals.—The approximate weight of a modern 
roof principal of the type discussed in § 200 is given by the formula 


: net lh. /sq. ft. : . (1) 


iad 18+ 1800 


where w denotes the weight in lb. per square foot of area covered by the 
roof, | the spacing of the principals, and L the span, both dimensions in 
feet ; k& is a coefficient depending on the type of roof covering. For 
corrugated sheeting k = 9-5, for glazed roofs k = 10, for slates on board- 
ing k = 12. This formula holds for spans ranging from 25 to 80 ft. when 
the purlins are from 6 to 7 ft. apart, and the spacing of the principals 
ranges from 10 to 15 ft. A closer pitch of purlins increases the value of w. 
For principals of the type shown at (v) Fig. 314, in which the main strut 
is duplicated, add 10 per cent. to the weight given by the formula. 

This formula is based on some weights given in Arrol’s Handbook,® to 
which reference should be made for details and scantlings of the principals. 

209. The Forces in the Members of the Principals.—When finding 
the forces in the members of the principals, it is convenient to treat the 
dead loads and the wind loads separately, and afterwards to combine 
their effects. 

Having determined the weight of the roof covering, the weight of 
the principals, and of the snow, if any, the total dead load per square foot 
of area covered is known. In large roofs the weight of the wind bracing 
may be of sufficient importance to be taken into account. The dead load 
which each principal supports can be found, and hence the load per panel 
point. The stress diagrams for the dead load present little difficulty. 
Both loads and reactions are vertical. When the panels are of equal 
length, it is convenient to assume that the loads are of unit magnitude, 
and to find the actual forces in the bars by multiplication, see § 6. 

The considerations determining the wind pressure on the roof-have been 
set forth in § 50, from which the normal pressure on the roof surfaces can 
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be found, and hence the wind loads at each panel point. Before the 
stress diagrams for these loads can be drawn, the reactions at the points 
of support must be determined. These depend on the method of sup- 
porting the roof. In large roofs, in order to allow for expansion due to 
temperature changes, it is not uncommon so to arrange the supports that 
one end of the roof, such as A, (i) Fig. 328, is free to slide in a horizontal 
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direction. The reaction R,, at the free end, is then usually assumed to be 
vertical. But the resultant wind load R and the two wind reactions 
R, and R, are the only external forces due to wind which act on the roof. 
They must therefore be in equilibrium, and their lines of action must 
meet in a point. This condition enables the direction of the second 
reaction to be found. Two cases arise, (a) when the wind is on the left, 
(i) Fig. 328, and (5) when the wind is on the right, (iii) Fig. 328. Knowing 
the magnitude of R, and the direction of the reactions, their magnitude 
can be obtained by drawing the triangle of forces for the external forces, 
as shown in (ii) and (iv). Alternatively, if the point of intersection is 
inaccessible, the magnitude of R, can be found by taking moments 
about B; thus, R, x L=R»*r. Knowing R and R,, the triangle of 
external forces can be drawn, which completely determines R,. When, as 
in this case, the conditions are different at the two supports, two stress 
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diagrams must be drawn, one for the wind on the left, the other for the 
wind on the right. 

In many cases the roof is supported on columns, (v) Fig. 328; it is 
then rigidly attached at each end, Fig. 331. If each column be of the 
same length and cross-section, it is reasonable to assume that the 
horizontal deflection due to wind pressure at the upper end of each 
column will be the same; or in other words, the values of H, and H,, 
the horizontal reactions at A and B, (v) Fig. 328, will be equal, and 
H,= H,=4Rsin@. The sum of the vertical reactions, V,+ V,;= 
R cos §. The magnitude of the vertical reaction at A can be found 
by taking moments about B; V,L=Rr. The polygon of external 
forces can now be drawn, (vi) Fig. 328, for all the reactions are known. 
The worked example, § 212, is a case of this type, and the stress diagram 
for the wind load is given in Fig. 14. 

If the columns are different in length or in cross-section, the deflec- 
tions A at the upper end of each may still be assumed to be equal, but 
H, and H, will be different. If H, be the horizontal force necessary 
to produce a horizontal deflection A at the top of the column at A, and 
H, the force necessary to produce an equal deflection at the top of the 
column at B, from eq. (3), § 52, Vol. I, 


Hl? HJ =H, _ 1; 

SEI, 3EI,’” H, I? 

where I and / are the respective moments of inertia and lengths of the 
columns. Further, H,+ H,=Rsin@. From these two equations 
H, and H, can be found, and hence the polygon of external forces can 
be drawn as before. 

When as in (vii) Fig. 328, the roof is supported on two walls, each of 
which could sustain the whole horizontal component of the wind pressure 
without considerable deflection, the problem is indeterminate, but it is 
usual to assume that the reactions will be parallel to the load as shown 
in the figure. In this case, taking moments about B, R,r,= Rr. The 
triangle of external forces becomes the straight line shown at (viii). 

If, in any of the above cases, there be a negative wind pressure on 
the leeward side of the roof, as discussed in § 50, it must be taken into 
account when finding the reactions. Thus, if (v) Fig. 328 were a closed-in 
building with windows and doors, the polygon of external forces would 
take the form shown in (ix). R’ is the positive pressure on the wind- 
ward side, R” is the negative pressure on the leeward side of the 
roof. 

Having found the reactions, the stress diagrams for the wind loads 
may be drawn, and the forces in the bars due to wind determined. When 
the panels are of equal length, it is convenient to do this for unit loads, 
and afterwards to find the actual forces by multiplication (see § 6). 

The forces in the bars due to the dead load, and those due to the wind 
loads, should be combined in order to find the maximum forces in the 
' bars, as explained in § 6. These maximum forces should be used in the 


A= 
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design of the bars. For the method of procedure and suitable working 
stresses, see the worked example following, § 212. 

210. Roofs with Knee Braces.—Lateral stiffness may be imparted 
to a roof supported on columns by the introduction of knee braces 
GU, ST, as indicated in (i) Fig. 329. The forces in the bars of the roof 
truss due to the vertical loads are unaffected by this, and in considering 
the effect of the knee braces, only wind pressure or other lateral forces 
need be treated. The roof truss with its supporting columns becomes, 
in effect, a braced portal, and the methods of § 101 may be applied. 

In the first instance, suppose the structure to be an open shed, and 
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that A and B, the feet of the columns, may be regarded as hinged joints ; 
further, that the length and cross-section of each column is the same. 
Let R, (i) Fig. 329, be the resultant wind pressure on the roof. V, and 
V,, the vertical components of the reactions, may be found by taking 
moments about B, 

V,L=Rr; also, V,+ V,= Reos6 . : - (2) 
In the assumed circumstances, each of the horizontal components 
H, and H, of the reactions may be taken as equal to one-half of the 
horizontal component of the resultant wind pressure R, 


' H,=H,=H=4i4Rain@. , ‘ ~ (2) 
Apply the method of § 101 to this case, that is to say, regard the 
member BD as a lever hinged at D; the reaction at S will be Hh/e. 


a 
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Again, by taking moments about S, the reaction at D will be H(h — c)/c, 
(cf. § 101), and similarly for the member AC. If now, as in (ii) Fig. 329, 
that part of the structure above GS be isolated, the external forces 
acting on the roof will be as shown, and the forces due to wind in all 
the bars can be found in the usual way. 

More General Case. Direction-fixed Feet—In the general case, 
Fig. 330, the columns may be of unequal length and stiffness. If the 
building be enclosed there may be, in addition to the wind pressure R’ 
on the windward side of the roof, a suction R” on the leeward side; also 
a lateral wind pressure on the windward side of the building and a suction 
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on the leeward side, (ii) Fig. 83. The latter are represented in the figure 
by a uniform pressure and suction w, and w, per unit of length on the 
columns AC and BD respectively, together with concentrated loads 
F’ and F’ at Cand D. Not only so, but the feet A and B may be fixed 
in direction or approximate thereto. 

The procedure then follows a course similar to that for the portal 
with direction-fixed feet, § 104. If the frame GCDS, (ii) Fig. 330, be 
assumed to remain sensibly rigid, the reaction-forces Fy, Fy, F;, and F, 
between the columns AC, BD and this frame may be found as in § 104; 
eqs. (4) and (5), § 104, for column AC, will apply to both columns of the 
roof truss. Thus 


eet Ay - (Fs — F’)A,? F,(h, — ©)? 
SEI, SEI, + —“onI, (2 +c) . : . . (3) 
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~——~——~"94EI,. ~~ «OBI, 


F,(h, — c)8 
= 3EI, ~ . : . (4) 





(hy — o)%(2h, + 6) 





waht (Fs — F")h,* = oe) (2h, -- c) . (5) 


YD = SEI, SEI, * 
_ wa(h, — c)*(3h,2 + 2Zhyc+c*)  F, 


EI, 


ys = 24K, say Ue — ¢)*(2h, + ¢) 
Fy(he —c)§ 
| + (8) 
ee ey ee evens 
ut = > 
ea Ma = FB = ot) = wl? — 0% 
= 12(h — o) = 
Put — 9 
Yp = ¥s : _ AF, am F”)(3h, i c*) — w,(4h,> — — c3) 8 
ee + 


Put ¥o = yp, and use eqs. (7) and (8), 
4c(3h, + c)(hg — ¢) 4c(3h, + c)(hy — c) 
I, I, 


+ ras a 3h 7c poo 3h ,c? a c*)(h, 7 c) 


(Fs — EY) = (F, — F”) 


= i — Bh%o — 3hac? — c*)(hz—c) (9) 


From (ii) Fig. 330, 


V,+ V,—(R’—R")cos#=-0. dy 
Taking moments of the external forces about B, (i) Fig. 330, 
2 
VL + wdha( hy ae 3) is ri 4 (E" ie F’)h, _ R’r’ fe R’r” 
—(M,+ Mg) 0O . . (12) 


From a consideration of the forces acting on the columns, 
H, = wih, aS cae F, -{- F, ; H, —= Woh -|- ee" — F; -+- F, ° (13) 





wyh,? / : 
M, =~) — (F; — Fy + Ful) oe (14) 
she? 
Maus ~2-2. — (Fy — Fhe + Fe(hy = ae ow CB) 


The forces F,, F,, F,, and F, can be found from eqs. (7-10) by inserting 
numerical values. From eqs. (11) and (12), V, and V, can be found, 
hence the forces in the framework (ii) Fig. 330 can be determined. By 
the use of eqs. (13), (14), and (15), the shearing-force and bending- 


moment diagrams for the columns can be set out. 
28 
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211. Snow and/or Wind.—Snow and wind may be regarded as 
occasional loads on a roof, and some difference of opinion exists as to 
the necessity of allowing for their combination. It is pointed out that 
snow cannot lodge in severe wind storms, but there is the possibility 
that the snow may have fallen and consolidated before the wind storm 
commences. In northern latitudes several feet of snow, frozen hard, 
may form a serious addition to the loads on the roof. It would appear 
rational, in this country, if the probable wind loads be calculated as set 
forth in § 50, to allow also for 3 moderate snow load, say 5 Ib./sq. ft., on 
all but steep roofs,.in addition to the wind load. If the wind loads be 
estimated in the conventional manner by Duchemin’s or Hutton’s 
formula, the snow need only be allowed for as an alternative to the wind. 

212, Worked Example.—Design for a roof principal of the trussed 
rafter type. The roof covers an open shed in an exposed position —The 
span, centre to centre of the columzs, is 75 ft., and the spacing of the 
principals is 12 ft.6 in. The covering is of galvanised sheeting 16 W.G. 
Horizontal wind pressure 30 lb. /sq. ft. ; snow 5 lb./sq. ft. 

(1) Safe Stresses—In direct tension and compression, ft = fe =: 8 
tens/sq. in. In direct shear, fs = 2/¢= 6 tons/sq. in. Safe bearing 
pressure in rivet holes, fp = 2fs == 12 tons/sq. in. Struts to be designed by 
the Johnson parabolic formula, factor of safety = 3, which is to be 
increased to 4 when the angle is attached by its back ; gL/x not to exceed 
120. 

(2) Rivets.—Rivet holes (drilled) ? in. diameter will be used through- 
out. The area of the closed rivet will therefore be 0-44 sq. in., and the 
worth of 2 rivet in single shear = 0-44 x 6 - 2-64 tons. Assuming that 
the rivets bear in a f,-in. plate (the thickness of the gussets), the worth 
of a rivet in a double shear is } x $ x 12 = 2-81 tons. 

(3) Type of Principal—For a span of 72 ft. the type of principal 
shown in Fig. 331, with a pitch of 1:4, will be adopted. The spacing 
of the purlins will then be about 7 ft., a suitable distance. There will be 
no camber. All the members of the principal will be of angle section. 

(4) Dead Weight of Roof—From the Table in § 207, the dead weight 
of the specified type of roof covering will be 7 Ib./sq. ft., including 
fastenings and purlins. The weight of the principal itself can be found 
from eq. (1), § 208. For corrugated sheeting k = 9-5, and 


9-5 | 752 
Ao ee 
12-5 | 1800 


The total dead weight per square foot of area covered is, therefore, 


w =. 4 lb./sq. ft. approx. 


poe : - 4-0 
| Ae hurry ow 5.0 
G Nee be Me mo ene 
re se be i wo 16-0 Ib./sq. ft. 
(> ; et ead ° 
From Fig. 331 it will be seen that the width of roof (measured hori- 
zontelly) supported at one panel point is (75+ 1-5) + 12 = 6-38 ft. 
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Hence the load per panel point is (6-38 x 124 x 16) + 2240 = 0-57 ton. 
This figure has been used in § 6 to calculate the forces in the bars due to 
the dead load. 

(5) Wind Load on Roof.—Use will be made in this connection of the 
results of Stanton’s experiments, § 50. As shown in the Table, p. 120, 
the value of K for the windward side of the roof of an open shed, if the 
pitch be 1:4, is 0-4. Therefore the normal pressure on the windward 
side of the roof, due to a horizontal wind pressure of 30 lb./sq. ft., is 
30 x 0:4 = 12 lb./sq. ft. The negative pressure on the leeward side is 
negligible (i.c.). The load at « panel point, due to a normal pressure of 
12 lb./sq. ft., is that on an area 7-13 x 124 gq. ft., the pitch of the panel 
points being 7-13 ft.; this load is 7-13 x 12} x 12 + 2240 = 0-48 ton. 
It will be assumed that the snow has consolidated on the roof before the 
wind rises, and hence that both snow and wind loads act simultaneously. 

(6) Calculation of Forces in the Mesrbers.—The stress diagrams for the 
dead and wind loads should now be drawn, and the forces in all the 
members of the principal should be calculated. These diagrams are 
given in Figs. 13 and 14, and the method is set forth in § 6. Since the 
roof is supported on columns, it should be assumed that one-half the 
horizontal component of the wind pressure is carried by each column, 
as explained in § 209. The maximum force in each member is given in 
the Table on p. 12. It is not necessary to treat the wind as a live load 
(see § 44). 

(7) ('aleulation of the Scantlings.—In the present case, the roof itself, 
and the forces in all the members, are symmetrical about the centre line, 
and it is only necessary to consider one-half the roof. 

Rafter—Bars Nos. 1-6. The forces in the different panels of this 
member range from — 8-79 to — 10-49 tons; the same section will be 
used throughout. Consider first the lowest panel, bar No.1; its length 
to the centres of the gussets may be taken as 72 in., the force in it is 
— 10-49 tons. It is riveted to gussets at each end ; the lower one forms 
part of the shoe of the truss and possesses considerable rigidity, the other 
will hardly do more than hold the bar fixed in position. The condition 

“of the mcmber evidently approximates to that of a column position- 
. and direction-fixed at the lower end, and position-fixed at the other. It 
will probably not be far wrong to take gq = 0:8 (§ 158), so that the length 
"gq: =(-8 x 72 = 58 in. Using the Johnson parabolic’ formula and 
-applying Asimont’s device, § 164, the necessary area of the member is 


\given by eq. (4), § 164, 

_ 1 4g(qL)*)  ; 

a wooo + a loa. in. 

‘ Double angles, forming a tee section, will be used, for which g ranges 

| from 2-6 to 3-30. Taking a mean value of 3-0, and adopting a factor 
\ of safety of 3, 


: 2 
0 = apap {8 X 10-40 x 22404 2% SX CSE 





40.000 | = 2-10 oq, in 


a 
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Two 34 x 3 x jin. angles, back to back, have a total area of 3-12 sq. in., 
which is more than sufficient. The minimum « of this section is 1-09, so 


that: —_ = a3 = 64. From the Johnson formula, eq. (3), § 164, the 
crippling load on this section is 
4/qL\? 3°12 ( 4 
R = ai 40 oo of a — = 40, Rs Ol cy 
a| 000 (=) 2240 = 5575 40,000 — 5(64)"| = 50 tons 


hence the factor of safety 7 = es es 4-7. There is therefore ample 


10-49 
strength. 

Testing the bay immediately above this, bar No. 2, the load is 9-57 
tons. The gussets which hold this bar are only two-hole gussets attached 
to a light angle, the degree of direction-fixing is small, and it will be safer 
to take q = 1; since L = 865} in., the value of gL/« is 854 + 1-09 = 79. 
Applying the Johnson formula, R = = 40,000 — : (70) = 44 tons; 
and y = 44 + 9-57 = 4-6. 

Considering next the possibility of bending in a direction at right 
angles to the plane of the principal, the panel points are held in position 
by the purlins. The degree of direction-fixing is small, and q should be 
taken as 1. The value of « for primary bending in this direction = 1-29, 
and gL /« = 85} + 1:29 = 67. Rivets (with . in. washers) about 
27 in. apart will be used to connect the two angles; qL/« = 30 for the 
single angle; hence qL/« for the double section = +/67? + 30? = 74 
(see § 160). It-will be evident from the preceding calculation that there 
is ample strength in this direction. 

The ¥ in. gussets will be placed between the two angles, so that the 
rivets are in double shear. The worth of a ? in. rivet in double shear 
is 2-81 tons, hence the minimum number of rivets necessary at the lower 
end of the rafter is 10-49 — 2-81 = 4, and at the upper end, bar No. 6, 
is 9-22 — 2-81 = 4. 

If possible, these angles should be made in one piece from ridge to 
eaves, otherwise joints 

(8) Struts ——The main strut, bar No. 14, is 128 in. long, panel 
point to panel point, and the load in it is — 2:97 tons. The value g = 1 
should be taken for this member, so that gL = 128. If the value of 
gL/« is to be less than 120, the smallest section which can be used is 
two 34 x 3 x } angles back to back, min. « = 1:09, qL/«K = 128 + 1-09 
= 1]8. The crippling load for this strut, a = 3-12 sq. in., using the 


Johnson formula, is R = 3 40,000 — usr = 29-8 tons; and 


7 = 29-8 + 2-97 = 10. , The strength is therefore more than sufficient 
in both directions. A 3 x 24 x } in. double angle would carry the load, 
but the ratio gL/« = 138. 

Two rivets in double shear at each end are required. 
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The size of secondary struts, bars Nos. 11, 12, 16, and 17, is likewise 
determined by the ratio gL/x. Their length is 77 in., and the force 
in them 1-19 tons. The minimum value of « for a 3 x 3 x } in. angle 
is 0:59 in. Hence, taking g = 1, the value of gL/« = 77 + 0-59 = 130. 
This is over the limit, but the crippling load of the strut, according to 
the Johnson formula, is 14-7 tons, and the factor of safety is 14:7 + 1-19 
= 12-3. This is three times as much as is necessary, and the section will 
be adopted. Two rivets in single shear will be used in each end. 

For a study of the stresses in a strut attached by its back (as are the 
above members), see § 167. , 

(9) Diagonal Ties—Bars Nos. 9 and 10 (made in one piece). The 
maximum load occurs in bar No. 10, and is + 5:53 tons. At 8-0 tons/ 
sq. in. the net section required is 5:53 ~- 8 = 0:7sq.in. Trya3 x 3 x 
din. angle. The gross area is 1-43 sq.in. Deducting the area of a rivet 
hole in the vertical flange, ? x } -= 0-19 sq. in., and one-half the area 
of the outstanding flange, § 151, 4 x 2-75 x } = 0-35 sq. in., the net 
area is 1-43 — 0-19 — 0-35 = 0-89 aq. in., so that the section is worth 
0-89 x 8 = 7-1 tons and is sufficiently strong. Three rivets in single 
shear, each worth 2-64 tons, will be required. 

(10) Main Tie Bar.—Bars Nos. 7, 8, and 18. The maximum force 
occurs in bar No. 7 and is 9:92 tons. Two angles, 3 x 3 x }in., back to 
back, will be used, and, from the preceding calculation, will evidently 
carry the load. In fact, since these angles are attached one each side of 
the ,ussets, they are not eccentrically loaded, and the total net area 
might be counted in (see § 151). To carry the load of 9-92 tons, 9-92 
+ 2-8] -= 4 rivets in double shear are required in the ends of this member. 
These rivets share the vertical reaction at the supports, and the arrange- 
ment shown in Fig. 331 will be adopted. 

The double angle section will be carried right across, but owing to the 
great length of the bars, joints must be introduced at the panel points 
where bars Nos. 8 and 18, 108 and 18, meet. The maximum force in 
bar No. 8 is 7-71 tons, and in No. 18 is 4-39 tons. Four rivets, two in 
uouble shear, two in single shear, will easily carry the load. The arrange- 
ment of the joint is shown in (i) Fig. 331. 

(11) Secondary Ties—Bars Nos. 13 and 15, maximum load 2-22 tons. 
A 23 x 24 x } in. angle will easily carry this load, and 2 rivets in single 
shear are required. 

(12) Choice of Secttons.— Unless there are a large number of principals 
to be made, all of the same type, it is doubtful whether it is worth while 
to introduce the new section 24 x 24 x } in. for the above members. 
In the present design a 3 x 3 x } in. will be used for bars Nos. 13 and 15, 
and as both main struts and rafters are 34 x 3 x } in., there will only be 
two sections in the roof. This modification will increase the weight of 
each principal by 38 lb., but probably will not increase the cost. 

(13) Purlins.—The area supported by a purlin is 12-5 x 7°13 aq. ft. 
When carrying its maximum load, it supports a dead weight of 7 Ib. for 
the covering, plus 5 tb. for the snow = 12 lb./sq. ft. of area covered. The 
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component of this, normal to the sloping surface, is 12 x (2/4/5) 
= 10-8 Ib./sq. ft. Adding to this the normal wind pressure, 12 lb./sq. ft., 
the total normal pressure is 22-8 lb./sq. ft., and the normal load on the 
purlin is 12-5 x 7-13 x 22-8 + 2240 = 0:91 ton. Taking the maxi- 
mum bending moment as WL/10 (see § 201), 


WL 0-91 x 12:5 x 12 
10 10 


and at 8 tons/sq. in. the required section modulus is Z = 13-7 + 8 
= 1-71 in®. A5x 3x § in. angle, Z = 1-83, is sufficiently strong. 
The ratio of span tc depth is 150 + 5 = 30/1, which is permissible in 
such cases. The above calculation neglects the effect of the component 
in the plane of the roof covering. There is little doubt that the latter 
is resisted, partially at least, by the stiffness of the covering in its own 
plane. 

The purlins at the ridge act as part of the longitudinal wind bracing, 
(ii) Fig. 331, and are stressed as struts. They, however, carry only 
one-half of the normal pressure on the intermediate purlins. 

(14) Lay-out of Roof.—The general arrangement of the roof is shown 
in (ii) Fig. 331. To complete the structure, the columns, their founda- 
tions, the girders supporting the intermediate principals, the longitudinal 
wind bracing, and the covering (if any) down to the eaves at the ends, 
must be designed. Suitable drainage arrangements must also be planned. 


M = = 13-7 inch-tons, 
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QUESTIONS ON CHAPTER XII 


In the following designs for roof trusses, assume that the horizontal wind 
pressure is 20 lb./sq. ft., and the weight of snow 5 lb./sq. ft. In closed-in 
buildings, take account of the negative pressure on the leeward side of the 
roof. The safe stresses and rivet details given in § 212 may be used. 


Corrugated 
Sheeting 





1. Roof over an open shed. Principals spaced 10 ft. apart, and carried 
on columns. 


2. Roof over a building. Princi: aced 8 ft. apart and carried on 
brick walis. eee ee . 
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3. Compound roof truss covering a factory building. Principals spaced 
10 ft. apart and carried on columns. Neglect any effect which one truss may 
have in shielding the next from the wind. Hint: Find the forces in the 
members CD, DE by the method of sections. 

4. The sketch represents the roof for an island railway platform. AA are 
two longitudinal girders running the full length of the roof. The columns 
are spaced 25 ft. apart longitudinally, and the pitch of the principals is 
12 ft. 6 in. 

5. Design the hipped end for the roof indicated in the figure. 

6. Knee-braced roof truss for a closed-in building. Columns and princi- 
pals spaced 12 ft. 6 in. apart. The roof is covered with glass. In this case 
the columns may be taken as hinged about the bottom of the concrete base. 


CHAPTER XIII 
ARCHES 


213. Arches. Definition.—An arch, Fi,;. 335, may be loosely defined 
as a curved structure which supports a system of loads by virtue of the 
end thrusts which sustain it. It tcllows that the curvature must be 
convex to the direction of the app:ied louds. An arch may be, and 
normally is, subjected to bending muments throughout its length, but it 
is to be distinguished from a curved beam in that its stability is dependent 
on these thrusts. 

214, The Linear Arch. The Line of Thrust.—If, for a system of 
vertical loads W,, W., W; . . ., Fig. 333, a load line dg and pole O be 





Fie. 333. 


taken, aud a funicular polygon AJ,B be drawn, passing through the points 
AB, this funicular polygon represents the shape which a series of links 
would assume under the action of the given system of loads. Such a 
series of links would form an elementary arch which would support this 
particular load system. It is clear that the arrangement is in equilibrium, 
for the three forces meeting at the point J,, viz. the thrusts in the links 
AJ, and J,J, and the vertical load W,, are represented in direction and 
magnitude by the sides of the triangle Ode in the force polygon. Similarly, 
the three forces which meet at the point J, are represented by the triangle 
Oef, and so on for the other points. The funicular polygon represents, 
therefore, the direction of the thrust at every point in this elementary 
arch ; and the magnitude of the thrust in each link is given by the lengths 
of the lines Od, Oe, Of . . . in the force polygon, measured to the force 
scale. Such a funicular polygon is termed a linear arch. Although in 
equilibrium under the particular load system, such a series of links would 
evidently be highly unstable, for the slightest variation in the load 
system would bring about the destruction of the whole arrangement. 
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For this reason a practical arch must possess rigidity, so that it will 
retain its shape notwithstanding the inevitable changes in the magnitude 
and direction of the thrusts which result from variation in the load condi- 
tions. For each load condition, however, there will be a funicular 
polygon corresponding to the linear arch AJ,B, which will represent the 
direction of the thrust everywhere in the arch. This is called the line 
of thrust, and when it is known, the bending moment and stresses in the 
arch at every cross-section can be determined. 

215, The Horizontal Thrust of the Arch.—Suppose that AJ,B, 
Fig. 333, represents the line of thrust for an arch which is carrying the 
system of vertical loads W,, W., W, . . . At any point J the direction 
of the line of thrust is J,J,;. The magnitude of the thrust along J.J, is 
given by Of in the force polygon, measured to the force scale, and so on. 
At the ends of the arch the directions of the thrust are given by 
the lines AJ, and BJ; respectively, and it is obvious that the reactions 
R, and R, at the supports are equal in magnitude to the thrusts in AJ, 
and BJ,, but reversed in sense. It follows that in an arch the abutments 
must be capable of carrying not only vertical reactions, but both the 
vertical and horizontal components of these inclined reactions. 

Draw a horizontal line Oh in the force polygon, and let Oh = H. The 
length H, measured to the force scale, is evidently the horizontal com- 
ponent of each of the forces Od, Oe, Of . . . That is to say, the hori- 
zontal component of the thrust in the arch is everywhere the same, 
provided that all the loads be vertical. Further, since H is the horizontal 
‘component of the thrusts in both AJ, and BJs, it is the horizontal com- 
ponent of the inclined reactions, i.e. it is the horizontal force which each 
abutment must carry. The vertical components of the reactions can be 
obtained by taking moments of the applied forces about A or B, or from | 
the force polygon, Fig. 333. The magnitude of H must be obtained 
from the conditions of equilibrium of the arch. 

It is clear that, by varying the position of the pole QO, an indefinite 
number of lines of thrust corresponding to the load line dg can be drawn 
to pass through Aand B. Only one of these can be the true line of thrust, 
and there can only be one value for H. The methods by which this is 
determined are given later. In the meantime it is useful to find the 
relations between two lines of thrust for a given load system, each passing 
through A and B. 

From the properties of the funicular polygon, the moment M of all 
the vertical forces to the left of any section JN, Fig. 333, is given by the 
ordinate JN, measured to the distance scale, multiplied by H measured 
to the force scale (see § 33, Vol. I), icc. M = H x JN. M would evidently 
be the bending moment at the cross-section in a similarly situated beam. 
Let AJ,’B, shown dotted, be the polygon corresponding to a new pole O’ 
and a new polar distance H’. ‘hen, as before, the moment M at the 
same section is H’ x J’N. Hence, 

H JN 


M=H x JN=H’ x JN; org, = . . (1) 


» 


476 MATERIALS AND STRUCTURES 


That is to say, the ordinates at any section J’JN of two similarly situated 
funicular polygons vary inversely as the polar distances of the corre- 
sponding force polygons. 

In certain simple cases the foregoing considerations are sufficient to 
determine the horizontal thrust of the 
arch. Let (i) Fig. 334 represent a 
parabolic arch carrying a uniformly 
distributed load, w per unit of length. 
The funicular polygon, or line of 
thrust, for this load condition, hke the 
bending-moment diagram for a sim- 
ilarly loaded beam, will be a parabola. 
Hence a parabolic linear arch, theo- 
retically, will support the load. If Fic. 334. 

H be the horizontal thrust of such 
an arch, and D its rise, at the centre of the funicular polygon the 
moment 





2 ° 2 
M =“ Hx D; and H =o : ; . (2) 

In a practical parabolic arch, thus loaded, the theoretical linear arch 
will form the centre line of the arch, and there will be no bending moment 
anywhere in the arch (cf. § 216). The stress on every cross-section will 
be a pure normal stress. 

The above is true for every parabolic arch passing through A and B, 
with its vertex at C. The flatter the arch, the greater the horizontal 
thrust. The end conditions, whether hinged or fixed, do not affect the 
problem. This case is the converse of the suspension chain considered 
in § 233. 

Similar reasoning applies to the pair of rafters carrying a load W as 
shown in (ii) Fig. 334. Here the funicular polygon is a triangle corre- 
sponding to the bending-moment diagram for a beam carrying a central 
concentrated load, 

M = WY =Hx D; nd H= 4) : : . (3) 

For the technical terms used in connection with arches, see Fig. 479. 

216. The Bending-Moment Diagram for an Arch.—Given a system 
of vertical loads on an arch, to find the bending moment everywhere. 
Let ACB, (i) Fig. 335, be the centre line of an arch, and suppose that 
STU be the line of thrust corresponding to the load system. Consider 
any plane section K,KK, normal to the centre line, and let F, (ii), be 
the thrust of the arch at this section. The direction of F will be that of 
the line of thrust at the point where it crosses the section K,K,, and its 

magnitude is given by the line Of, drawn parallel to F, in the force polygon 

(ili). F is evidently the resultant of all the forces acting on the arch to 
the right of K,K,. 

' "Unless F act through the centre of area K of the cross-section, it will 
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produce a bending moment at the section of magnitude M, equal to the 
moment of the force F about K. Draw a vertical through K cutting the 
line of thrust at J, (ii) Fig. 335. Then F may be resolved into two com- 
ponents acting at J, F sing in a vertical direction, and F cos¢ acting 
horizontally ; ¢ is the angle which F makes with the horizontal. The 
moment of the vertical component about K is zero, the moment of the 
horizontal component is Fcos¢ x JK. Hence the moment of F about 
K, which is equal to the sum of the moments of its two components, 
is 0+ Fcos¢ x JK, and the bending moment at K is M = F cos¢ x JK. 





Fia. 335. 


Now F cos¢ = H, the horizontal thrust of the arch, represented by Oh 
in the force polygon, (iii). If JK = p, then 


M=HxJK=Hp . . .. .() 


(That is to say, the bending moment at any cross-section is equal to the 
horizontal thrust H of the arch multiplied by yp, the vertical distance 
between the line of thrust and the centre line of the arch at the cross- 
section. This is known as Eddy’s theorem.!2 Since all the loads are 
vertical, H is constant; the ordinate yz represents, therefore, to some 
scale, the bending moment at the cross-section, and the shaded area in 
(i) Fig. 335 may be regarded as the bending-moment diagram for the arch, 
with STU as the base line. If preferred, it might be plotted from a 
straight base line as shown at (iv). If ~ be measured to the length 
scale in inches, and H to'the force scale in tons, M = Hy is in inch-tons. 
Signs.—Ordinates measured above the line of thrust are considered 
as positive and represent a bending moment tending to increase the curva- 


a 
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ture of the arch. Ordinates measured below the line of thrust represent 
a negative bending moment tending to decrease the curvature. 


From the above theory an important equation can be deduced which 
applies to all arches. It will be evident from Fig. 335 that eq. (1), 
M=H x JK = Hp, may be written M= H(— JN+ KN) [in (iv) 
Fig. 335, » at section K is negative]. But from the theory of the funicular 
polygon (cf. eq. (2), § 33, Vol. I], H(— JN) = M’, the bending moment at 
the section K of a similarly loaded beam. If the arch be hinged at the 
ends, the support moments are zero, and the beam is merely supported 
at its ends ; if, as in Fig. 335, there be support moments represented by 
SA and UB at the ends of the arch, equal support moments must be 
applied at the ends of the beam. These must be determined by the 
methods of § 222. As before, a bending moment tending to make the 
beam concave upward is considered negative. Further, if the ordinate 
of the centre line of the arch KN = y, the expression for M may be 


written 
M=H x JK = H(i—- JN+ KN) =M’+ Hy . . (2) 

This equation is deduced in a different manner for a eae 
arch in § 217, eq. (2). 

It is evident that if the true line of thrust for the arch can be found, 
the bending moment everywhere is known, and the stress in the material 
can be found. There are three cases to consider, (i) a three-hinged arch, 
(ii) a two-hinged arch, and (iii) an arch in which the ends are fixed in 
direction. 

217. The Three-hinged Arch.—In a three-hinged arch, Fig. 336, a 
hinge or joint is provided at the springings A and B, and also at the 
crownC. Neglecting any friction 
there may be, it is evident that 
the hinges can transmit no bend- 
ing moment ; i.e. p at a hinge i is 
zero, and the line of thrust passes 
through the centre of the hinge. 
The problem reduces, therefore, 
to finding a line of thrust for 
the given system of loads which 
passes through three given points. F1a. 336. 

A graphical solution is simple, 

and to make the problem more general it will be assumed that the hinges 
A, B, and C, (i) Fig. 337, are not symmetrically placed. With a load line 
dg, and any pole O,, draw the force polygon (ii) for the given load system. 
Starting with a line in the space F, parallel to O,f, and passing through C, 
draw the line of thrust A,CB,, cutting the verticals through A and B in 
A, and B, respectively. This line of thrust will, in general, not pass 
through A and B. Join A,B, and draw O,h in the force polygon parallel 
to A,B,. Through h, draw Oh parallel to AB, and take a new pole O 
such that H:H,::CN,:CN; where H and H, represent the polar 
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distances of the poles O and O,, and CN and CN, are the vertical heights 
of C above the lines AB and A,B, respectively. Then a line of thrust 
drawn to suit the pole O will pass through A, B, and C:’ 

This is the true line of thrust for the three-hinged arch. The ordinate 
p at any section K, Fig. 336, is now known, and the bending moment 
there is M = Hu; H is measured to the force scale, y to the length scale. 
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Analytical Treatment.—The bending moment at any section of a three- 
hinged arch carrying vertical loads may be found analytically as follows : 
Let ACB, Fig. 338, represent the arch, span L, rise D, and let K be any 
point on the centre line. Since the forces acting on the pin C are in 
equilibrium, they cannot in any way affect the external forces acting on 
the structure. Therefore the vertical reactions V, and V,, acting at 
A and B respectively, can be found by taking moments of the vertical 
forces about B and A in turn, exactly as in the case of a beam. The 
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horizontal thrust can be found by taking moments about the pin C. 
Let 2 W, be the total load acting on the right-hand side of the arch, and 
z” the distance of its centre of gravity from C. Then, 


L a” 
(EW,)e” — Vag + HD =0; or, H= yet Way) 
which determines the horizontal thrust H. 

Consider next the forces acting on the arch to the left of section K. 
The moment of these forces about K will be the bending moment at K. 
Let 2% Wz be the total load acting on the arch to the left of K, and # 
the distance of its centre of gravity from K ; then, 


Mx = — V,x+ (2 Wz)i+ Hy=Mx'+ Hy . . (2) 
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where Mg’ = — V,z-+ (2 Wz)z. Mx’ is the negative bending moment 
which Sy menage occur at a section "a distant x from the elt hang. reaction of 


setenger © eed pee ntl as 


represents Hy ; the difference JK = p represents Mx, the bending moment 
on the arch. Having found H, the true polar distance is known, and the 
line of thrust can be drawn. 

Alternatively, the magnitude and direction of the thrust at K can be 
determined as follows : Consicer the forces to the left of K. The vertical 
component of the thrust at K is (V, — & Wz). The horizontal com- 
ponent is H. The resultant F of these two components, (ii) Fig. 338, 
represents in magnitude and direction the thrust at K. This may be 
resolved normally and tangentially to the cross-section as shown. The 
normal component Fg produces a direct stress on the cross-section, the 
tangential component S produces a shear stress. The bending moment 
at K can be found from eq. (2) above; the bending and direct stresses 
must be properly combined. 

92 218, Three-hinged Spandrel-braced Arch.—In a three-hinged 
spandrel-braced arch, (i) Fig. 339, it is not necessary to draw the line of 
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thrust. The reactions on all three pins should be determined, and the 
iorces in the bars found by drawing a stress diagram, or otherwise as may 
be convenient. The reactions V,, V;, and H can be obtained by the 
analytical method of § 217. The reactions at the pin C can be found 
by considering the equilibrium of one-half the arch, (ii). The horizontal 
reaction at C is evidently equal to H; the vertical reaction V, = 
& W,—V,. All the external forces are now known and the stress 
diagram for each half of the arch can be drawn. 

Worked Example.—(i) Fig. 340 represents the outline of a three- 
hinged spandrel-braced arch. It carries three loads of 10, 20, and 30 
tons respectively in the positions shown. Draw the stress diagram for 
the left-hand side of the arch (I.C.E.). Find the vertical reactions 
by taking moments about the right-hand end pin. Using the panel 
length as a unit, V,; x 10 = 30 x 24+ 20 x 7+ 10 x 9; V, = 29 tons; 
Vas 10 + 20 + 30 — 29 = 31 tons. 

. Find H by taking moments about the centre pin; for the left-hand 
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side of the arch, (ii), 29 x 70— 10x 56— 20 x 28=H x 28; 
H = 36-4 tons. V,;= 2 W, — V,= 10+ 20— 29=1] ton. The ex- 
ternal forces on the left-hand side of the arch are then as shown in (ii). 
They are evidently in equilibrium. The stress diagram can be drawn in 
the usual way ; it is shown in (iii). To obtain an accurate streas diagram 
for a structure with a curved flange such as (i) Fig. 340, the outline (ii) 
must be set out to a large scale. - 






Vl! E 
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219. Unsymmetrical Three-hinged Arch. Any Load System.—The 
more general problem of an unsymmetrical three-hinged arch, carrying 
loads which are not vertical, can be solved graphically by the method 
shown in Fig. 341. Let ACB be the arch, R’ the resultant of all the loads 
on the arch between A and C, and R” the resultant of all the loads between 
Cand B. First suppose that R’ is the only load on the arch. Join BC 
and produce to cut R’ in G,, join AG,. Then BG, is the line of action 
of the reaction R,’, and AG, that of the reaction R,’. The magnitudes 
of these reactions can be found by resolving the resultant R’ along G,B 
and G,A as shown at (ii). Next suppose that R’ is the only load on the 
arch. Join AC and produce to cut R” in G,; join BG,. Then AG, is 

Zt 


® 
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the line of action of the reaction R,”, and BG, is the line of action of the 
reaction R,”. The magnitude of these reactions can be found by resolving 
R” along G,A and G,B as shown at (iii). When R’ and R” both act on 
the arch, the magnitude and direction of the total reactions can be found 
by combining R,’ and R,” to find R, as at (iv), and by combining R,’ 
and R,” to find Ry as ut (v). The thrust R, on the pin at C can be found 
by combining R,” and R,’ as shown at (vi). 

The line of thrust can now be set out. In (vii), let pg and gr represent 
R’ and R’ respectively. Then rO and Op, drawn parallel to R, and R,, 
will represent in magnitude and direction these reactions, and 0 will be 
the true pole. Set out W, ... Wg, the components of R’ and R’, 
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jo.n to the pole O, and draw the line of thrust in the usual way. It will 
pass through the three pins. 

For the purpose of finding R’ and R” from the given loads on the 
arch, subsidiary funicular polygons can be used as shown at (viii). 
The force polygon for (viii) i is shown by the broken lines in (vii), the pole 
being O”. 

"When the loads are not vertical, the horizontal thrust of the arch, H, 
is not constant. H,, the horizontal thrust at A, is the horizontal com- 
ponent of R, ; H,, the horizontal thrust at B, is the horizontal component 
of R,; and H,, the horizontal thrust at C, is the horizontal component 
of R,. The sum of the horizontal components of all the external forces 
acting on the arch to the left of C, including H,, must be equal to the sum 
of the horizontal components of all the external forces acting on the arch 
to the right of C, including H,, and each sum must be equal to H, in 
magnitude. Eddy’s theorem, § 216, will still apply: that is to say, the 
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bending moment at any cross-section of the arch is equal to the horizontal 
thrust H multiplied by p, the vertical distance between the line of thrust 
and the centre line of the arch at the cross-section, M = Hy; but in this 
case, H is the horizontal component of the thrust on the particular cross- 
section. 

220. Two-hinged Arch.—In a two-hinged arch, Fig. 342, hinges are 
provided at the springings A and Bonly. It follows that the line of thrust 
must pass through the points A and B. An indefinite number of lines of 
thrust can be drawn passing through two points A and B, and in order to 
determine the true line of thrust, a second condition must be taken into 
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account. This condition is that the distance between the points A and B 
is assumed to remain constant. 

Consider a thin slice of the arch K,KK,, (ii) Fig. 342, contained 
between two normal sections, and 8/ in thickness. ‘Suppose that the 
bending moment which acts on the slice is M, and that it causes a change 
of slope dc in the elementary length 81. Then from eq. (5), § 91, Vol. I, 
= where I is the moment of inertia of the cross-section at K. Asa 
consequence of this change of slope, suppose that A would move to A, 
were it free to do so. It is to be understood that AA, is the motion 
resulting from the deformation of the elementary strip only ; it is the 
motion which would occu if the arch to the right of the strip were held 
fixed, and the pin at A removed, the portion of the arch to the left of the 
strip remaining rigid. Then the angle AKA, is the change of slope 80, 


14 
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_AA,_ M 





that is to say, do = AK = EL: 61. Now the horizontal component of 
the motion AA, is AA,. But, by similar triangles, 

AA, KN. _ AA, _ _M _ 
AA, = AK? hence, AA, = Ak -KN = y . bo = pay - 8, if KN = y. 


AA, is the horizontal motion of A due to the deformation of the elementary 
strip 51. Similarly, every elementary strip from A to B will cause a 
horizontal movement of A, some a positive motion, some a negative 
motion. The total horizontal movement of A is the addition of all these 


B 
motions, which is a .dl. But if AB is a fixed length, the horizontal 


motion of A must be zero. Hence, 
BM 
—~—y.al=O0 . ; : . . (1 
\ a (1) 


Graphical Procedure——For the given system of vertical loads on the 
arch, take any pole Q,, (iii) Fig. 342, polar distance H,, and draw a line 
of thrust AT,B, making it pass through A and B. The construction 
given in § 217 can be used for this purpose. Let the ordinate J,N of 
this line of thrust, measured on the vertical KN, be u. Suppose that 
ATB be the true line of thrust, at present unknown, which also passes 
through A and B, and let the ordinate JN of this, measured on the vertical 
KN, be ku, where & is a constant. If the value of & can be discovered, 
and a new line of thrust be drawn using a polar distance H = H, ~ k, 
the ordinates of the new line of thrust will be & times those of the old, 
eq. (1), § 215; that is to say, H will be the true polar distance and will 
represent to the force scale the true horizontal thrust of the arch. 

Now from § 216, the bending moment at K is 


M=H> KJ = H(KN — JN) = H(iy — ku). . (2) 
(KJ in Fig. 342 is negative). Insert this value of M in eq. (1), 


BM BH 
—y.dl = \ —(y — ku)y.dl = 0. 
Joa? J ay ~ bow 


In this equation H, the horizontal thrust, is constant; E and & are 
constant; I may or may not vary. The integral can therefore be written, 


By? 

HCP! ap BPM at 0: or, k | 7-4 

a [o. +e fF = Q; or, aur ae . (3) 
ju al 
Lt 


If the values of I, y, and uw are such that the integrals can be evaluated, 
the value of & is thus determined. It is usually necessary to adopt some 
semi-graphical procedure such as the following: Divide the centre line 
ACB into a number of equal parts each 8! long. Measure the values of 
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y and u at the centre of each part, and tabulate the corresponding values 
of y?/I and yu/I; add these up. Then since d/ is constant, 


k = i nd H = H,[ 24 = Ae . . (4) 


The following tabular arrangement should be used : 


— eee 


Ordinate. 


= 


a ee 











re + ene 








Inserting the summations in eq. (4), the value of H is determined, 
and the correct line of thrust can be set out. The ordinate p» at any 
section between the line of thrust and the centre line, measured to the 
length scale, multiplied by H measured to the force scale, gives the 
bending moment at the section. Alternatively, the bending moment M 
can be calculated from eq. (2), § 216, M = M’ + Hy. : 

Analytical Treatment.—The value of H may also be found as follows : 
From eq. (2), § 216, M = M’ + Hy, where M’ is the moment about K of 
all the vertical forces to the left of that point ; i.e. it is equal to the bending 
moment* at a section K distant x from the left-hand reaction of a beam, 
span L, supported at the ends and carrying a like vertical load system to 
the arch. Then from eq. (1), 


B BY’ B , B a,2 
| La a= | eee. a= | ay + v_ dl=0 
A A 





EI EI EI EI 
B a 
| vy dl 
from which H=-=— ; . (5) 
y 
\ ud 
ia 


In finding M’, the usual convention is to be observed that a bending 
moment making the beam concave upward is negative. 
In cases where direct integration is impossible, the semi-graphical 


* M’ in this chapter is to be distinguished from the same symbol used in § 94. 
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procedure previously used can be adopted, and the centre line divided 
into equal parts 51, when 


H=(X,(—-My/f)+Uiy]  . .  . (6) 
the tabulation taking the form 


Ordinate. y — M’ 





Knowing H, the true line of thrust can be drawn, or the bending moment 
M everywhere can be calculated from eq. (2), § 216, M = M’ + Hy. 
From the theory of the funicular polygon, — M’ = H,u, Fig. 342, 
H,yu/I = — M’y/I, and eq. (6) follows directly from eq. (4). 
Iitegration Device.—Each integral in eq. (3) contains the factor 51/I ; 


the semi-graphical integration described above is simplified if the parts 
into which the centre line 


ACB is divided are so 
chosen that 5//I is constant 
for each part. The following 
graphical method of doing 
this is due to R. Mayer.* 
Assuming that the two 
halves of the arch are sym- 
metrical, on a base line OC, 
Fig. 343, representing 1/2 
the developed length of the 
half centre line, plot a curve 
TU representing the value 
of 1/I for every point in the 
half arch. Divide this curve 
into a number of parts by 
mears of the ordinates 
0... 5, which need not 
be equally spaced. Unequal 
spacing is convenient in Fie. 343. 

that it permits sudden 

variations in 1/I to be taken into account moré easily (see the worked 
example, §. 221). Project across from the centre of each element on to 
a vertical RQ at a convenient distance from O. Using O as pole, and 
RQ as ‘load ’ line, draw the funicular polygon OV, such that op in the 
space 2 . 3 is parallel to OP and so on. Then by similar triangles, 


pq _ PQ. _ PQ il 7) 
og 0Q’ °°” P= 59-9 5(F 


* Der Bauingenieur, Bd. 6, 1925, p. 466. 
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since, for the element 2.3, PQ = 1/1; 0g = Al; whilst OQ=h. Now 
CV is the sum of all such elements as pq, hence 


_ Leap Al 
cv = DRT - ee 8) 


Divide the distance CV into n equal parts (in the figure there are five) by 
means of the sloping line VW, and project across to cut the funicular 
polygon. Then the triangle o’p’q’ corresponds exactly with the triangle 


opg, and as in eq. (7), p’q’ = :(7): ‘But p’q’ = 1/nth of CV and is 


A\I 
constant for every segment such as 2’.3’. Therefore the segments 
O.1’; 1’.2’ ... represent values of 61 for which 8//I is constant, 


and are those required for the integration. For clearness, //2 in the 
figure has been divided into five parts only ; in practical work a closer 
subdivision is necessary. It will be observed from eq. (7) that 

PI = se == (area of the 1/I curve between the ordinates 2 . 3) + h. 
Hence CY represents the area OTUC, and the curve OV might be set out 
by repeated use of a planimeter or by means of an integraph. 


From eqs. (3), (4) and (6), if 5//I be constant, k = Diy+d,yu; and 


H = H,(2.yu + Uy] = (2a (- My) + Day]. - 9) 

To effect the integration therefore, divide the centre line of the arch 
into parts 3! obtained from 
Fig. 343; measure y and u 
at the centre of each part; 
tabulate the values of yu and 
y*® ; add them up; then insert 
the sums in eq. (9) to find the 
value of H. 

Particular Case. As a first 
approximation it is sometimes 
assumed that I = I, sec 6, 
where JI, is the moment of 
inertia at the crown of the 
arch, and @ is the inclination 
of the arch to the horizontal at 
any section. Then di = dx x sec 9, and the intcgrals of eq. (3) become 


] B ‘ d 1 B d 
- | y? dx; \ yu . de 
a I, A 
whence, from eqs. (4) and (6), 


B B B B 
H =H, | yds =| y*. de] = | ~My. de + { 9? de | (10) 
A A A A 


As an example of the above method of treatment, consider the case 
of a two-hinged parabolic arch ACB [(i) Fig. 344], span L, rise D, in which 
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I = I, sec 0, and carrying a single concentrated load W at a point Q 
distant J, from A. The equation to the parabola is 


4D 
= yaxL—2) . Cee AD 


The bending-moment diagram for the load W, were it carried by a beam of 
span L, would be the triangle a’q’b’ [(ii) Fig. 344] of which the maximum 
ordinate is Mg’ = — WI,I,/L, and the ordinate at any section distant 2 
from A is 


n'p’ = M’ = si ea i a Slee 


Similarly, working from the other end, the ordinate at any section distant 
2” from B is np” = — WI," /L. Then the integral [eq. (10)], 


B ty 
("My .de= + (iy wae (hey, dx”. 
‘. 9 L L 


Kq. (11) for y, owing io its symmetrical form, will hold for both these 
integrals if x be changed to x” for the second. Then, 


by 
[ey dz age » al (L — x)a? . dz; 


9 L L 
and 
B 
{ ~My .dz = aL ~— 3l,)+ ore [4L — 3l,] 
A 
WD I, 


= —— Al, 2 + 3l,l, + 1,7] ; for L =. l, + l,. 
The integral [eq. (10) ], 
» 16D? 8 
2 git ate 2(L, — x)? . da = -- D? 
\y dt = i |. x*(L — x)*?. 15D L. 
Then, from eq. (10), 
a » : . 5WI,l, 
H= \ = M’y dx \y 2 a | - S15 "11! + 31,1, + l 3°] (12) 
or, in terms of a single variable J,, Wer rsin B 


é aD i,(L — U,)(L? + Li, — 1?) . » (13) 





H = 


Knowing the magnitude of H, the bending 
moment everywhere in the arch can be found. 


In a two-hinged circular or segmental arch of 
uniform cross-section (I = const.) carrying a single 
concentrated load W, Fig. 345, if R be the radius of the centre line, 
R and 6 current co-ordinates, 


y = R(cos@ — cosa); dl = R. dé. 


Fia. 345. 
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From eq. (5), 
Qa >? 26 
H=- | My .dt-= | y* dl 
0 0 


_ w 2i(sin® a — sin® 8) — cos a(a sina + cos a — B sin B — cos ) (14) 
— a — 3sina cosa -+ 2a costa 


For a semicircular arch (a = 90°), 
4W . 
H = W cos* B/a = F, {2 os 1)| . : . (15) 


221. Two-hinged Arch. Worked Example.—The span of a two- 
hinged circular arched rib is 180 ft., rise 30 ft., (i) Fig. 346; it carries 





3 : 
eon A TTT eto torres 
| +146 M=M+Hy | 


| K | 


| ft-tons | 
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a total dead load of 14 tons per foot (measured horizontally). I at the 
crown = 3:20 x 10* in.‘, I at the springings = 7-78 x 10‘ in‘ The 
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variation in 1/I is shown in (iii) Fig. 346. Find the horizontal thrust 
of the arch and the bending moment everywhere. 
If R. be the radius of the centre line of the arch, 


(2R — 30) 30 = 902; and R = 150 ft. 


The length of the centre line of the arch from springings to crown is 
96-48 ft. 

From the given variation in 1/I, find by the integration device of 
Fig. 343 the lengths 6/ for which 6//I is constant. The construction is 
given in (iii) Fig. 346. It will be noted that the Al ordinates have been 
chosen to suit the sudden variations in 1/I. The values of 5/ are given 
in column 3 of the Table, the half centre iine being divided into 8 parts. 

The centre line can now be divided up, (i) Fig. 346, and the value of y 
at the centre of each 8/ division scaled or calculated, and entered in 
column 4 of the Table. 

The load is transmitted to the arch by verticals placed 15 ft. apart, 
so that the load on each is 15 x 14 = 22} tons. Set out the M’ diagram, 
(ii) Fig. 346. This may be done graphjcally or by calculation, treating 
the loads as if they were carried on a beam of 180 ft. span supported at 
each end. The value of — M’ for the centre ordinate of each 8/ division 
is entered in column 5 of the Table. If y is given in feet, — M’ should be 
given in ft.-tons. The values of — M’y and y? can now be calculated 
and entered in columns 6 and 7. The summations % (— M’y) and & y? are 
obtained by addition. From eq. (9), § 220, 

H = 2(—M’y) 875,610 
~ Lys  4,402-6 

As both the arch and the load are symmetrical about the centre of 
the span, only one-half the arch is included in the above summations. 
Had the conditions been in any way unsymunetrical, it would have been 
necessary to include the whole arch. 

A rough check on the value of H can be obtained by supposing the 
arch to be of parabolic outline, when from eq. (2), § 215, 

wl? 14 x 180? s 
H = BD = “8 x 30 -= 202-5 tons. 

The value of M everywhere is most easily obtained from eq. (2), 
§ 216, M = M’+ Hy. The values of Hy are given in column 8 of the 
Table, and the algebraic sum of columns 5 and 8 give the values of M, 
which are entered in column 9. These values are plotted in (ii) Fig. 346 ; 
the shaded area represents the dead load bending-moment diagram for 
the arch. 

222. Arch Direction-fixed at each End.—If the arch be fixed in 
direction at its ends, there will be a bending moment at each abutment, 
which prevents any angular movement of the end cross-sections, exactly 
as in the case of a direction-fixed beam. As a consequence, the line of 
thrust will not pass through the points A and B, but will be displaced 
vertically by distances ., and j,, as shown in (i) Fig. 347, where ACB is 


= 198-9 tons. 
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the centre line of the arch and A’T’B’ the true line of thrust. From 
§ 216, the fixing moment at A is M, = Hy,, and at Bis M, = Hu,. To 














Ordi- 5 4 M=M’ 
ate: iM éi* ¥y —M = My y Hy +Hy 
ps ft.. | ft. 
1 /in.‘ ft. ft. ft.-tons. | ft.-tons. ft.® tons. | tons. 
0 1-285 x 10-5 
Ss 15:6) 4-53 802 ‘ 3,630 20-5 901 {+ 99 
l “ 
* 14:6; 12-30 2,300 28,290 | 151-3 | 2,446 |+ 146 
2 : 
im 18-2) 18-86 3,635 68,560 | 355-7 | 3,751 |+116 
3 i= l . 
2 13-3} 23-75 | 4,674 | 111,010 | 564-1] 4,724 |+ 50 
4 
ed 11-6| 26-81 5,346 143,330 | 718-8 | 5,833 |— 13 
5 2 
: 10-1] 28-65 5,732 164,220 | 820-8 | 5,698 |~— 34 
6 7 
. | 7-7) 29-58 5,949 175,970 | 875-0 | 5,883 |~— 66 
7 oO e 
Fx 7-4| 29-94 | 6,032 180,600 | 896-4 | 5,955 |— 77 
8 3-125 x 10-5 
| 
875,610 4,402-6 7 
* Giving equal values of 51/I. H = — = 198-9 tons. 
| , Pe ii H 
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“f i ' 1 ae 
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find the line of thrust for a direction-fixed arch, these distances 4, and 
jt, must be determined, in addition to the constant k of § 220. There are 
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thus three unknowns, and three conditions of equilibrium must be taken 
into account. It will be assumed (a) that the horizontal distance between 
the points A and B remains constant; (b) that the vertical movement 
of A relative to B is zero ; (c) that the ends remain fixed in their original 
direction, i.e. that the change of slope from A to B is zero (compare 
§ 58, Vol. I). The first two conditions imply that the ends are fixed in 
position, the third that they are fixed in direction. 

As in § 220, consider a thin slice K,KK,, (ii) Fig. 347, normal to the 
centre line at K and 8! in thickness. Owing to the deformation of this 
thin slice, suppose that A would move to A, [see (ii) ] were it free to do so. 
Then the angle AKA, = 8c, the change of slope in the elementary length 


61; and, as in § 220, do = Bele . 51, where M is the bending moment 


AK EI" 
on the slice. The horizontal component of the motion AA, is AA,, where 
_ AAL 2s _M 
AA, = 7g -KN=y.b0= 57 y- 8; 


if KN = y. But AB is constant, hence fhe total horizontal movement 
of A relative to B is zero, and 


3M 
-_ y.dl=0 : : ; . (1) 
ja 
Similarly, the vertical component of the motion AA, is A,A,, where, 
by similar triangles, A,A, = aa AN =z. 80= are . ol, if AN = 2. 


But A and B are fixed points, and the total vertical movement of A 
relative to B is zero, hence 

BM ; 

: El zx.dl= ° ° ° ° ( ) 


Now the bending moment M on the elementary slice is made up of 
two parts: Mp, the bending moment which would exist if the ends of 
the arch were hinged, and M’, due to the fixing moments; so that 
M = Mp + M” (cf. § 57, Vol. I). The value of M’ at A is H x p,, and at 
Bis H x w,. Hence the trapezoid ABB’ A’, (i) Fig. 347, can be regarded 
as @ fixing-moment diagram. At the section KN, distant x from A, the 
fixing moment is H x NN’, where NN’ is the ordinate of the trapezoid ; 


NN® = py + (42 — #4:)2/L, and thefefore, M” = H 441 + (Hs — mz} 


To obtain the value of Mj, proceed as in the case of the two-hinged 
arch. With a pole Q,, (iii) Fig. 347, and a polar distance H,, draw any 
line of thrust AT,B, passing through A and B, of which the ordinate 
J,N = u. Suppose that ATB would be the true line of thrust on the arch 
if the fixing moments were zero, and let the ordinate JN of this curve = ku. 
Then, from § 216, M, = H x JK = H(KN — JN) = H(y — ku). [KJ in 
Fig. 347 is negative]. The true bending moment at K is, therefore, 


M = Mp + MT = Hey — bu) + Hla + ea — az | . (3) 
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Inserting this value in eq. (1), 


BM H a 
Jay | ail oh + fant Ga mael |y-at =o. 
Since H, E, and & are constant, this equation may be written 
H/*l x 
Z|. iLy — ku) + {1 + (us - wos} |y .dl = 0 
or, -i 7 al + [% = dl + pal A ee al 7Y dl=0. (4) 


I’ L J, Tr 
Similarly, from eq. (2), 


BM H . 
| at a Vaal @— + ft (Hs — #1) r} Je-a=0 


which reduces to 
Be hip et » 
-il a+\ 2 T° ate wl dl + L eS d= 0, (5) 


The third condition of equilibrium i is that the change of slope from one 
end of the centre line of the arch to the other is zero. Now the change 


of slope in the elementary length 3/ is 50 = a . 61. Hence the total 


BM 
| ga. toe ek (8) 


Inserting the value ra M from eq. (3), 


ou 
which, since H, E, and k are constant, reduces to 


By By Bdl ws — nf" _ 
“ten tare co) p=. 


From the three equations (4), (5), and (7) the three unknowns ,, 
fg, and k can be determined, provided that the integrations can be 
effected. The semi-graphical method used for the two-hinged arch may 
be adopted. Divide the centre line ACB into a number of equal parts 
each 61 long. Measure the values of z, y, and u at the centre of each part, 
tabulate the values of all the integrals in eqs. (4), (5), and (7), and make 
the necessary additions. Since 6/ is constant, these equations become 


change of slope from A to B is 


— bE ee + Ee + ME pose =0.  . 8) 
2 
—kE +E P+ pt a0. . 
1 
— kU + EF + Bag + pT . . (10) 


3 
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three simultaneous equations giving the values of y;, 4,, and k. The 
method of tabulation to be adopted is the following : 





Ay. Ag Ae Ay 


Denoting the summations by A, . . . Ay, and putting n, = X and 
(ue — £;)/L = Y, eqs. (8) to (10) become 
A,X + A,Y — A,k+ A, = 0 
A,X + A,Y — A,k+ A, = 0}. ‘ : . (11) 
A,X + A,Y — A,k + As = of 
These equations may be solved as simultaneous in the usual way, or 
by means of the following determinant : 


x —~Y —k 


—|] 
= = eee SC Eee ‘ (12) 
Az Ag Ag} | Ag Ag Ag Ag Az Ag Ag Az Ay 
Ag Ag Ay Ag Ag Ay Ag As Aq Ag As Ag 
Ag Aq Ag Ay Ag Ag; | Ay Az Ag A, Ag Ay 




















Great accuracy is necessary when solving this equation in order to 
obtain a correct result. 

Knowing &, the correct polar distance H = H,/k can be found, and 
hence the line of thrust, ATB can be drawn. This is not the true line of 
thrust, which passes through A, and B,. Since py, and p, have been de- 
termined, these points are known. Lower the line of thrust ATB by an 
amount equal to the ordinate of the trapezoid ABB’A’ at each section 
(ie. J becomes J’, where JJ’ = NN’, and so on). Then A’I’B’ is the 
true line of thrust, and the shaded area is the bending-moment diagram 
for the arch. At any cross-section, the ordinate jz of this diagram, measured 
to the length scale, multiplied by H measured to the force scale, is the 
bending moment M at the section. 

If the integration device of § 220 be used so that 5//I = const. for each 
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segment, eqs. (4), (5), and (7) still hold, but I in the denominator of each 
term must be put equal to unity. 

Since H = H,/k, k may be replaced by H,/H; and since — M’ 
== H,u, where M’ is the ‘ beam’ bending moment (see the Analytical 
Treatment, § 220), eqs. (8), (9), and (10) may be written 


M’ ay 
or oA pr das + Mt La 7p = 0 - —. (13) 
M’ | 2 
re “7 + mr tert Mays <0. . (14) 
. Mw L-: a x 


These equations may also be used if the integration device of § 220, 
61/I = const., be adopted ; but I in the denuminator of each term must 
be put equal to unity. 

In finding M’, the usual convention is to be observed that a bending 
moment which makes the beam concave upward is negative. 


W=1 










Vo 
es 


eee, eon b»-— -— x ale 
petra Ol es oes fe H 
lg ee ~Yy— om, 
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Analytical Method for Influence Lines. Symmetrical Arch—For the 
purpose of constructing influence lines, if the arch be symmetrical, it is 
convenient to take origin at the crown* and consider each half of the arch 
separately. The co-ordinates z, y of any point K on the arch are as 
indicated in Fig. 348, not as in Fig. 347. The three unknowns at the crown 
of the arch are H, the horizontal thrust ; V,, the vertical shearing force ; 
and M,, the bending moment. From the three conditions of equilibrium 
set forth on p. 492, these unknowns can be determined. As before, 
bending moments tending to make the arch convex upward are called 
positive. Suppose that a single load W is applied at the point G distant z 
from the origin, and consider the deformation of the left-hand half of the 
arch. The bending moment at any point K between A and G is 


* A further simplification ‘of the equations results if origin be taken at the elastic 
centre Og of the arch. CoOg = = fiy/El) di — i (1/EI) dl. In this equation y is 


the ordinate to the centre line measured from AB. This procedure involves the 
ee summations indicated in order to find Og, which minimises its advantages. 


a 


496 MATERIALS AND STRUCTURES 


M = W(2 — z) — Hy — V,r+ M,; and at any point K between G 
and C is M = — Hy — Vgx+ My. From eq. (1) the horizontal move- 
ment of C relative to A is 


‘Mo at=( iw Hy —V dl 
\ a’: = | af (x — z) — Hy — Vox + My}y . dl + 
@ as 
| gyi Hy — Vor + Moy 
El 
af at —(2L say + Viz — Mw dl 
=| e-9y. -\ aE y+ Vor oy. al. 


Treating the right-hand side of the arch in a similar way, the hori- 
zontal movement of C is 


BY 
\ a -- Hy + Vye + My . dl. 


The sum of these two horizontal movements is the increase in span of 
the arch due to W, and this from Condition (a), the span remaining con- 
stant, is zero, 


“Ww at— (ny + Vv dl 
By 
+ | a Hy + Voz + Myjy .dl = 0. 
El 


Since the arch is symmetrical, AC = CB = [/2, where / is the length of 
the centre line. Hence the equation reduces to 
l 
Alp — 242 2 
wi oY a 2a)" dl +. 2M, | Y d=0  .(16) 
I a ol 


Ga 


=~ 


From eq. (2), considering the left-hand side of the arch, the vertical 
movement of C is 


4M AW A] 
\ a x.dl= \ (x — z)z. dl — | ayfty + Vor — M,}z al. 


Considering the right-hand side of the arch, the vertical movement of 
C is 


BY 
\ a — Hy + Vor + M,}x. dl. 
oEL 


If, fromm Condition (6), the two supports A and B remain on the same 
level, these two vertical movements must be equal, 


pu dt — (“Lay + Viz — Miia . dl 
(2% ena (Eo Wa mae 


B 
= | gy Bvt Vie + M,}a . dl 
G 
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or, since the arch is symmetrical, 
l 


Pala __ 2 2 
w | SF dl — 2¥4) 5 dl =0 


G 0 
w{ © > ee i 
Vo=—f—— -  .s t) 


2a 
a 
i 


From eq. (6), considering the left-hand side of the arch, the change of 
slope from C to A is 


AM AW A l 7 
eh peda | _ M3. 
\. ar \ i ee, \ a! y + Vor — M,} . dl 


and, considering the left-hand side, the change of slope from C to B is 





whence, 


BY 
\ al — Hy + Vor + My}. dl. 


From Condition (c), since both ends of the arch are fixed in direction, 
the total change of slope from A to B is zero, hence 


Ww at— (tye Verma} dts (y+ Vi24M}. dl = 0 
\ q@—9)- — | aid y+ Vor—My} . + | al yt Vogr+My}. dl = 


whence, taking account of symmetry, 
l 


w[e5? a onl Fa 2M, [. 
q i ol 


Treating eqs. (16) and (18) as simultaneous, 


é 
wf oe, dl x « fa wi (% — 2) atx (E dl 
“— I vl , I 


E 
2dl 
I 





=0.  . (18) 





[fe Br 


w | SoA y at x a ay atx (Sd 
M, = G 0 G 0 . (20) 


[fr f(t] 


The three unknowns H, V), and M, can be found from egs. (19), 
(17), and (20), and without solving simultaneous equations. If, for the 
25 


. (19) 


and 


80 | ™~ 
Co) ew 





® 
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purpose of effecting the summations, the length / be divided into equal 
segments 6/ as in eqs. (8), (9), and (10), 








a(t — a al a(% — 2) ay 
. Ww, - i xX Bez — WH, i x Ug 7 a 
= A ay)? eA) 
2 [ext } 
wzs ' — 2) 
V eee ; ‘ : : ; : . (22) 
; gpa 
oy 


wri — 2 x a¥ wrt Tt x yok 
Mg = gc. (28) 


ay? at feay!) 
2 Es x oT = |%c ial "] 
If the integration device of § 220 be used, so that 61/1 = const. for each 
segment, eqs. (21), (22), and (23) will hold, but I in the denominator of 
each term must be put equal to unity. 

In elliptic arches, or arches of the basket-handie type, it is best to use 
eqs. (19), (17), and (20) with di altered to 8l, for the purpose of effecting 
the summations, and to take shorter segments 5/ near the springings 
where the curvature is great. 

Knowing H, V, and M), the bending moment everywhere in the arch 
can be calculated from the expressions for M given above. 

223. Effect of Direct Thrust.—The above equations neglect the 
shortening of the arch axis due to the normal thrust Fa, Fig. 338. This is 
chiefly of importance in flat arches. The contraction in length of the 
strip K,K,, (ii) Fig. 347, due to Fa, will be Fa . 61/Ea, where a is its area. 
The horizontal projection of this is Fa. 8! x cos @/Ea, where @ is the 
inclination of the arch axis at K; and the total shortening of the span, 
supposing the ends were free to move, would be 


BEG B (H cos 6+ V sin @) cos @ BH 
— eee rr care ec A AT — anune dl ° l 
\ Ea |. Ea a \e ”) 


for Fg = Hcos 8+ Vsin 9, eq. (2), § 229, and it is customary to assume 
for this purpose that H cos @ + V sin @ = H sec 0, which is only approxi- 
mately true even when the inclination of the line of thrust to the arch 
axis is everywhere small. 

T'wo-hinged Arch.—The expression on p. 485 for the decrease * in the 
span, leading to eq. (5), § 220, if corrected for the effect of direct thrust, 
should read, therefore, 





BM’ >H 


* See AA, (ii) Fig. 342. 
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BY’ 
: TY: dl 
and H=— 4 ___. e ° . e (2) 
y I 
[eas | - dl 
al a@ 


Direction-fixed Arches.—The expression on p. 496 for the alteration 
in the span, leading to eq. (16), § 222, if corrected for the effect of direct 
thrust, should read, 


AW a] 
\ a — zy. oe | itty + Vox — My} y . al 


BY BH 
+ | gl - Hy + Vor + My dt —| 5 .dt=0 


and eq. (16), § 222, becomes 
i 


wi. e— 2 a—a([(t als | pees dl=0Q (3) 
@ 


To take account of this effect of the direct thrust, therefore, the term 
(y?/I)d? must be replaced by [ | (y?/I)dl + fa jaydt lin the denominator 


of eqs. (19) and (20), § 222, and also in the numerator of eq. (20) ; similarly 
with egs. (21) and (23), § 222, which become 


wre 25 8 x nee — Wis = | x Ba% 
Ho » a 


al | al al 7 vl] 
Se Eo x Loy | 207 


a(z — 2) A a—-2z foay® cal) 
Wa, “1 x Boy — Wea “a * 20 of Zon 


2 } 
[fete] at _fent 


M, = (5) 


Kq. (22), § 222, for V5, may be used as it a 

224. Abutment Displacements.—The above theory can be modified to 
take into account either horizontal, vertical, or angular displacements of 
the abutments, by equating the expressions representing the motions of 
the ends of the span to the said abutment displacements instead of to 
zero. Care must be taken regarding signs. See also § 93. 

225. Temperature Stresses in Arches.—If the coefficient of linear 
expansion of the arch be a, and an 
increase in temperature ¢° occur, 
every dimension of the arch would 
increase by at times its original length 
were it free to do so. Thus the 
span L of the arch would become 
L(1 + at) in length. This increase 
in length is prevented by the rigidity 
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of the abutments, with the result that, in two-hinged and direction-fixed 
arches, temperature stresses and bending moments are set up which need 
to be taken into account. Ina three-hinged arch an increase in tempera- 
ture merely causes the crown of the arch to rise an amount A, which can 
be calculated. The distance J, from pin to pin, Fig. 349, becomes 
I,(1 + at), and JC’ == lat. From the geometry of the figure, 

: _1fat L?+ 4D? 
ee a oe =D =p -# ~ (1) 


This movement relieves the arch of stresses primarily due to tempera- 
ture. 

Two-hinged Arch.—The attempt of a two-hinged arch to increase in 
span when the temperature rises is prevented by the abutments, which 
means that the horizontal thrust H is increased by an amount H;. This 
extra force prevents the expansion. It produces at any section K, 
Fig. 342, a bending moment M = H¢ x y, where y is the ordinate at K. 
It was proved in § 220 that a bending moment M, acting on an elementary 
length 6/ of the arch, produces an alteration in length in the span AB 
of (M/El)y . dl, which, summed from end to end of the arch, implies a 
total alteration in length of span of 


BM BH 
_ ey: 
This is the negative alteration in length produced by Hp, and it must 


be equal in magnitude to the positive alteration Lat produced by the 
change of temperature, since the span dves not alter. Hence 


H; (342 By? 
Lat = 4 .dl; or, Hy = LEat + \% al. . (2) 

Knowing H;, the bending moment Hy everywhere is known, and 
hence the temperature stresses can be found. It will be noted that the 
integral is one of those already evaluated in § 220. The line of thrust 
for Hz is evidently the line AB, which with the centre line of the arch 
forms the bending-moment diagram. The temperature stresses must be 
properly combined with those due to the loads on the arch. 

Directton-fixed Arch.—In a direction-fixed arch, if as in most practical 
cases the arch be symmetrical about its centre, the effect of an increase 
in temperature will be to call into 
play a horizontal thrust H¢ prevent- 
ing an alteration in length of the 
span, and a fixing moment M,, at 
each support preventing any change 
of direction there, Fig. 350. 

As in Fig. 348, origin will be 
taken at the centre C. Suppose the 
bending moment there, due to temperature effects, to be My. There will 
be no vertical force at C due to this cause. Then the bending moment 





Fia. 350. 
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at K(xy) will be M = My — H,y, and tlie resulting change in the length 
of span, § 222, will be 


é 
BMy 2] 


The change in the length of span due to a rise ¢° in temperature == Lat, 
hence the total change in span, which must be zero, is 


2] 
2| (My — Hey)y . dl + Lat = 0 
9 EI 


whence 
l 
3 
0 


I 
2Me| 7 dl 2H | Y" dl -+ ELat =0 3 
poe ty @- = : - (3) 


Further, since the ends of the arch are fixed in direction, the total change 
of slope from A to B must be zero ; hence, see eq. (6), § 222, 
eon ey = eg eae 
| a= | ay of — Hey) .di= 

whence 

t dl 
2M | _— 2H| 

ol 


Solving eqs. (3) and (4) as simultaneous, 


d 

2 

Ydl=0 . .. (4 
al 


i 
2dl 
ELat | ~ 
H; - ot (5) 
4 \T- (aee | 
2| | dlx \ —- — ~ .dl 
l 
2 
ELot| dl 
Me 0 (8) 
2 y? 5 {ig t) 
a) | 2 a aa cal 
Ue ee Va Nor 
and ‘ 
My=—-HDiMy . ; , : : . (7) 


From these equations the stresses due to temperature can be found 
in the usual way, and must be properly combined with those due to the 
loads on the arch (see § 322). 


TRAVELLING LOADS ON ARCHES 


226. Influence Lines for Three-hinged Arches.—Let ACB, Fig. 351, 
be a three-hinged arch, over which a load W = unity passes from left to 
right. Consider the conditions when W is at some point G between A 


y 
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and C, and distant z from A. The line of application of the reaction R, 
will pass through B and C, and intersect the load line and the reaction R, 


in the point G. Resolve R, 
into its vertical and hori- 
zontal components V, and H. 
The component H will be the 
horizontal thrust of the arch 
when W is in the position 
shown. Taking moments 
about A, V, = W2/L; taking 
moments about C, HD = 
V,L/2, and H = W2z/2D; 
or, when W = een 
H = 5 . (I) 

This will reach its maxi- 
mum value when W is at 
C and z = L/2, max. H = 
WL/4D;; or, when W= unity, 
max. H = L/4D. When W 
crosses to the right-hand half 
of the arch, by taking mo- 
ments about C, HD = V,L/2, 
where V, = W(L — 2)/L; 
hence H = W(L — z)/2D, or 
when W = unity, 

L—z 


Bes #2) 
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The influence line for H will be the double triangle a,d,6,, 
(ii) Fig. 351; the ordinate g,h, of which, under the load, gives the 


magnitude of H for a unit 
load at G. The straight 
line a,d, is the graph of 
eq. (1); a,b, is the graph 
of eq. (2). The maximum 
ordinatec,d, = L/4D; and 
the ordinate g,h, under 
the load = 2/2D. 

The influence lines aeb, 
afb, for the vertical reac- 
tions, (iii) Fig. 351, are 
identical with those for 
a simple beam, § 32, and 
@j;),0 is the influence line 
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for the vertical shear V, i.e. for the vertical component of the thrust at K- 
For an unsymmetrical arch carrying a vertical load system, Fig. 352, 
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if H, and H,, V, and V, be the components of the end reactions, 
H = H, cosy = H,cosy. The magnitudes of V, and V, are the same 
as in the previous case. Taking moments about C, 


\ ols VV Loz « if W ead H a Laz 3 
wes a ie or | = 1, = I D ° . { ) 


max. H occurs when the load is at C, and z=1,; max. H = 1,1,/LD. 
The influence line for H is the double triangle @,d,),, (ii) Fig. 352, of 
which the maximum ordinate is 1,1,/LD. 


The influence line for the bending moment at any section K of the 
arch in Fig. 351 can be set out as follows : From eq. (2), § 216, 


M=M’+Hy . . . .. . 4) 


where M is the bending moment at K ; M’ is the negative bending moment 
which would exist at a similarly situated section of a beam of span L, 
supported at the ends and carrying a similarly placed unit load ; y is the 
ordinate of the centre line of the arch at the section K. Draw an 
influence line a’7’b’, (iv) Fig. 351, for a unit load passing over the similarly 
situated beam, § 27, and on the same base line plot an influence line for 
Hyg. The values for H are obtained from (ii) ; yx is the ordinate KN 
at the point K. The maximum ordinate c’d’ = c,d, x KN. Then, 
from eq. (4), the difference in the ordinates of the two influence lines in 
(iv) forms the influence line for M, the bending moment at K. 

This applies equally to the unsymmetrical arch of Fig. 352. 

Stresses on a Cross-section—Having set out the bending-moment 
influence line, (iv) Fig. 351, the bending moment at K can be found, for 
any position of the moving load, from the ordinates or area of this 
diagram, under the moving load, in the usual way. The stress fp due to 
bending can therefore be computed. To this must be added the direct 
stress due to the thrust. The magnitude of the horizontal thrust for the 
same position of the moving load can be found from the ordinates or area 
under that load in (ii); and similarly, the magnitude of the vertical 
component V of the thrust at K can be found from (iii). These two forces 
can be compounded to find F, the total thrust on the section, (ii) Fig. 338, 
which in turn can be resolved into Fa and S, the normal and tangential 
components of the force on the section * [see eqs. (2) and (3), § 229]. The 
direct stress fa = Fa/a, which combined with fo gives the total stress on 
the cross-section (see the.worked example below). This operation must 
be repeated for a number of positions of the moving load, in order to find 
the maximum stress which may occur on any cross-section. 

The process of finding the stresses fg and fp separately, and then. 


- “<a lines for Fg and S can be constructed by the methods given in § 229, 
ig. 369. 
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combining them, can be avoided by making use of the properties of the 
core, § 97, Vol. I. The stress anywhere on a cross-section is 


_ at Fa Mv Fa Foev Fav (x? 
frfethe stfu gt Tit t4 


= o (w + e) at the extreme fibres. 


Fg is the normal component of the thrust, and e is the distance of its 
point of application from the centroid, (i) Fig. 353 ; a is the area, and 
Z = I/v is the modulus of the cross-section ; 
w= «?/v = I/av = Z/a is the radius of the 
core. At the top of the cross-section (ex- 
trados), v= v,, Z= Z,,w=@,; call the stress 


fmax, At the bottom (intrados), v= — vp, 
Z=—Z, w=—w,; call the stress fmin, 
Then, 


frnax, = po (ws + ¢); frnin, = 5702+ €)~(6) 
1 2 


In this equation Fg, being a compressive force, 
is to be given a negative sign; eis positive 
when it falls above the centre line, and negative 
when it falls below. <A negative value for the 
stress denotes compression. 

Set out the radius of the core on each side 
of the centre line as shown in (i) Fig. 353; w, is 
set out below the centroid and w, above it (cf. 
Fig. 162, Vol. I). Then Fa(e + w,) and Fa(e— w,) 
in eq. (5) are the moments of Fg about the 
edges of the core. If, therefore, moments be 
taken about K, for the extrados stress and 
about K, for the intrados stress (instead of 
about K as heretofore), the total combined 
stresses fmax,. and fmin, are obtained directly, 
for BK, = (e + w,) and BK, = (e — w,). 

A separate bending moment influence line is required for each of the 
two stresses. For the extrados stress, y = KN in eq. (4) (from which the 
bending moment influence line is set out) is replaced by K,N,. The 
vertical k’;’ of (iv) Fig. 351 will fall in line with K,N, [see the full lines 
in (ii) Fig. 353], and the ordinate c’d’ of (iv) Fig. 351 will become c’d’ 
= ¢,d, x K,N,; otherwise the construction is exactly similar to that 
used in (iv) Fig. 351. For the intrados stress, KN is replaced by K,N, ; 
k’;’ falls in line with K,N, [see the broken lines in (ii) Fig. 353]; and 
_ ed’ = c,d, x K,N,. Then fmax, = Mx,/Z,, and fmin, = Mx,/Z;. 

In a masonry arch of rectangular cross-section the radii of the core 
are D/6, and the points K, and K, lie on the boundary of the middle 
third of the arch. 
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By this device, the maximum extrados and intrados stresses can at 
once be determined from the influence lines, see p. 506. 
wv’ Worked Example.—Suppose (i) Fig. 354 to represent a three-hinged 
arch of 40 ft. span, 10 ft. rise, carrying a uniform load of 1 ton per foot 
which covers the left-hand half of the span. Assuming that the load is 
transmitted directly to the arch, find by means of influence lines the 
maximum and minimum stresses at the section K, distant 13 ft. measured 
horizontally from A. 

The horizontal thrust of the arch will be given by the area under the 
load of (ii) Fig. 351, i.e. by the area d,a,c,, 

Lb 0 | 1 
~ 4D 4x10” 
therefore the area d,o,c, = $ x 20 x 1 = 10, and H = 10 x 1 ton/ft. 
= 10 tons. From (iii) Fig. 351, since ae = bf = 1, and V, and V, are 
given by the areas under the load of the triangles aeb and afb respectively, 
V,= 2 x 20 x 1 ton/ft. = 15 tons; 
V,=} x 20 x 1 ton/ft. = 5 tons. 
The vertical component of the thrust at K is given by the area under 
the load of the figure aj,7.b, and is, 

V = (¢ x 13 x 0-325 — 4 x 7 x 0-675) x 1 ton/ft. = — 2 tons, 
and is therefore an upward force. The graphical determination of the 
forces on the cross-section is given in (ii) Fig. 354. The thrust at K, 
which is the resultant of 
H = 10 tons and V = 2 | ton/ft 
tona, is F = 10-20 tons; | 7k C ™ B 
resolving this normally A —t. 10" 
and tangentially to the (1) For 
section at K, the normal 
component Fa = 10-17 
tons, the tangential Fic. 354. 
component or shearing 
force on the cross-section is S = 0-87 tons. The bending moment at K 
is given by the area under the load of (iv) Fig. 351. The negative area 
under the load of the triangle a’j’b’ represents — 110-5 ft.* x 1 ton/it. 
= — 110-5 ft.-tons; (k’j’ = 8:78 ft.). The ordinade c,d, of (ii) = 1 
(see above), and KN = 9 ft.; therefore c’d’ = 9 ft., and the area under 
the load of the triangle a’d’b’ represents + 90-0 ft.? x 1 ton—ft. = + 90 ft.- 
tons. Hence the bending moment at K is Mg = — 110-5 + 90-0 
= — 20-5 ft.-tons, or — 246 in.-tons. 

_ The area of the cross-section is 21-2 sq. in.; the relevant moment 
of inertia is 950 in.‘, and the depth of the section is 20 in.; the section 
is symmetrical, hence Z = 950 + 10 = + 95 in. 

The direct stress on the cross-section is 


Fa 10 7 17 ° 
eS aie 0-48 tons/sq. in. 
the negative sign denoting compression. 


c,d, 


S-oa7T. ley 













™ 
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The maximum bending stress is 


Mx , 246 
Ge oe = -+ 2-59 tons/sq. in. 
Hence the maximum stress is — 0-48 — 2:59 == — 3-07 tons/sq. in. ; 


and the minimum stress is — 0-48 + 2:59 = + 2-11 tons/sq. in.; the 
+ sign denoting tension. 

These stresses could have been found by means of the properties 
of the core. The radii of the core w, = — w, = Z/a = 95 + 21-2 
= 4-48 inches. Since Mg= Fa xe; ¢ = Mg/Fa = — 246+ — 10-17 
= + 24-18 inches. Then, from eq. (5), 


max, = i (w, + e) = — ae ea {4:48 4 24-18} = — 3-07 tons/sq. in. 
1 


fmin, = re Wet e)=+ ae 4 4-484 24-18} = 4-2-1] tons/sq. in. 
2 


Alternatively, bending moment influence lines could be set out for 
K, and K, as before explained (see Fig. 353). From a full-size set-out, 
KK, measured horizontally is 0-105 ft., and AK, is 13-105 ft.; K,N, 
= 8-642; k’j’ = 8-812 ft.; c’d’ = 8-642 ft.; the area under the load 
represents — 110-71 + 86:42 = — 24-29 ft.-tons, and the maximum 
stress at the extrados is — 24-29 x 12/95 = — 3-07 tons/sq.in. Similarly, 
for the intrados stress, AK, measured horizontally is 12-895 ft.; K,N, 
== 9-358 ft.; k’j’ = 8-738 ft.; c’d’ = 9-358 ft. ; the area under the Joad 
represents — 110-29 + 93-58 = -- 16-71 ft.-tons, and the minimum 
stress is — 16-71 x 12/ (— 95) = + 2-11 tons/sq. in. 

227. Influence Lines for Three-hinged Spandrel-braced Arch.—Let 
ACB, (i) Fig. 355, be a spandrel-braced arch hinged at A, B, and C, and 





Fia. 355. 


suppose that a unit load W passes over it from left to right. When the 
load is at G, distant z from A, the vertical reactions will be V,=W(L—z) /L, 
V, = Wz/L, and the horizontal thrust H = Wz/2D (see § 226). The 
external forces acting on the two halves of the arch will then be as shown 
at (ii). It is evident that each half is in equilibrium. The forces acting 
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on the left-hand half can be resolved into two groups as shown at (iii) 
and (iv) Fig. 355. Considering the load W by itself, (iii), it will produce 
vertical reactions at A and C of V,’ = = , z; and V,’ = ane 
respectively. Considering the two horizontal thrusts HH by themselves, 
(iv), it is evident that, for equilibrium, vertical reactions V,” and — V,” 
must be called into play at A and C, such that H x D=V,” x L/2, 
and that 
2HD 2D Wz Wz 


“L L‘'2D L 


If (iii) be superposed on (iv), it will be seen that the state of affairs 
shown at the left-hand side of (ii) will be a for 


V,” eae ye V3 = 


2W (L W: 
Vie Wega etna 
++ ur «= Ch SW COWzsC Wz 
gpa NRL egg Seer ae ag 


If then the influence line for any bar K,Q,, (i) Fig. 356, be found for 
both the load conditions shown at (iii) and at (iv) Fig. 355, and the two 
be superposed, the influence line for the conditions shown at (ii) Fig. 355 
will be obtained. The influence line for load condition (iii) Fig. 355 is 
evidently that for a braced frame supported at each end, and is found by 
the methods of § 35. It is shown in (ii) Fig. 356 and is obtained by finding 
the intersection point I and setting up in = r(r + L/2)/(L/2)r;. The 
influence line for load condition (iv) Fig. 355 will be a triangle aeb ; 
for, taking moments about I, (i) Fig. 356, if F,” be the force in K,Q,, 
for the conditions shown in (iv) Fig. 355, 


F,’r, = Hd — V,’r = aad es ir 
or, if W = unity, 
zia r 
EF 7 = -— = ae e e ° e e ] 
mar r 1) 


This is the equation to the straight line ae plotted as shown, for it will 
be observed that for the particular load position, the force in K,Q, due to 
load condition (iv), Fig. 355, is compressive, and adds to that due to load 
condition (iii), also compressive. 

When W passes on to the right-hand half of the arch, the forces on the 
left-hand side are as shown in (v) Fig. 355. V, is still W(L — z)/L, and 
V, x L/2 =H x D,so0 that H = V,L/2D = W(L — z)/2D, and V, = Vj. 
Taking moments about I as before, 

Fr, = Hd — V,r = we ae Aid Sas a 


or, if W = unity, 


L—z(d r 
SS oe OO ° ° e ° e e 2 
Bs rs {sp cf (*) 





me ne 


2D L 
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the same equation as (1), with (L — z) substituted for z. This is the 
equation to the straight line eb. The complete influence line is shown 
in (ii) Fig. 356 ; aeb is the new base line. 

The influence lines for the bars K,K,, Q,Q, are found in a similar way. 
The influence line for F',, the force in the bar K,K, for the load condition 
(iii) Fig. 355, found by the methods of § 35, is the triangle a’j,’c’, (iii) 


e 
A | i | 
e 


ILL. for K,K, 


ILL. for Q,2, 





Fia. 356. 


Fig. 356, the intersection point I coinciding with Q,. For the load con 
dition (iv) Fig. 355, taking moments about Q,, 


F,’ x d, = H(d, — d) — V,’r"= wild, — d) — wee 
or, when W = unity, 


Raza -Fp. 


' This is the equation to the straight line a’e’; the complete influence 
line is shown at (iii) Fig. 356. 


‘Similarly, for the force F, in bar Q,Q,, the influence line for the load 
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condition (iii) Fig. 355 is the triangle a’j,’c’, (iv) Fig. 356. For the load 
condition {iv), taking moments about K,, if W = unity, 

F,’r, = Hd + V,’r'; and F,” = a T5t r . . (4) 
This is the equation to the straight line a’e’ in (iv) Fig. 356, which 
shows the complete influence line. The vertical scale of (iii) and (iv) 
is one-half that of (ii). 

228. Unit Panel-Point Load Method. —Another method of treating 
the problem of travelling loads on a spandrel-braced arch is to place a 
unit load at each of the panel points of the top chord in turn, and by 
drawing stress diagrams, or otherwise, to find the forces in all the members 
of the arch due to each of these unit loads. The forces thus obtained are 
tabulated, and the actual forces in the bars are found from the real loads 
at the panel points by multiplication. 

The forces due to the dead load are first obtained, and then the forces 
for a number of different positions of the travelling load. These are then 
combined to find the maximum and minimum forces in each of the bars. 

229. Influence Lines for Two-hinged Arches.—Owing to its statically 
indeterminate nature, the construction of influence lines for the two- 
hinged arch is more complicated than in the case of a three-hinged arch, 
but where the value of H can be expressed in terms of a single variable 
the construction is simple. 

Two-hinged Parabolic Arch.—It was proved in § 220, eq. (13), that the 
value of H for a er parabolic arch in which I = I, sec @ is 


BS (b= dh 19) 


aD A(L 
if W = unity, and J, is its horizontal distance from the left-hand abutment. 
If, for different values of J,, a curve be plotted, (ii) Fig. 357, in which 
the ordinate under any load 
position gives the value of H, this 
curve will be the influence line 
for the horizontal thrust of the 
arch. 

From eq. (2), § 216, the bend- 
ing moment: at any section K of 
the arch is 


M = M’ + Hy 


where M’ is the negative bending 
moment which would exist at 
a similarly placed section of a 
similarly loaded beam, of span 
L, supported at its ends. Draw nna ee se 

an influence line a’j’b’, (iii) Fig. 357, for a unit load passing over 
the beam, § 27, and on the same base line plot an influence line for 
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Hyg. The values for H are got from (ii), and yx is the ordinate at the 
point K = KN. Then the difference in the ordinates of the two influence 
lines in (iii) gives the influence line for M, the bending moment at K (cf. 
Fig. 351). 

The General Case.—A not very laborious solution of the general case, 
in which the arch may have any shape and I vary in any way whatsoever, 
is to divide the centre line into segments for which 8//I is constant, by 
the construction given in Fig. 343. Place a unit load at the end of each 
division in turn, and find the value of H for each load position from eq. 
(9), § 220. The same values of y hold throughout this computation, 
and the integral in the de- 
nominator is the same for 
all load positions. The 
influence line for H can then 
be plotted as in (ii) Fig. 357, 
and the influence line for the 
bending ‘moment follows as 
in (iii) Fig. 357, 

Symmetrical Arches.— 
When the arch is symmetri- 
cal the work can be much 
reduced by the following 
device : Divide each half of 
the arch into the same 
number of segments. Place 
the load W = unity at the 
end of a segment, for exam- Fic. 358. 
ple at 3, (i) Fig. 358, and 
draw the M’ diagram a’g’b’, (ii), a8 for a beam. If vhe centre line of the arch 
is divided into equal segments, the magnitude of H from eq. (6), § 220, is 





_ WM’ 2 

nasa My . sty 

Consider the product —M’y for the segments 2.3, 2.3 on opposite sides 

of the centre line. On the left, —M’ = a8; on the right, —M’ = «€; yis 

the same for each segment. For the two segments, & — M’y = (a8 + «f)y. 

Make By = «{; then 2 — My=ay xy. Now it will be seen that 

ay =a'a= 2; therefore for these two segments 4 — M’y = zy. This 

applies from Ato G. Treating segments 3.4, 3.4 in a similar way, it will 

be found that a,y, = 2, and for these two segments 2 — M’y= zy. This 

applies to all segments from G to C. The expression for H can therefore 
be written 

Dye + 2 Bet 
Reo ceee fllk lUC 


2 
22,5 


ARCHES §11 


z is a constant for the particular load position. The summations for two 
load positions 3 and 5 of a particular arch are as follows; the other 
positions can be similarly treated. 


Two-HINGED SyMMETRICAL ArcH. Span 100 ft. Rise 20 ft. Ratio 5:1. 


ae ee a 

















Half Arch. Feet Units. Load Point 3 | Load Point 5 


Ord! 82 | 2 | y | 
| 


0 
. | 4-14] 3-65) ° 3-65| 13-32 
1 
113-18] 9-95 9-95) 99-00 
2 
3 
4 
5 i 











en as unity 


14-81 3 14-81 | 219-33 
33-59| 18-72 % 18-12| 328-33 
°o 
44-49|19-79| ° 119-79) 391-64 


| ht 


Equal Segments 
bo 
w 
© 
a] 


ee ee een 


2 


Divisor . 2103-24 


RL ND ST Me ee enon: eee wes, 


487-92 + 28-2 ; 
For load point 3, = ee = 0-742 


‘ 1977-03 + 50 x 0 
For load point 5, H= - signet 


See eq. (1), § 229. 


= 0-940 


The method is not dependent on the way in which the half centre line 
is divided up, but the appropriate expression for H must be used. 

Knowing the value of H for each load position, the influence line can 
be set out as in Fig. 358. 

Influence Innes for the Normal Component of the Thrust and for the 
Shearing Force.—Having drawn the influence lines for H the horizontal 
thrust, and V the vertical shear (see for example (iii) Fig. 351), the 
influence lines for Fg the normal component of the thrust, and for S the 
shearing force, on a right cross-section of the arch can be found as follows : 
Consider the cross-section at K, (i) Fig. 359. The normal component 
of the thrust at K is the sum of the components of H and V acting 
perpendicularly to the cross-section at K, which from (ii) and (iii) 
Fig. 359 is 

Ka = Hcos6 +Vsin@ . ; : . (2) 


6 is the inclination of the centre line of the arch to the horizontal at the 
point K. 
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The shearing force on the cross-section at K is the sum of the com- 
ponents of H and V acting tangentially to the said cross-section, which 
from (ii) and (iii) Fig. 359 is 


S=Vcos?—Hsin@ . (3) 


The influence line for Fg is de- 
rived from the influence lines 
for H and V, (iv) and (v) Fig. 
359, by multiplying the ordi- 
nates H by cos @ and the 
ordinates V by sin 0 and adding 
them. The V sin 6 diagram is 
conveniently set out by means 
of the graphical device indi- 
cated. The shaded area (vi) is 
the complete influence line. 

Similarly, the influence line 
for S is obtained by multi- 
plying the ordinates V by cos 6 
and the ordinates H by sin @~ | 
and subtracting them. The 
shaded area in (vii) is the com- 
plete influence line. 

These constructions are 
equally applicable to a three- 
hinged arch, Fig. 351. 

230. Reaction Loci.—Sup- 
pose ACB, (i) Fig. 360, to be Fic. 359. 

a two-hinged arch loaded with 

a unit load at G. Then if R, and R, be the reactions for this load 
condition, they will intersect at the point G on the load line. If 
now another position for W be taken, a fresh position for G will be 





R, 





Fria. 360. 


obtained. In this way a locus G,GG, may be drawn, which will 
give the directions of the reactions at once for any position of the unit 
load. The magnitudes of R,, R,, V;, V3, and H can then be obtained 
from a polygon of external forces, (ii). If the load W be of magnitude 
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other than unity, the corresponding magnitudes of the reactions can be 
obtained by simple multiplication. If there be more than one load on 
the arch, the reactions for each, separately considered, must be com- 
pounded to find the total reactions. 

In certain cases the equation to the reaction locus can be found, 
and the curve plotted from its equation. Suppose ACB, (i) Fig. 360, to 
be a parabolic arch, span L, rise D, in which I = I, sec 8. Then from (i) 
and (ii) Fig. 360, by similor triangles, S~ — 42. Bat v, ==! 

1 
when W is unity; and the magnitude of H is given by eq. (13), § 220, 
hence 





GU = Vib 23 bl, =< L(L in t}) x sD 
H HL L 61,(L — ?,)(L? + Li, — 0,3) 
eek ; 
~ «O(L? + Ld, — 1,4) ; : : - (I) 


from which the locus can be plotted. 

The form of the reaction locus depends on the shape and structure of 
the arch. For the Niagara Falls spandrel-braced arch, Messrs. Johnson, 
Bryan and Turneaure * found for the equation to the locus 


, 2-6(D — d)x® 
3S 


Origin is taken at the centre of the line AB; y’ is the ordinate to the 
curve. if this equation be applied to other spandrel-braced arches, it 
is stated that the error will not exceed 5 %. 

Freeman f gives for the equation to the locus for a spandrel-braced 
arch an expression equivalent to 


+D+2-2d. ‘ . (2) 


y= D+ dj1-3—0-26in5(1—F)| : . (3) 
This equation fits the locus for the Victoria Falls arch with some degree 


of accuracy. 

The influence line for H can be 
constructed by plotting values for a 
number of positions of the moving 
load. From this, and the _ influ- 
ence line for V, the influence lines 
for M, Fa, and S can be derived, 
§ 229. 

231. Influence Lines for Direction- 
fixed Arches.—These may be treated 
by the method of Miiller-Breslau » 
(Bd. II, Ab. 1, p. 304). A very Fia. 361. 


* ‘The Theory and Practice of Modern Framed Structures,’ New York, 1893. 
t+ Proo. Inst. O.E., vol. clxvii, 1906-7, p. 352, 
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complete exposition will be found in Molitor * (chap. xv, p. 298), to 
which reference may be made. When the arch is symmetrical, the analysis 
of § 222, p. 495, affords a simple solution. Divide the centre line of the half 
arch into a number of equal segments, Fig. 361, and apply a load W = 1 
at the end of a segment, for example at 2. Then the term Wc T zy 
which appears in eqs. (21) and (23), § 222, may be broken up into 


> 2d 





4%. for W = unity, and z is a constant for the particular 





@ T ’ 
alt position. zx and y are the ordinates at = ee of each segment. 
Similarly, the term Xe Z 7 * becomes > aq7? = = - and >A (x 5 Z)x 
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Then, from eqs. (21), (22) and (23), § 222, 


H = (Be — 2Bs)Ar — (By — 2B)As, y _ Ba~ 2Bs 
= OTSA, = AS a 
M, = (Be — 2Bs)As — (Ba — 2B,)A, 
2[A;,A,— Ag?] 


The third section of the Table is only filled up below the load point 
indicated. The figures in this section are merely quoted from the second 
section. The load W = | is placed at the end of each segment in turn, 
and the values of H, V,, and M, determined. The denominator is always 
the same. From these values the influence lines are plotted. For the 


* Ref. No. 16, Chapter V, Bib. 


ARCHES 515 


complete working out of an arch direction-fixed at the ends, see § 322, 
where the shortening of the arch axis due to direct thrust is also taken 
into account. 
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QUESTIONS ON CHAPTER XIII 


vl. An arched rib is circular, 80 ft. span, rise 16 ft., hinged at the centre 
and at the springings, and is loaded with a concentrated load of 8 tons at a 
point 15 ft. to the left of the centre measured horizontally. Find (1) the 
horizontal thrust, (2) the reaction at each springing, and the angle each 
“a makes with the horizontal, (3) the bending moment under the 8-ton. 

oad. (U.L.) 
Ans. H = 6} tons; R, = 8-33; 0, = 41° 21’; R, =6-°73; 6, = 
21° 48’; — 40-75 ft.-tons. 

v2. A circular arched rib, span 50 ft., rise 10 ft., is hinged at the crown and 
at the springings. It carries a load of 6 tons placed 12 ft. from the left hinge, 
and one of 10 tons placed 30 ft. from the left hinge, the distances being 
measured horizontally. Draw a diagram of bending moment for the arched 
rib, and state the value of the maximum bending moment. Find the re- 
actions at the hinges. (U.L.) 

Ans. Max. M = — 17°42 ft.-tons; R, = 16:07; R, = 15-50; R 
(centre pin) = 13-84; H = 13-6 tons. 

“8. A circular 3-hinged arch, span 100 ft., rise 20 ft., carries vertical loads 
of 5, 8, 7 and 6 tons acting 20, 40, 70, and 90 ft. respectively from the left- 
hand hinge, the distances being measured horizontally. Draw a line of thrust 
for the given load system passing through the three hinges, and hence deter- 
mine the horizontal thrust of the arch. (I.C.E.) 

Ans. H = 17-25 tons. 

/4. A circular arched rib is hinged at the crown and springings and carries 
the loads shown in (i) Fig. 362. Find the reactions at the hinges, and draw 
the line of thrust. (U.L.) 

. ns. Seo $219, Vz = 2:45; Hy, = 2:25; Vy = 1°67; Hg = 0-91; 
‘Ve = 0:33; Hy = 4-37 tons. 
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’ 6. A parabolic arch rib, span 64 ft., rise 12-8 ft., is hinged at the ends. 
It is loaded with two weights of 2 tons each, concentrated at points 8 ft. 
and 16 ft. from the centre, measured horizontally, on the left half of the span. 
Determine (1) the reactions, (2) the horizontal thrust, (3) the bending 
moments under each load, (4) the maximum positive bending moment, and 
(5) the axial thrusts at each load. Take I =I, sec 6. (U.L.) 

Ans. V, = 23; V,=14; H =3-2 tons; B.M. = 13-28; 11-6; 
max. = -+ 10-73 ft.-tons; axial thrusts = 3-25; 2-9 tons. 

6. The two abutments of a semicircular arch of radius R, moment of 
inertia I, sectional area a,, are connected by pin joints to a horizontal tie 
whose sectional area is a,. The structure rests without constraint with its 
ends on two walls, and a load W is suspended from the crown of the arch. 
Find expressions for the stress and strain in the horizontal tension member. 
Neglect the shear stresses, assume the wall reactions vertical, aud take E 
to be the same in both arch and tie. (U.L.) 

Ans. See § 79, Fig. 117. 

7. The span of a circular urched rib of constant cross section, hinged at 
the springings, is 100 ft. and the rise is 12 ft. The cross section of the rib 
is symmetrical and 2 ft. 6 in. deep. Find the maximum change in the 
bending stress due to a change in temperature of 50° F. Takea = 0:0000062, 
and E = 13,000 tons/sq. in. 


Ans. f = LEotDv,/[y'dl = 0-72 tons/sq. in. 





Fie. 362. 


8. A parabolic arch with fixed ends has a spen of 140 ft. and a rise of 30 ft- 
A vertical load of 5 tons rests on the arch at a distance 30 ft. to the left of 
the centre of the span, measured horizontally. Determine (1) the resultant 
reactions at the springings, (2) the bending moments at the springings, 
(3) the bending moment in the arch at the point of application of the load. 
Take I as constant. (U.L.) 

Ans. Use methods of § 222. 

V9. A three-hinged segmental arch has a span of 150 ft. and a rise of 12 ft. 
Two loads each of 8 tons roll over the arch at a distance apart of 10 ft. Find 
(1) the thrust H, and (2) the bending moment at 40 ft. from one support, 
when the leading load is vertically above this section. (U.L.) 

Ans. H = 23} tons; B.M. = 190-4 ft.-tons. 

“10. A metal arch, 80 ft. span, 16 ft. rise, is hinged at the centre and at both 
ends. The centre line of the arch is segmental. A load of 20 tons rolls over 
the arch. Find the maximum bending moment on the arch and the reactions 
at the three hinges when the load is in the position which produces the 
maximum bending moment. (U.L.) 

Ans. Max. M = 148-4 ft.-tons, under load 16:8 ft. from A. V, = 15-8; 
V,=4:2; V,=42; H=10-5; R, =19°0; Rg =11:3; R, = 11:3 
tons. 

11. (ii) Fig. 362 shows a three-hinged spandrel-braced arch, 80 ft. span, 20 ft. 
rise, depth at springings 24 ft., lower chord parabolic. Each bay is 10 ft. 
long. ‘The live load is 2 tons per ft. run and is longer than the span, the dead 
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load is 1 ton per ft. run. Show how to find the maximum and minimum 
forces in each member and determine the forces in MN, MC, MB and BC. 
(U.L. modified.) 

Ans. Forces: MN =0+ 13-4; MC =0+4°8; MB = — 5 — 10 
—3:2; —5+3-2; BC = — 23-7 — 48°8; — 23-7 + 1-6 tons (per girder). 


p— —— ——_ —- —— —— -—_ ____ —__ —_ __ —_ ——__;;, 100’ 0" + 
ei 0” —-be- — 10 0” —--be- — 100" ——-k-— 100" ——+ — 10'0" -— -+! 





es, — 0" ~ 


Fie. 363. 


12. Design for a two-hinged, mild steel, single track, arched railway 
bridge. Span 100 ft., rise 11 ft. 6in., Fig. 363. To carry a 20-unit Ministry 
of Transport Loading, § 22; equivalent live load = 2-6 tons/ft., maximum 
axle load = 25 tons. Use the stresses and impact formula given in § 196; 
i for the arched ribs = 0:45. Wind pressure = 38-65 lb./sq. ft. on the empty 
bridge ; 30 lb./sq. ft. on the loaded bridge and train. Temperature variation 
+ 30° F. Dead load on each arched rib may be taken as 0-75 ton/ft. as a 
first approximation. Design the floor system by the methods of § 196 and 
the ribs by the methods of § 229 (symmetrical arches). A segmental arch 


is suggested. 


CHAPTER XIV 
SUSPENSION CHAINS AND BRIDGES 


232. The Catenary.—-The curve in. which a uniform flexible chain 
(supposed inextensible} hangs, when loaded merely with its own weight, 
is called a catenary. The properties of 
this curve are frequently required in 
engineering problems. Let ACB, (i) 
Fig. 364, represent a uniform hanging 
chain of weight « per unit of length, 
supported at any two points A and B. 
P is any point on the curve, of which 
the co-ordinates are x and y. Consider 
the portion CP of the curve, length s. 
There are three forces acting on it, a 
horizontal tension H at C; a tension 
T at P, tangent to the curve; and ws the 
weight of the chain between C and P. Fic. 364. 

These three forces are in equilibrium and 
may be represented by a triangle as shown in (ii). Since T is tangent 
to the curve at P, the slope of the chain there will be wy = a = *, 


where H = we. Make OC = c, and take origin at O. 


ds as — @ 
Now (ds)? = (dy)? + (dx)?, and dy = 1/ 1+ (=). = 1/ 1+ = 





d 8 =r 
Hence = = Tay Y= “8? + c?, for s = 0 when y = c; from which, 
S=ayrt—c . aa ; . (QQ) 
dy 8 2_ G2 dx ¢ 
“z oC c dy vVy?--c 


By integration, - = log {fy + Vy? — c} + C,. 


When z= 0,y=c: hence C; = — loge, and 


ony + Vite my tance. 02 





3 ¢2 8 
yt V—O _ tog 4 


x 
as log 


520 * MATERIALS AND STRUCTURES 


whence, y2 — c= gt = {ce® — y}', 
‘ cj = -€ x 
from which, y= les +e i; = ¢ cosh = é ‘ . (3) 
which is the equation to the catenary. Differentiate, ov == sinh ; 
sag angie . 4 
and, s=C7 = sinh - . ; . (4) 


The length s can be determined by the simple construction shown in 
Fig. 364. In the triangle MOQ, OM= y, OQ=c. Hence 


QM? = OM? — OQ? = x? — c?, 


or from eq. (1), QM = s. QM is parallel to the tangent at P. From the 
triangle of forces (ii), T? = (ws)? + H? =- (ws)®+ (wc)® = w* (s* + c*) = wiy? 
[eq. (1)]. Hence T= wy. That is to say, the tension in the chain at 
any point is equal to the ordinate of the curve at that point multiplied 
by the weight per unit of length of the chain; and 
the difference between the tensions at any two y 
points is equal to the difference between the | 
ordinates multiplied by the weight per unit of 
length of the chain. It will be observed that H | 
is the horizontal component of T for any position 
of the point P. In other words, the horizontal OCA 
- pi 





component of the force in the chain is constant. “FS | 
Problem.—Given the length J of a chain, 5 | 

supported at any two points A and B, to ; ; |; 

find the shape of the curve if H, the hori- ie = —: iE: 

zontal component of the tension in the chain, : 

be known. Suppose C, Fig. 365, to be the 

vertex of the curve. Take origin at O, such that OC = c = H/w, where 


w is the weight of the chain per unit of length. Let the co-ordinates of 
A and B be 2,y, and ZY 9 respectively. Then the equation to the curve 


Fia. 365. 


is y = c cosh igs and since both A and B lie on the curve, y, = ¢c cosh =! 


Y¥,=C cosh <4 2; and 


Ly + Le 





epee tt , og 2 
41 poet coe | 2c sinh Fc “3 sinh 2 


Further, since = ¢ sinh =, 6, = csinh =; s,=csinh -*; and 


Pi 2,+2 
3 cosh ————* 





— {sinh 72 — sinh 72} = 2¢ sinh “22 
(oy — 69) = e/ sinh = sinh “} = 2 sinh 9 


Then Yi- Yn_ 1 — Ys Hos Ys — tanh 7! coat . (8) 


8; — 8, 
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which may be written 


i) 
cosh? 21 2s _. > e ° 6 
2c = oe " 

see Ae peek 2% + Zs 
Again, 8)? = 4c* sinh = ? cosh 50 

(y; — y2)* = 4c? sinh® =! — sinh® “11 8 

and 
(8, — 84)* — (y, — y,)* = 4c? sinh® es Joosht 228 — ginht 2 








=| 


(8; — 8)? — (y, — ¥3)? _ BP— (y,— y)? 
Sagging rote Na) 


= 2%! 2 sinh ~2 "2 +. 1 1) = 2t{ cosh 2 
| 2c ) ( 


Therefore, 
cosh v1 — %s ant 
Cc 


Knowing I, c, and (¥, — y3), the value of (7, — z,) can be obtained from 
eq. (7); (z,+ x%,) can be found from eq. (5) or (6), hence z, and 2, are 
known and therefore the shape of the chain is determined, and hence the 
tension T everywhere. 

Example.—The horizontal force on a floating structure moored by a 
chain is 3-6 tons. The length of the chain is 150 ft., and the vertical 
distance between the anchor and the point of suspension on the structure 
is 30 ft. If the chain weighs in water 0-0145 tons per ft., find the 
horizontal distance between the anchor and the point of suspension. If, 
due to wind pressure, the horizontal force increase to 36 tons, find the 


increase in this horizontal distance. 


When the horizontal force is 3-6 tons, c = = = = ae = 248-2 ft. 


0-0145 
If the values of x, and z, be determined from eqs. (6) and (7), it will be 
found that z, is negative. This implies that the chain will not be lifted 
entirely off the bottom, and that the vertex of the curve will lie on the 
ground line. If, then, x, and y, be the co-ordinates of the point of sus- 
pension (a point on the curve), y, = 248-2 + 30 = 278-2 ft., and from 
eq. (3), 


a Sia ioe 
y, = ¢ cosh — “3, or, cosh =! = 5S = 949.5 = 1120. 


From a table of hyperbolic cosines, z,/c = 0-4853, or z, = 0-4853 x 248-2 
= 120-5 ft. The length of the curve from the vertex to the point of 
suspension is s, = +/y," — c* [see eq. (1)], and 

= 4/278 -2? — 248-23 = 125-7 ft. 


The total ie a the chain is 150 ft., so that 150 — 125-7 = 24-3 ft. 
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of chain will lie on the ground, and the horizontal distance between the 
anchor and the point of suspension will be 
24:°3+ 2, = 24-34 120-5 = 144:8 ft. 
When, due to wind pressure, the horizontal force increases to 36 tons, 


HH. 36 Bes oie : , 
Ce = nde 2482 ft. The chain will now be lifted right off the 


bottom ; (y, — y,) = 30 ft., and 7 = 150 ft. From eq. (7), 
—y)*  , 160° - 30? 
b= 3 x gangs OOTP 


~1— "8 = 0-0593 ; (2, — 23) = 0-0593 x 2482 = 147-2 ft. 


Ue 


%j—%, P— (yy 
ee 


This is the new horizontal distance between the anchor and the point of 
suspension. The increase in this distance is, therefore, 147-2 — 144:8 
= 2-4 ft. To determine the shape of the curve, (7, +- 7.) must be 
found from eq. (6), 





ot%it% PF __ 150%. 
vom Be By — yah” THF — BOF 
from which, 
cosh 22-72 — 1-021 : Pi ts 0-208 ; 
2c 2c 
and (xy + 2) = 2 x 2482 x 0-205 = 1017-6 ft. 


It follows that 2, = 582-4 ft., and x, = 435-2 ft. The vertex of the 
curve is now known, values of y can be determined, and the tension 
everywhere can be calculated from the equation T = wy. 

233. Uniformly Distributed Load—The Parabola.—lIf, as in a suspension 
bridge, the chain support a roadway carrying a uniformly distributed load 


Fia. 366. 





w per unit of length, such that the weight of the chain is negligible relative 
thereto, the curve assumed by the chain will be a parabola. As before, 
let P, (i) Fig. 366, be any point on the chain, and C the vertex of the curve. 
Take origin at C, and consider the equilibrium of the portion CP of the 
chain. The three forces acting on this portion are: H, the horizontal 
tension in the chain at C; T, the tension at P, which will act tangentially 
to the chain at P; and wz, the loud on that portion of the roadway which 
subtests CP. These three forces will be in equilibrium and can be 
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represented by the triangle of forces shown in (ii). If, then, x and y be 
the co-ordinates of P, the slope of the chain at P will be 

dy wr _ wat 

ao tan 9 = H? whence, by integration, y = oH . (2) 
No constant need be added, for y = 0 whenz = 0. This is the equation 
to a parabola, with its vertex at C. If the two points of support A and 
B be at the same level, and AB= L, CE=D; then y= D when 
a” = L/2. Hence, from eq. (1), 


D=2*; or H= 2 (2) 
T, the tension at any poirt P, is given by 

T = S/H? + (wz)? . : : ; . (3) 
At A or B, where x = a 

T = aif 1+ ani : : : . (4) 


This is the maximum tension in the chain. 

234, The Link Polygon.—The shape of a chain carrying a number of 
separate vertical loads is obtained by drawing the funicular or link 
polygon for the system 
by the ordinary graphical 
construction, as shown in 
Fig. 367. In the force 
polygon, the triangle Oef is 
the triangle of forces for 
the point J,. Since ef 
represents the force W,, Frc. 367. 

Oe represents the tension 

in the link J,J,, and fO the tension in the link J,J,. Thus the tension 
in every link is given by the force polygon. The horizontal line Oh 
represents H, the horizontal component of the force in any one of the 
links, which component is the same from one end of the chain to the 
other. The reactions at the points A and B are equal in magnitude, but 
opposite in direction, to the tensions in the links AJ, and BJ, respectively. 

If the points AB be joined, the ordinate JN of the funicular polygon 
represents the moment M of all the external forces to one side of J, and 
is such that 





M=JN x Oh=y x H; hence, H = M/y ; » (I) 

In the case of a uniformly distributed load w per unit of length, the value 

of M at the centre of the span L is wL?/8; the ordinate y at the centre 

of the span becomes the dip D. Hence, H = wL*/8D, the result obtained 
in eq. (2), § 233. 

235. Suspension Bridges.—The suspension bridge in its most ele- 

mentary form is shown at (i) Fig. 368. The roadway AB, spanning from 


x 


* 
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support to support, is hung by vertical suspenders from a suspension 
chain PQCUV. This chain is carried by vertical towers AQ and BU, 
over which it passes, and is anchored at Pand V. The portions QP and 
UV are called the back stays. In order to relieve the towers of the 
bending moment which would otherwise come upon them, a saddle is 
provided at the top of each tower, over which the chain passes. This 
permits a small to-and-fro movement, so that, except for the effects of 
friction, the reaction at the top of the tower is al-vays vertical. 

Such an arrangement evident'y makes an economical bridge, especially 
for large spans, for all the main members are in tension ; but although 
such a structure would safely carry a uniformly distributed load, it is 
very unsuitable for heavy moving loads. It has been seen that, for a 
given arrangement of loads, the shapr of the chain is represcnted by the 
corresponding funicular polygon. It i:Jlows that the shape of the chain 








C 
Stiffening Girder 
Fie. 368. 


is different for each different arrangement of loading. The passage of 
a moving load across the bridge would therefore produce continuous 
alteration to the shape of the chain, whence would result large deforma- 
tions and oscillations in the roadway. Only when the moving load is 
relatively very small in comparison with the proper weight of the roadway 
could a simple suspension bridge be used with safety. To overcome this 
difficulty, the bridge must be so stiffened that it will retain its shape under 
ali load conditions ; all deformation, except that due to the elasticity of 
the material, must be prevented. 

Two methods are adopted to give this rigidity : a stiffened chain may 
be used, (ii) Fig. 368, or else a stiffened roadway, (iii) Fig. 368. 

In the first method the flexible chain is replaced by a stiff frame, 
which may be formed of two parabolic members braced together to form 
@ truss, or the top members may be straight, (ii) Fig. 368. A hinge is 
provided at the centre of the span. The whole construction may be 
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regarded as an inverted 3-hinged arch and designed in a similar way, 
Chapter XIII. It is statically determinate. The stresses are due to 
the combination of tension with bending, instead of thrust with bending, 
as in the arch. The influence lines for the stiff frames will be exactly 
similar to those for a corresponding 3-hinged arch. The floor is supported 
by vertical suspension rods, as in the simple suspension bridge. The 
Tower Bridge, London, is a well-known instance of this method of 
construction. 

Alternatively, the floor may be stiffened by girders, as shown in (iii). 
The function of these stiffening girders is so to distribute the load that 
the chain will retain its shape, and by their rigidity to prevent deforma- 
tion-of the floor. The stiffening girder may be in one span from A to B, 
supported at these points, or it may be, in addition, hinged at the centre. 
The supports at A and B must be able to prevent the girder from rising. 
The advantage of the centre hinge is that it relieves the stiffening girder 
of temperature stresses, which, in a span without a central hinge, may 
be considerable. It is, however, easier to carry the wind pressure on the 
bridge without the central hinge, and despite temperature stresses the 
stiffening girder without the central hinge is considered to be the lighter 
construction and is the common practice. 

236. Stresses in the Stiffening Girder.—(i) Fig. 369 represents a 
suspension bridge in which the floor is stiffened by a girder AB. Suppose 





}— se See p_per unit of length 


A 2 it) B 


( 


Fia. 369. 


that the vertical force in the suspension rods due to the loads on the floor 
be p per unit of length. The suspension rods are assumed to be sufficiently 
close together for these forces to be regarded us a distributed load. Then 
the forces acting on the chain will be as shown in (ii) Fig. 369, and those 
acting on the stiffening girder will be as shown in (iii). 

From the theory of the funicular polygon, the curve which represents 
the shape of the chain under the action of the vertical supporting forces p 
will also represent the bending-moment diagram for the stiffening girder 


526 MATERIALS AND STRUCTURES 


due to these same supporting forces, and the relevant reactions at A 
and B (cf. § 234). Hence, if y be the ordinate of the curve at some point 
K distant z from A, and H be the horizontal tension in the chain, (ii), 
Hy will be the bending moment in the stiffening girder at K due to the 
forces p. Let the bending moment at K due to the actual loads on the 
bridge, separately considered, be M’.* This bending moment is found 
in the ordinary way on the assumption that the stiffening girder is a 
simple beam supported at A and B. Then M, che total bending moment 
in the stiffening girder at K, is 


M=M’+Hy . . . ... (l) 


the same equation as that which gives the bending moment at any section 

of an arch, eq. (2), § 216. In eq. (1), bending moments tending to make 

the girder convex upward are considered as positive, and M’ for the 
downward acting loads is negative. 

The shearing force S at any section K is dM /dz, § 34, Vol. I. Hence, 

dM dM’ dy ’ dy 

S = ao + Bg = §’+H de * : . (2) 

where dM’ /dz = S’ is the shearing force on the stiffening girder at K 

due to the actual loads on the bridge, and calculated as in the case of an 

ordinary beam supported at A and B; dy/dz is the slope of the chain 

at K. If w denote the total load per unit of length on the stiffening girder, 


_ ad GM dM’ d*y dS’ Hey 


d?y 
“dx dx dz? dat dx * *dxt w+ He: @) 


dx? 
where w’ denotes the actual loads on the bridge per unit of length. But 
the total load per unit of length on the stiffening girder is p + w’. Hence 
: ; d d 
p+ w = w' + os and p = i , . (4) 
The bending moment on the stiffening girder will be a maximum 
when dM /dz = 0; or, from eq. (2), when 
dy Hes dy 8 
HO 8; ands = —- ; ; . (5) 
Parabolic Chain.—Suppose that the vertical suspension rods are 
numerous, and that their length has been so adjusted that the shape of 
the chain is parabolic ; let it also be assumed that the stiffening girder 
is so rigid that the chain retains this shape in all conditions of loading. 
As shown in (i) Fig. 369, and as is usual in practice, suppose that bridge 
and chain are symmetrical about their mid-point ; take origin at Q and 
let QU be the axis of x. Then the equation to the curve is y = cz(L — 2), 


* For convenience, throughout this chapter, the bridge is conceived as though 
supported by a single chain. The area of, and forces acting on, this ideal chain 
must be properly proportioned between the actual number of chains, however 
many there be. 
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where c is a constant. If the dip at the centre of the chain be D, y = D 
when z = L/2, and c = 4D/L?; hence 


4D 
¥ = 72 UL — 2) : ‘ . (8) 
dy 4D dy —=8spd 
Ay == zal —_ 22) : dz? = — 12 5 3 * (7) 
Therefore, from eq. (4), ; 
8HD 
PRS ae : ‘ ; : . (8) 


and since H must be constant from end to end of the chain, p must be 
a uniform load acting upward. 

Uniform Load covering the Span.—If the actual load w’ on the bridge 
be uniform and corer the span, p = — w’; hence, p+ w’ is zero every- 
where, and M, the bending moment on the stiffening girder, is zero every- 
where ; whence, from eq. (1), Hy = — M’. M’ is the bending moment 
on the stiffening girder supposing it simply supported at the ends. 
At the centre of the span, M’ = — w’L?/8, and y = D, 

, 3 'T2 
HD =" and H =“ oo. 9) 
as found in eq. (2), § 233. This equation gives the horizontal tension in 
the chain due to the weight of the stiffening girder and floor, or for any 
other uniform load entirely covering the span. It will be observed that 
the construction of the stiffening girder, whether hinged at the centre or 
not, does not affect this value. 

237. Stiffening Girder with Parallel Flanges and a Central Hinge : 
Parabolic Chain.—lIf the stiffening girder be hinged at its mid-point C, 
as shown in (i) Fig. 370, the bending moment at C must be zero; y at the 
centre = D, and from eq. (1), § 236, 





_ Mo’ . _ wy Mo’ 
= — 45 > hence, M=M'— sy . , . (IL) 
The values of S and w follow from eqs. (2) and (3), § 236. 
Single Concentrated Load on the Bridge-—Suppose the bridge to carry 
a single concentrated load W, distant z from A. Then, considering the 





whole span as a single beam supported at A and B, R,’ = *, 
0 os , L Wz L We. 
Mo =—R, SD Ee 8 and from eq. (1), 
M’ Wz 
=-— 7 = ap ; ; . (2) 


From eq. (8), § 236, 
_8HD 8D Wz 4Wz 


L2 L? e oD —_——<— ~L? ° e e (3) 
the minus sign indicates an upward force. 
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The arrangement of forces on the stiffening girder is shown in (ii) 
Fig. 370, and the above values can be obtained from first principles as 


teas OO. ee 
Sa 
~ Aa 





e : é 
1 x,—J ¢ B.M.I.L. for K. 
Fia. 370. 
follows: the total load on the half-span CB is pL/2, each of the down- 


ward reactions is R, = R, = pL/4. Considering the half-span AC, and 
taking moments about A, 


L, pL L _ pL 
R35 + a -q ~ Wz=0, where R, = = 
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hence, 


4Wz Wz L 
pape) B= By= 1 R= WRF =w(i-T) w 


From eq. (8), § 236, for a parabolic chain, 


ye PL? 4W2 LP We 
~ 8D L2 8D «2D 


The shearing-force diagram is shown in (iii) Fig. 370. From eq. (2), 
§ 236, the shearing force S = S’ + H dy where H = Wz , and from eq. (7), 


dz: 2D 
§ 236, 3 oY = , (4 — 2x). Hence, 
sags We! Fe 2) = 84 Lay. 8) 


In (iii), aegfb is the S’ diagram drawn as if the girder were a simple beam 
supported at A anc B, and qgw is the graph of 2Wz(L — 2z)/L?.. The 
difference between the ordinates of the two diagrams, shaded in the 
figure, represents the shearing-force diagram, qu is the base line. The 
values of R,, R,, and R, are indicated, and it will be noted that R, = R, 
in magnitude, which suggests a simple way of setting out the diagram. 
It will also be noticed that the shearing force changes sign where the 
bending moment is a maximum. The double triangle agcub is evi- 
dently the shearing-force diagram for the uniformly distributed upward 
load p. 

The bending-mom:nt diagram is shown in (iv). The parabola 
a’d’b’ is the bending-moment diagram for the uniform load p; the 

2 2 

ordinate c’d’ = P Pe i * . = + = = HD= ee . The triangle a’g’b’ 
is the negative bending-moment aa for the load W. The 
line g’b’ must pass through d’, for the bending moment at the pin is 
zero. ‘The shaded area is the complete bending-moment diagram. At 
any section K, k’j’ = M’; k’h’ = Hy; h’j =M; andM=M’-+ Hy. 

Influence Lines —From eq. (2), H=W2z/2D; if W = unity, 
H = 2/2D. This is the equation to the influence line for H between A 
and C. The complete influence line is the triangle ‘adb, (v) Fig. 370. 
The maximum ordinate occurs at the centre of the span where z = L/2, 
and is H = L/4D (cf. § 226). 

From eq. (2), § 236, S = S’ + H (dy/dz). For the point K, let dy/dz 
= og. Then 


Sx = Sx’ + Hox. 
From eq. (7), § 236, ox = -¢. Soe (L. — 2x). The influence line for Sx’, 


the shearing force at K for the ai girder considered as a simple 
beam supported by A and B, is the figure aj,j,b, (vi) Fig. 370, where ae = bf 


2M 
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unity. The influence line for Hog is the triangle adb, obtained by 
multiplying the ordinates of (v) by og. The maximum ordinate of (vi) is 


cd = Hmax. xX OK = ah a (L — 2x) = (L — 2z2)/L. 
The shaded area in (vi), representing the difference between the ordinates 
of the two diagrams, is the complete shearing force influence line, of 
which adb is the base line. When x < L/4, d falls outside be; when 
L/4 <2 < L/2, d falls inside be; when x > L/2, cd is plotted upward 
from ab. 

From eq. (1), § 236, M = M’+ Hy; for the point K, 


Mx = Mx’ 4+- Hyg. 
From eq. (6), § 236, yx = te a(I.— «). The influence line for Mx’ is 


the triangle a’7’b’, (vii) Fig. 370, where &’7’ = 2(L — x)/L (see § 27). The 
influence line for Hyx is the triangle a’d’h’, obtained by multiplying the 
ordinates of (v) by yx. The maximum ordinate of (vii) is 
4p Iyx L 4D _ &(L— 2) 
cd = Hmax, X yx = 755 4D ° pe Uh — 2) = - L . 
Therefore c’d’ = k’j’, a useful relation in setting out the diagram. 
Maximum Values for a Single Concentrated Load.—For a single con- 
centrated load W, the maximum values of the shearing force are obtained 








Fia. 371. 


at once from the shear influence line (vi). At the ends of the span the 
maximum shearing forces are = W; at C, the centre of the span, the 
maximum shearing forces are -- W/2. The maximum shearing-force 
diagram is shown in (i) Fig. 371; it is set out graphically from the 
influence line. 
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Since in (vii) Fig. 370, k’j’ = c’d’, it is evident that the maximum 
negative bending moment at K always occurs when W is at K; and the 
maximum positive bending moment at K occurs when W is at C. From 
the geometry of the figure, since k’j’ = c’d’, the maximum negative bend- 
ing moment at K is 


W x 5,7 = W. c’d’ 





x } —- Wa(L — x)(L -- 22) 
and the maximum positive bending moment at K is 


Wx dd =W. ert) - Fl - »)} = ee) 





L (7) 


Kgs. (6) and (7) apply only from A to C; but the maximum bending- 
moment diagrams are symmetrical about C, and are set out from these 
equations in (ii) and (iii) Fig. 371. To find the maximum negative 
bending moment anywhere on the girder, differentiate eq. (6) with 
respect to x and equate to zero, L? — 6La+ 622=0; x=0-2I1I1L. 
Putting this value in eq. (6), the maximum negative bending moment is 
0-0962WL. 

To find the maximum positive bending moment anywhere on the 
girder, differentiate eq. (7) with respect to x and equate to zero, 
LL -- 4x == 0; x = 0-25L, and max. -+ M = WL/16. 

Maximum Values for a Uniformly Distributed Load Longer than the 
Span.—The maximum + and — shearing-force diagrams for a uniform 








eae NO 


0-234L max, t B.M. diagrams 
Fie. 372. 


load w’ per unit of length, longer than the span, crossing the bridge from 
A to B, can be obtained from the areas of the shearing-force influence 
line, (vi) Fig. 370. The curves are set out in (i) Fig.372. While z < L/4 
there are four possible maxima: (1) positive, when the front of the 
load covers ak, (vi) Fig. 370; (2) negative, when the front of the load 
covers an; (3) negative, when the back of the load covers kb; (4) 
positive, when the back of the load covers nb. When L/4 <x < 3L/4, 
Nos. 2 and 4 disappear. The curves in (i) Fig. 372 are numbered to 


x 
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suit. The maximum -+ and — shearing forces occur at the ends and at 
the centre; the influence linés for these cases are shown in (iii) and (iv) 
Fig. 372. From the shaded areas the values are, 


At the ends +- max. Sie x ieee 
2 3 6 

1 1] L wh 

At the middl J8.F. = w’ x—x =x— = — 
e middle -++ max.S wx kak 5 


The maximum negative bending moment at K occurs when the load 
covers the length a’k,’ = x4, (vii) Fig. 370, and the maximum positive 
bending moment at K occurs when the load covers the length k,’b’ 
= L—xz,. Since the ordinates k’7’ and c’d’ are equal, the areas of the 
triangles a’j’b’ and a’d’b’ are equal. Subtract the area of the triangle 
a’j,/b’, and.the areas a’j’7,’and 6’d’j,’ are equal, that is to say, the maximum 
negative and maximum positive bending moments at K are equal in 
magnitude. From the yeometry of the figure, 
cd  L/2 ky L--x 


L 

pire = pees ay(L- a) = 5 (La) 
ks'jg ty kg} a -- r” * ~ : 
and zx, = L?/(3L — 2z). Hence the equal negative and positive areas 
of the influence line under the load are 
wp tg @(L—x) (L ~ 2) | L? 

a L? * 3(3L — 22) 
and the maximum positive and negative bending moments at K, due to 
the uniform load w’, are 


=a 


aon eRe. iy 
This equation only applies from A to C, but the maximum bending- 
moment diagrams are symmetrical about C. They are plotted from 
this equation in (ii) Fig. 372. To find the maximum bending moments 
at any position on the girder, differentiate eq. (8) with respect to x and 
equate tu zero 
3L’ — 18L*z + 24L2z? — 8273 = 0 


whence x = 0-234L and max. -+- M = 0-0188 w’L?. 

238. Stiffening Girder with Parallel Flanges. No Central Hinge : 
Parabolic Chain.—In Fig. 373 the stiffening girder is anchored to its 
supports A and B and has no hinge at the centre. This arrangement is 
statically indeterminate, for it is evident that, were they sufficiently 
strong, either the chain alone, or the stiffening girder alone, could support 
the floor from abutment to abutment. 

As an approximate method of finding the stresses in the chain and 
girder, it is sometimes assumed that the girder is sufficiently rigid to 
spread any load on the bridge uniformly over the span, and that the chain 
therefore carries the whole load. The reactions R, and R, must then be 
equal and opposite. It may be shown as follows that this assumption 
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is untenable. If W be the total load on the bridge, and the stiffening 


girder be sufficiently rigid to spread it uniformly over the span, 
pl? WL 


= . ; and, from eq. (8), § 236, H = S 


8D” 8D’ 


S.F.I.L. for K. 
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It follows that H is constant for any load system of magnitude W. 
Suppose W to be a single cuncentrated load just entering the bridge. 
From eq. (1), § 236, the bending moment anywhere, and therefore at the 
end of the span, is M = M’+ Hy. But whether the stiffening girder is 
regarded as a beam simply supported at its ends, or whether it is supported 
by the chain, the bending moment at the ends of the span for a load W 
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just entering the bridge must be zero; that is to say, for the end cross- 
sections, both M’ and M are zero. Hence Hy is zero, and consequently 
H is zero, not WL/8D, as according to the above assumption it should be. 

It is necessary to take into account the relative stiffness of the different 
parts of the bridge in order to find H; strain energy considerations 
(Chapter V) may be used to solve the problem. A.number of studies 
have been made of this question (see Refs. Nos. 20 to 29, Bibliography) ; 
the following treatment, based on § 89, is approximate. 

The structure may be reyarded as a redundant frame built up of bars 
forming (i) the chain, (ii) the vertical suspension rods, and (iii) the stiffen- 
ing girder. It is clearly redundant, but there is only one redundant bar, 
for if the lowest link of the chain be removed, neither the chain nor the 
suspension rods could carry any load. Remove this link, and find the 
forces Fw in the remaining bars due to the actual loads. Then remove 
the applied loads, replace the redundant link by unit loads, and find 
the forces F”’ in all the bars due to the unit loads; the force FE’ in the 
redundant member will be unity. Then from eq. (1), § 89, 


uFwE’A 
X(F’)2A. 
for in this case the force F; in the redundant link is H. It is convenient 
to treat the three components of the structure separately. Let T denote 
the tensions in the links, P the tensions in the suspension rods, and F 


the forces in the bars of the stiffening girder. Tw is the force in a link 
due to the actual loads; T’ that due to the unit loads; andsoon. Then 


_— — STwITA+ 2 PwP’A }- U FWA 
xu(T)A + V(P)A+ U(E)A _ 
Since there can be no forces in the chain links or in the suspension 


rods, due to the actual loads, when the lowest link of the chain has been 
removed, it follows that Ty and Pw are all zero, hence 
Hye eC 
2X (T’)9A + 2 (P’)2A + 2 (F’)A 
an equation giving H in terms of forces which can be found from the shape 
and dimensions of the parts of the bridge. 

In the present instance, let it be assumed that the shape of the chain 
is parabolic, and that the areas of the links are so proportioned that the 
stress f in the links is constant from end to end of the chain. Let the 
area of the lowest link be a,; then H, the tension in that link, is apf, 


and f = H/a,. Consider any link of length J, and area a; let the tension 
init be T. Then 


X=F,=H = — 


pene ane 
T Tay 
if H be put equal to unity, T= T’ and A=1/T’ay. Further, from 


Fig. 374, 5 =o: T=H “= H sec 8; and when H = unity, T = T’ = sec 0. 
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Then 
(T’)2\ = (Ty _ tsecO _ xsec? 


ry 
L'a, Ao Ay 





for | = xsec 6, and 
X (T’)2A = 2? sec? 9 = — = Ball + tan? @) 


Conceiving the chain as a continuous oe curve, and letting x get 
smaller and smaller without limit, 


bs (T’)2A == Pal + tan? @)dx 


Taking origin for the present gels . C, (i) Fig. 373, the equation 


4D 8Dz ’ 
to the curve is y = [2 22; tan? = oy = FR and, including both 
halves of the curve, 
2 2/2 ( 64D%x? | ] | 16D? 
& (T’)7A = — 1 dx = —| L+ —- . (2 
- dg |, i Lt} ; Xs ? 3L | oi 


The internal work stored in the suspension rods will be small rela- 
tively to that stored in the chain and the stiffening girder, and therefore 
the summation 2 (P’)2A will be neglected in what 
follows. If the dimensions of the rods were known, it \~*\ 
could easily be taken into account. <i 

Consider next the stresses in the stiffening girder. 
Let D, denote the depth of this girder, and suppose 
that the area of all the members of both flanges be a). 
If, at any section Q,K,, Fig. 374, the bending moment 
be M, the force in a flange member such as Q,Q, will 
be F = M/D,. If the length of the member be J/,, the 
value of X is 1, /a,. 

From eq. (1), § 236, the bending moment in the 
stiffening girder is 





M == M’ + Hy. 


Assuming (see above) that all the applied loads have Fic. 374. 
been removed from the bridge, the bending moment M’, 

due to them, must be zero. If also the force in the lowest link of the 
chain be made unity (H = 1), then M = y, and in these conditions F = F’. 
Assuming parabolic initial curvature, and taking origin at one end of 


the span, y = a(L — 2x) [see eq. (6), § 236]. Then 


M y 4D 
EF See Se - FES ee L — wz). ° e 3 


16D? 


and Lu(F’)A = B — ip? 


x(L — x)? thy 
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Regarding the flanges as continuous members from end to end of the 
span; letting 2, get smaller and smaller without limit until it becomes 
dx; for both the flanges 
32D? * 16LD* 
ONY ah soe N= a) 
2 (F’)2A = L'D,’, |. (x2)(L — x)*dax i5D,*a, (4) 


Suppose that the applied load on the bridge 

is a single load W distant z from A, Fig. 375. 

Then the bending moment under the load is 

— W2(L — z)/L; and at any section distant x Ls 
from A, if x<z, the bending moment is at 

~— W(L — z)z/L, or if x > z, is — W2(L — x)/L. L. pri ee Lx 

The forces Fw in the flanges of the stiffening 

girder, for these two cases, are 
M WwW ees W (L— 2) 
Dre gy ay ee Sg ee ay eg . 






Fic. 375. 


The summation & FyF’A must be split into two parts to correspond 
with these two values. Inserting the values of Fy, F’ (eq. 3), and A, 
and treating the two flanges as continuous members as before, 


nek 2 2 ( / WY ee bs 
EFWPA=2(!- SF -al lis LD, 2(L — rae 


ral |- W vr #) {4D 


L Ie 
DD, Lb iaeD 


z | 





8WD 
= — Tapia, | — 2) |. 22(L — x)dx + a 2(L -—- aids | 
; 2WD o.. P . 
. 3L8D.2a, . 2(L? — 2022 + 23) . ; : ‘ . (5) 
From eq. (1), > FwF’A 





| ~ E(TyA + (PAA + ZU (FPA 
Putting in the ascertained values, eqs. (5), (2), and (4), 


~ aD a. .2(L3 — 2122 + 2%) 
ae Tp a, BED ata) 
alt 3 + i5D,ta, 
which simplifies to 
H = aL — z)(L? -- Lz — 27)yW . : . (8) 
D 10 


where RTO eye 
L 7 “17312 4. 16D2] + 16L2D? 
0 


5 


> . (7) 
Z2(3L" -+ 16D?] + 8L?D? 


ait 
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if I, = D,°a,/2 is the moment of inertia of the stiffening girder. In 

finding these formulae, the deformation of the suspension rods, that of 

the web bracing of the stiffening girder, and any deflection in the chain, 

have been neglected. The equations can only be applied when I, and ay 

are known. An approximation which may be used for the purpose of 

preliminary design can be obtained as follows: Eq. (7) may be written 
10D ] 


x= "T3 a 
: 


TD? 
3+ 16 i 
In practical cases the value of D/L will be about 75 or slightly greater, 
and the equation may bs written 


5D l 5D 1 


| + 16D 


X* 918 Dia, 8L? 
wll Th ok 2 
ao q D oe 


If the girder were infinitely stiff, I, = oc, and y = C; if the girder were 
perfectly flexible, 1, = 0, and y = 5/(8L°D). In practical cases its value 
will not differ much from 1/(2L°D), and eq. (6) becomes 


H = 2(L. — z)(L? + Lz — 27). ; . (8) 


_W ” 
2L°D 

This curve has been plotted accurately in (v) Fig. 373, for W = 1. It 
will be found to differ very slightly from the parabola 


5W 
sLD* 
which equation can be used for the preliminary design. 

The value H = {WL/D, based on the assumption, p. 533, that the 
stiffening girder spreads the load uniformly over the span, is likely to be 
most nearly correct when W is at the centre of the span, z = L/2, in 
which case, from eq. (8) or (9), H = #;WL/D, a not very different value, 
but showing that the stiffening girder is more flexible than the said 
assumption implies. 

The shearing-force diagram for a single concentrated load W, distant 
z from A, is shown in (iii) Fig. 373, set out from eq.-(2), § 236 [see also 
eq. (7), § 236], 


H = (L — 2) : : . (9) 


D 
g6'4 HS - vs H. T4(L — 22). 


x 
The value of H for the given load position is obtained from either 
eq. (8) or eq. (9). The diagram, (iii) Fig. 373, is similar to (iii) Fig. 370 ; 
aq = bu = 4HD/L. 
The bending-moment diagram for the same load position is shown in 
(iv) Fig. 373, set out from eq. (1), § 236 [see also eq. (6), § 236). 


M = M’:!- Hy = M’ + H. Seah - 7). 
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The value of H is obtained from eq. (8) or eq. (9) as before. The 
diagram is similar to (iv) Fig. 370; c’d’ the central ordinate of the para- 
bola a’d’b’ = HD. 

Influence Lines.—These are similar to (v), (vi), and (vii), Fig. 370, 
q.v., and are set dut in similar fashion, except that the influence line for H 
approximates to a parabola instead of being a triangle. 

From eq. (8), if W = — 


eo 2 — 2), 
This is the equation to the influence line for H, and is set out in (v) 
Fig. 373. ‘The maximum ordinate, at the centre of the span, is 5L/32D. 
Alternatively, the curve can be set o::4 from eq. (9), if W in that equation 
be put equal to unity. 

From eq. (2), § 236, for the point , 

Sx == Sx’ + nH’! .. - Sx’ + Hox 
from which the shearing force influence line for K, (vi), is obtained. 
The curve adb is obtained by multiplying the ordinates of (v) by 
ox = 4D(L — 22) /L?. 

From eq. (1), § 236, for the point K, Mx = Mx’ + Hyx, from which 
the bending moment influence line for K, (vii), can be set out. The curve 
a’d’b’ is obtained by multiplying the ordinates of (v) by 

The maximum shearing-force and bending-moment diagrams can be 
obtained from the influence lines as were those in Figs. 371 and 372. 

Temperature Stresses.—The effect of changes in temperature in alter- 
ing the iength of the chain and suspension rods of the bridge may be found 
by use of eq. (4), § 93, 

Yea — Lath E XF'atl 

~~ O(F)a/Ea ~~ S(E)D 
In this equation / is the length of a member, ¢ the alteration of tem- 
perature in degrees, and a the coefficient of expansion per degree. 
Treating the three component parts of the structure separately as before, 
and using the symbols T, P, and F for the chain links, suspension rods, 
and bars of the stiffening girder, respectively, the above equation becomes 


x T’atl + & P’ail 
Es (T’)A + X (PA + =U (FAA 
of. eq. (1), where the symbols are defined. Hy is the increase in the hori- 
zontal tension due to a rise in temperature ¢. Ignoring as before the 
effect of the suspension rods, the equation becomes 
at & T’l 
Es (T’)2X + X(F’)2A 


Xt = = Hy . . (10) 


Hy; = — 


CANTILEVER BRIDGES 539 


But (see above), when H = 1, T’ = sec 6, and T’l = lsec@ = x sec? @ 
(Fig. 374). Hence, 2 T’l = (L-+ 16 D?/3L) [c-f. eq. (2)]. The denominator 
has previously evaluated [see eq. (5a)], therefore 
Eat (L+ 16D2/3L) 
l lL . 16D? 16LD? 
= | * 15D 2a, 
Kat (L-+ 16D? __ Kat (L+16D?/3L) _ 
Shes LS ng Pg 3 
Qo 151, 
where, as befors, I, = D,a,/2 is the moment of inertia of the stiffening 
girder. 
At any point in the stiffening girder, the bending moment induced by 
this change in H wii be 


M = Hy = 


Hi = — 
tg 


mess) 


aH a(L — x) ‘ , . (12) 


See eq. (6), § 236. 


CONTINUOUS GIRDER AND CANTILEVER BRIDGES 


239. Continuous Girder Bridges.—It follows from the theory of 
continuous beams, Chapter VI, Vol. I, that in a large bridge of more 


een 


(1) 





St 


(1) 
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than one span, the bending moment everywhere, and consequently the 
weight and cost of the bridge, can be considerably reduced by making 
the girders continuous over the piers, (i) Fig. 376. 

Although one of the earliest long-span bridges, the Britannia Bridge ** 
over the Menai straits, (ii), was a successful example of this type, 
continuous girder bridges have not been very generally employed for the 
following reasons : 

One of the conditions assumed in the usual theory is that all the 
supports are at the same level, and that they remain level when the load 
is applied. This is a difficult condition to ensure in practice. Even if 
the piers of a bridge are made level when first constructed, they are 
liable to slight settlement, unless they can be carried down to solid rock. 
If they are constructed of metal, they will expand with differences of 
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temperature. Such variations may materially alter the bending moments 
and stress distribution in a continuous girder bridge, especially if the 
spans are short and the girders are deep and stiff. In very long spans 
the effect may not be so serious. 

A second objection to the use of continuous girders in large bridges 
is that the complete girder is usually too large to erect in one piece. It is 
possible in some cases to roll the girder out, but this involves special 
stiffening to resist the exceptional stresses set up. As a rule, each span 
must be lifted into place separately, aud connected to its neighbours 
afterwards. Now the connections, whatever form they may take, will 
in their normal condition be in a state of strain, and even if that state 
be due to the weight proper of the yirder alone, it is necessary to ensure 
that the strain is of the correct amount, otherwise the entire distribution 
cf stress in the girder will be altered. This is not easy to do, with the 
result that unknown initial stresses may exist in the girders. 

These uncertainties are inevitable in continuous girder bridges, and 
have led many bridge engineers to prefer separate spans. 

240. Cantilever Bridges.—Many of the advantages of a continuous 
girder bridge, without the countervailing disadvantages, may be obtained 
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by adopting the type known as the cantilever bridge. In a continuous 
girder bridge, the position of the points of no bending moment are different 
for each different load condition. In a cantilever bridge, these points 
are fixed by making an actual joint in the girder. (i) Fig. 377 shows an 
. example. This bridge consists of two cantilevers AC, AE, built out 
‘ from each pier, and carrying a suspended span EF. The ends C and D 
are anchored down to prevent them from lifting due to the weight of the 
suapernded span and the loads on it; E and F are the joints. The stresses 
in such a bridge are statically determinate. 
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The Forth Bridge, Fig. 77, is a well-known example of this type, 
which is a common one for large bridges. Fig. 378 and Fig. 379 show 
other examples of cantilever bridges. The cantilever construction is very 
suitable for building out from the piers. 

241. Influence Lines for Cantilever Bridges.—Note : When consider- 
ing the effects produced by a unit load passing over a cantilever bridge 
or similar structure, it is well to regard the structure as weightless, and to 
rid one’s mind of previous conceptions as.to the effect of the suspended 
span, methods of anchorage, the sense of the end reactions, etc., con- 
centrating the attention on the effects produced by the single moving load. 

Reaction Influence Lines.—-Let (i) Fig. 377 represent a cantilever 
bridge with twu cantilever spans CE, DF, and a central suspended span 
EF. For the purpose of finding the reaction influence lines, it is un- 
necessary to consider the bracing. Let Ra, be the reaction at the pier A. 
The influence line for this reaction is shown at (ii). When the unit 
load W enters the bridge at C, the reaction at A will be zero. As W 
advances, R, will increase, until, when the load is at A, Ry = W = 1. 
When W passes A, Rg will continue to increase at the same rate as before 
until W reaches the suspension point E, when Ry = W(L, + L,)/L,. 
As the load W travels along the suspended span, Ry, will steadily diminish, 
and when W enters the right-hand cantilever arm, Ra becomes zero. 
The influence line for Rg is therefore a triangle cghf, (ii), the ordinate 
ag = unity, and eh = (L, + L,)/Ly. 

The reaction influence line for Rg is shown at (iii). When W is at C, 
the reaction Rc = W = 1 (forget the weight of the bridge and think of 
the arm CA as a span supported at C and A). As W advances, Rg will 
diminish, until when W arrives at A, Rg = 0. When W passes A, the 
reaction at C will become negative, i.e. it will act downwards, and will 
go on increasing in magnitude until, when W reaches E, Rc = WL,/Ty. 
As W passes along the suspended span, Rg will gradually diminish, 
becoming zero when W enters the right-hand cantilever. This is shown 
in (iii), where cg = l and eh = L,/L. 

The influence line for the reaction at E from the suspended span is 
the same as that for any other span supported at the ends. It is shown 
at (iv) (cf. Fig. 59). 

Influence Lines for Anchor Arm.—Let Fig. 378 represent a con- 
ventional cantilever bridge ; AC is the anchor arm. If the bridge be 
regarded as a weightless structure, it will be evident that while the load 
is between C and A the anchor arm will act as a lattice girder supported 
at AandC. The influence lines are then as given in § 35, Fig. 64. Taking 
K,K,Q.Q, as a typical panel, the influence line for the diagonal K,Q, 
is cj,jo@, (ii) Fig. 378, where cg = r/r, (compare § 35). 

When the load passes A, the reaction Ro becomes negative and 
increases until W passes E, when it begins to diminish and ultimately 
becomes zero when W passes F, (iii) Fig. 377. But after the load has 
passed Q,K,, the only force to the left of the panel K,Q, is Re. Hence 
the force in K,Q, will depend solely on the magnitude of Re, and will 
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increase and decrease in direct proportion thereto. Therefore, to complete 
the influence line, produce ga to h and join Af; the complete influence 
line for K ,Q, is cj,j,ahf. 

It will be evident that the force in Q,K, bears a constant ratio to the 
force in K,Q,; and can be found by multiplying the force in K,Q, by 
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Fic. 378. 


rsi(r + 1, + lg + 1,). Allowance must be made when necessary for the 
incidence of the load from the cross girders on to the verticals. 
Considering next the bottom flange K,K,, the other two bars cut by 
the section SS meet in Q,. While the load is between A and C, the 
influence line c’j,/a’ for this bar is similar to that for K,K,, (iv) Fig. 64, 
and is shown in (iii) Fig. 378; the end ordinate is (1, + 1, + 1;)/r,. After 
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the load has passed A, the same arguments apply to K,K, as to K,Q,, 
and the influence line can be completed by producing j,’a’ to h’ and 
joining h’ to f’. 

The influence line c’j,’a’, (iv), for Q,Q,, while the load is between 
A and C, will be similar to “(yii) Fig. 64. As before, it can be completed 
for load positions between A and F by producing j,’a’ to g’ and joining 
g tof’. (iii) and (iv) are plotted on the same base line c’f’. 

Influence Lines for Cantilever Arm.—While the load is between A 
and C, there will be no stress in the cantilever arm AE. When the load 
passes A, this arm will be in the condition of a projecting cantilever with 
a load advancing towards its free end [(v) Fig. 378]. Consider the typical 
panel Q,K,K ,Q,, and cut it by a section SS. There will be no stress in 
Q,K, until W passes Q,K,, after which the force F, in that member will 
steadily increase as shown by k,j, in the influence line (vi), until the 
point Q,K, is reached. At this point, taking moments about I, 


Fr, = W(l, + 13+ 17), and F, = (l, + 1, + r)/re, since W = unity. 


Therefore the ordinate ky, = (l,+ 14,+ 7r)/rz. As W advances, the 
force in Q,K, will decrease, until, ein W reaches E, F,r, = Wr; and 
eh = r/r,. As the load travels along the suspended span, Re, and 
therefore the force in Q,K,, will steadily decrease ; this is shown by Af. 

Consider next the bottom flange member K,K,. There will be no 
force in this bar until W passes Q,K,, after which F,, the force in it, 
will continuously increase until W reaches Q,K,, when, taking moments 
about Q,, Fyr, = Wi, ; hence the ordinate k,'j,’ of the influence line (vii) 
is equal to I,/r,. The stress in K,K, will continue to increase until W 
reaches EK, when Fyrg= W(/, + 1,-+ Us); and e’h’ = (lg + 1, + 1g) /r4. 
As W travels along the span EF, the force in K,K, will continually 
diminish as shown by the line h’f’ ; (vii) is the complete influence line. 

There will be no force in the upper flange member Q,Q, until W 
passes Q,K,,, after which the force F, in it will increase until E is reached. 
Taking moments about K,, 


Fy, = W(/, + 1,); and e’g’ = (1, + 1,)/r5. 


The force in Q,Q, will steadily diminish as W travels along EF. The 
complete influence line is shown at (viii). 

With the influence lines plotted as shown in Fig. 378, an ordinate 
above the base line implies a tension in the member, and an ordinate 
below the base line implies a compression. The influence lines for the 
right-hand cantilever spans are exactly similar to those of Fig. 378, but 
of the opposite hand. For clearness, (ii) and (vi) of Fig. 378 have been 
plotted to double the vertical scale of the other influence lines in that 
figure. 

The whole series of influence lines can best be set out by assuming 
the cantilever span fixed in space at A and loaded with a unit load at C. 
The forces in the members of the arm AC, due to this load, will give 
the ordinates of the influence lines on the vertical through C (see § 35). 
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Similarly, the forces in the members of the arm AE, due to a unit load 
at E, will give the ordinates on the vertical through E of the influence 
lines for the arm AE. 


LONG-SPAN BRIDGES 


242. Types.—The following types of bridge are used for long spans: 

Cantilever Bridges.—This type is illustrated and discussed in § 240 
et seq. The Forth Bridge,® Fig. 77, and the Quebec Bridge ** over the 
St. Lawrence, Fig. 379, are two well-known examples. The K bracing 
in the cantilever webs of the latter should be noticed. 
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Fia. 379.—Quebec Bridge. 


Continuous Girder Bridges—Continuous girder bridges are sometimes 
used for long spans. The Ohio River Bridge at Sciotville, Fig. 380, 
is an example. 





b——  -———.- —— 775 Ft ——- — a —- 775 Ft. ——- —— - 
Fia. 380.*—Ohio Bridge, Sciotville. 





Arches.—The two-hinged braced arch is frequently adopted for 
long spans. A typical example is the Hell Gate Bridge, New York 
(see § 94 and Fig. 130). The Sydney Harbour Bridge, Fig. 381, is of this 
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Fia. 381.—Sydney Harbour Bridge. 











type. Tied arches, Fig. 127, are occasionally used ; the bridge over the 
Rhine at Mainz is an example. Two-hinged spandrel-braced arches are 


« 


* F = fixed bearing; S = sliding bearing. 
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suitable for spanning deep gorges. The Victoria Falls and Niagara 
Arches are well-known examples. 

Cantilever Arch.—Except for large masonry arches, the arch with 
fixed ends is not usually employed for long spans.* A type, Fig. 382, in 


Fia. 382. 


which anchor arms are built out cantilever fashion from the arch and 
supply the fixing moments at the main abutments, is termed a cantilever 
arch. 

Suspension Bridges.—The three-span stiffened suspension bridge is 
one of the best types for very long spans, and a number of notable 
examples have been constructed, particularly in America, which include 
the Delaware River Bridge,“ Fig. 383 ; the George Washington Bridge, 
main span 3,500 ft. ; and the Golden Gate Bridge,“ main span 4,200 ft. 
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Fia. 383.—Delaware River Bridge. 








In Fig. 384, which represents a bridge over the Rhine at Cologne,®® 
the stiffening girder is continuous over the three spans and the chain 





> _ 92-23 m. otpe — 184-46 m. (605-2 Fr) a aoe 92:23 m. 
Fie. 384.—Rhine Bridge, Cologne. 


is attached to the shore end of the anchor arms. Such a bridge is termed 
self-anchored ; the cost of the abutments is much reduced. It does not 
appear to be a very economical type for spans of great length, as the 
stiffening girder has to resist the horizontal tension in the chain. 

For the elementary theory of suspension bridges, see § 235 ef seq. 
For the more exact treatments used in long-span bridges, see the 
Bibliography of this chapter, Refs. Nos. 20-29. The commonly adopted 
ratio of dip to span ranges from ;/; to }. 


* A steel arch of 800 ft. span, with direction-fixed ends, has recently been con- 
structed in New York. Eng. News.-Red, vol. 117, p. 232. 
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Combined Arch and Chain Bridges.—Fig. 385 shows a form of bridge 
suggested by Professor Krivoshein,!® in which a cantilever arch is com- 
bined with suspension chains. It is a self-anchored type, and appears 
to show considerable economy over either a plain 3-span suspension 
type, or the self-anchored suspension bridge. Over the main span, the 
horizontal tension in the chain is balanced by the horizontal thrust of the 


ge AN 


ae TD 
- 600Ft. - a — = (800 Ft —— = one 600 Ft.—+| 
Fie. 385. 



















arch, and the roadway girder is relieved of this stress. The type may be 
regarded, therefore, as a development of the Saltash type, (ii) Fig. 280. 

243. Choice of Type.—As to which type of long-span bridge is most 
economical depends very largely on the situation, and particularly on 
the foundation possibilities. For example, if rock abutments are avail- 
able, anchorage is easy, and the self-anchored types of suspension bridges 
and their variants have no great advantage over the plain types. A 
deep gorge may suggest a spandrel-braced arch, Fig. 340, the sides of 
the gorge forming natural abutments for the arch. In situations where it 
is impossible to obtain suitable abutments for an arch, a tied arch might 
be used (cf. Fig. 127), but if the tie obstruct the waterway, this form is 
precluded, and another must be adopted. Again, foundations for piers 
may be possible only at particular points on the line of the bridge, a 
circumstance which will determine the number and length of the spans. 
Such local considerations will usually outweigh the intrinsic merits of 
any one type. For a discussion of this question, see a paper by Waddell 
before the Western Society of Engineers.* 

With the exception of simple cantilever bridges, most types of long- 
span bridges are statically indeterminate, and strain-energy methods 
must be employed to determine the stresses (see for example § 94 and 
§ 238). The magnitude of these structures is far too great to permit 
simplifying assumptions to be made. 


VIADUCTS 


244, Viaducts.—The term viaduct is commonly used to designate a 
structure carrying a railway or roadway across a valley, and consisting 
of a number of contiguous, moderately short spans, supported on a series 
of piers. The piers may be of steel (§ 246), masonry, brickwork, or timber. 
They are usually tall ; for heights less than 50-60 feet it is often more 


* Jour., vol, xxxii, October 1927, p. 318. 
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economical to construct an embankment. The spans between the piers 
may be bridged by steel girders, or by masonry or brick arches. A 
series of arches of the type shown in Fig. 500 would be called a brick 
viaduct. Timber trusses on timber trestles were formerly common in 
America. Viaducts, both piers and spans, are frequently constructed 
of reinforced-concrete. 

The spans in such structures may range from 30 to 60 feet, but site 
considerations, suitability of foundations, and other local conditions are 
the determining factors. 
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QUESTIONS ON CHAPTER XIV 


“1. A 2-in. wire rope, 4 Ib. per fathom, is 200 ft. long and is suspended at 
two points at the same level 150 ft. apart. Find the deflection at the centre 
and the maximum and minimum tensions in the rope. 

| Ans. 58-86 ft.; 76-25 lb. ; 37-0 lb. 

2. What would the maximum tension in the rope of Q. No. 1 have to be 
to reduce the dip to 2 ft., and what would then be the length of the rope 
between the points of support ? 

Ans. 939-2 lb.; 150-08 ft. 

“3. Prove that for a chain suspended from two points at the same level, 
when the ratio of L/D is small, the total length of the catenary is given 
approximately by the expression / = L + 8D*/3L. Show that this is also 
true when the curve is a parabola. . 

“4. Using the formula of Q. No. 3, find the length of a suspension chain 
500 ft. span and dip 25 ft. What would be the increase in length for a rise 
in temperature of 40° F. if 2 = 0-000006, and what would be the increased 
dip ? 

Ans. 603-33 ft.; 503-45 ft.; 25-45 ft. 

“5. Find an expression for the tension at any section of a suspension chain 
hanging in a parabolic curve and carrying a uniformly distributed load. 
Calculate the maximum and minimum tensions in the chains of a suspension 
bridge, 300 ft. span and 30 ft. dip, when the total load is 14 tons/ft. run. 
(U.L.) 

Ans. 302-9; 281-3 tons, if two chains. 

¥6. A suspension bridge, span 600 ft., dip 50 ft., carries a uniformly 
distributed load of 14 tons per ft. of span. The anchor chaing have an 
inclination of 45° and may be assumed to be straight. The suspension and 
anchor chains are attached to saddles free to move horizontally on the piers. 
Determine: (a) the maximum and minimum tensions in the suspension 
chains; (b) the thrust on the piers; (c) the tension in the anchor chains. 
(U.L.) 

Ans. (a) 468-8, 504:9; (b) 656-3; (c) 662-8 tons, if two chains. 

7. Why is it necessary to stiffen suspension bridges? A uniformly 
distributed load w per ft. run covers half the length of a suspension bridge 
stiffened by girders hinged at the centre and freely supported at the ends. 
Draw a curve showing the bending moment at each point of the span, and 
find the position and magnitude of the maximum positive and negative 
bending moments. State clearly the assumptions made in arriving at the 
results. (U.L.) 

Ans. + wL/64; centre each half span. 
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8. Assuming that the chain of a stiffened suspension bridge of span L 
hangs in s, parabolic curve, and that the stiffening girders are hinged at both 
ends and at the centre, find the positions of a rolling load W which will 
produce the maximum positive and negative bending moments in the stiffen- 
ing girder, and the magnitude of these moments. (U.L.) 

Ans. See (ii) and (iii) Fig. 371. 

9. In a suspension bridge with stiffening girders not hinged at the centre, 
the span is 500 ft., dip 70 ft., area of lowest link of each chain 50 sq. in., 
moment of inertia of each atiffening girder 1-7 x 10° in.*{. Assuming that 
the shape of the chain is parabolic, find the incrvase in the horizontal tension 
in the chain per 10° F. fall in temperature. Take a = 0-000006. 

Ans. 3-54 tons. 

10. If in Q. No. 9 the stiffening girder be 20 ft. deep, find the bending 
stress per square inch at the centre of the girder resulting from the 10° change 
in temperature. 

Ans. 0-21 ton/sq. in. 


CHAPTER XV 
MISCELLANEOUS STRUCTURES 


245. Trussed Beams.—In Chapter I the trussed beam was treated as 
a pin-jointed frame. As ordinarily constructed, the beam proper AB, 
(i) Fig. 386, is continucus, and will not behave as a member hinged at 
C. If the continuity at C be taken 
into account thc frame becomes 
statically indeterminate, and must 
be treated by the methods of § 91, 
Chapter V. 

Suppose that a single load W 
be applied at the point D distant z 
from A (2 < L/2). Treat bar 
No. 2 as the redundant member, 
remove it from the frame and find 
the forces due to W in the rest 
of the bars. In these circum- 
stances there can be no forces in 
bars No. 3, but the load will pro- 
duce a bending moment in the 
beam, bar No. 1, of which the 
maximum value is — Wz (L — z)/L 
at D; a’f’b’ is the bending-moment 
diagram. Next, remove W from 
the beam and apply loads of unit 
magnitude in place of bar No. 2. 
Assume that the force in bar No. 2 
is compressive, so that the unit load Fic. 386. 
will act upward at Cand downward : 
at E. The unit load at C will produce a + bending moment everywhere 
in AB of which the maximum value at C is L/4; a’e’b’ in (iii) is oe 
bending-moment diagram. The unit load at E will produce forces of 
1,/2l, in bars No. 3, and a longitudinal force of L/4l, in the beam, bar 
No.1. Since both beams, and ties and struts occur in this frame, eq. (12), 
§ 91, must be applied. To simplify the analysis, since the effect of the 
shearing force in the beam will be small, the S terms may be neglected ; 
further, the cross-section of the beam will be assumed constant, and since 
the longitudinal force therein will be the same from end to end, so far 
as this force is concerned the beam may be regarded as one of the bars 
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of the frame, and included in the F terms, when the N terms disappear. 
Eq. (12), § 91, then becomes 
5 Fw ‘ ‘MwM’ dl 
X=F.=- Ea 9 EI (1) 
— a OP i Myo 
Ea o EI 
Dealing first with the bending moment, the value of Mw everywhere 


is given by the bending-moment diagram a’f’d’, (iii) Fig. 386. At any 
section distant z from A 








if x <z, Mw = — “— 4), 


ifz> =z, Mey = — VF (Lx), 


The values of M’ are given by the bending-moment pingran a’e’b’, (iii) 
Fig. 386. At any section distant z from A, 


ifz <z, M’ = + 2/2 

ae. M’ = + (L — 2)/2. 
The integral —- El a MwM’. dl must be split into three parts corresponding 
to the lengths a’d’, d’c’, and c’b’, (iii), of the beam AB, 
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where E, and I, have reference to the beam. 
Since the strut, bar No. 2, occurs in the middle of the span, the 
I 





1 
integral El : (M’)?dl for the two halves of the beam may be written 


A. ; 2 (besa\t Ls 
wa jm d= FT, \. (5) de = Fon, 


Considering next the forces in the bars of the frame, as was seen above 
there are no forces in the bars due to W when bar No. 2 is removed. 
Hence Fw = 0 in all cases, and the first summation in the numerator 
disappears. 

For the beam, bar No. 1, F’ = L/4I, (see above), and 

3 3 
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E a K, (4l,) a, 161,K,a, 
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For bar No. 2, F’ = 1, and 

E (F’)* ao x Os = a," 
For the two bars No. 3, F’ = ae i 


Langt 2(h)th fy 

EY ors, fh " 3B, 
WwW 3 3 
46K,’ . 2(3L3 — 423) 


Then F, = 20 | eee a * aes ft ° ° (2) 


16/,%8,a,° E,a, 2,8, * 48,1, 
Knowing F,, the bending moment everywhere on the beam can be found, 


and also the forces in the bars. The equation is only valid for values of 
2<L/2. Let 


1 
ag eg I l; L ra - (3) 
eH, ae iia, + Ea, 3%Ra, + iE ma 


where x is a constant for the frame, and can be calculated when its 
dimensions are known, then 


F,= Wx(3L*— 42) 2... (A) 


If W be put equal to unity, this equation will be the equation to the 
influence line for F, from z= 0 to z= L/2. The curve is symmetrical 
about the centre of the beam, and is plotted in (iv) Fig. 386. From 
this curve the value of F, for any load arrangement can at once be found, 
and hence the stresses everywhere in the truss determined. 

Alternatively, certain load conditions can be treated from first 
principles without using an influence line. Thus, for a uniform load 
completely covering the span, the Mw bending-moment diagram is a 
parabola, (v) Fig. 386, Mw = — wr (L — z)/2; max. ordinate — wL?/8, 
and the integral, eq. (1), 





‘ 2 (hw 5wL4 
|, eae et \, 3 2 (L— 2) 5° de = — 38451, 
The denominator will be the same for all cases, hence, 
5wL* 
_ 384E, I, a 5wL! 
fie eg 


161,*E,a,' Ea, 2i,*E,a,' 48E,1, 
= w [total area of the influence line (iv)]. 


It is to be observed that the numerator in the equations for F, is 
the central deflection of the member AB considered as a plain beam 
carrying the applied load. 
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246. Braced Piers.—(i) Fig. 387 represents a braced pier supporting 
a deck bridge. The maximum stresses in the pier will occur when the 
bridge is carrying a train, and is subjected at the same time to wind 
pressure.* The total vertical load W on the pier can be found from the 
weight of the bridge superstructure plus that of the train. It must 
include the effect of impact, §§ 61 and 63. The resultant wind pressure 
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on the pier from the bridge and train can be found from the principles 
of § 52 (cf. Fig. 87). Let it be represented by a force F acting at a distance 
r above the top of the pier. Then, as will be seen from (iii), there will 
be two vertical reactions R’ acting on the top of the pier due to this wind 
pressure, one acting upwards, the other downwards, of magnitude 
‘R’ = Fr +B 
* According to the British Standard Specification No. 153, 1933, the alternative 


cases of the empty structure subjected to a 50 lb. wind pressure or the loaded struc- 
ture subjected to a 30 lb. wind pressure must be considered (see § 52). 
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and a horizontal reaction equal to F. The total downward forces acting 
at, the four corners of the pier will be, therefore, 


W .R WW . Fr 
gto-7 top 
- In addition, the forces p, . . . p, acting on the pier due to the wind 


pressure on the frame itself must be taken into account, and if the pier 
be very tall and heavy, the stresses due to its own weight must also be 
allowed for. If the viaduct be curved it plan, the centrifugal force due 
to the train passing round the curve, § 193, must be combined with the 
lateral wind pressure. 

Since the wind may blow from any. direction, it is usual to cross-brace 
the pier as shown ; tc find the forces in the different bars it is then neces- 
sary to divide the frames into their two components, halving all the loads 
on the frame, and find the forces in each component, combining them 
afterwards as explained in § 7. One of the component frames is shown 
in (iv), with the forces acting on it. If the batter on the pier is considerable, 
it will be necessary to develop the true shape of the component frame as 
in (iv), and to resolve the vertical load in the plane of the frame. 

To find the forces in the bracing on the sides of the pier parallel to 
the track, the wind pressure F” 
on the end of the train (or 
trains), girders, and the pier, 
must be found; these must be 
combined with any loads due to 
acceleration or braking, § 193. 
Since the wind may blow diayon- 
ally, when (see Fig. 82) its in- 
tensity on planes at 45° will be, 
practically speaking, equal to its 
normal intensity, the forces in 
the four main corner members 
due to wind pressure will be the 
combination of both lateral and 
longitudinal wind loads, which 
must be properly combined (cf. 
§ 48: Tall Masts). 

On these assumptions, a 
wind pressure of 30 Ib./sq. 
ft. should be allowed for in ex- 
posed positions, but the per- 
missible working stresses in a 





af Pre Di 
the material for all combina- (isi) ae Por 
tions of loading may be raised 8 
by 25 %. . Fia. 388. 
The reactions R, . . . R, on the concrete foundations can be found 


from the two sets of forces, lateral plus longitudinal, taking into account 
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for this purpose the weight of the pier itself and also that of the concrete 
footings. 

The factor of safety against overturning should be at least 1-5, whether 
for the loaded or empty bridge. The methods of § 52 may be followed. 
Messrs. Arrol’s suggest (Bridge and Structural Engineers’ Handbook) 
that the width of the base should be B, = B+ H 3 transversely, and 
By = B+ H/6 longitudinally. 

247. Cylinder Bridge Piers.—Vig. 388 shows a common type of bridge 
pier, consisting of two cylinders sunk into the river bed, and braced 
together at the top. It is necessary to provide a factor of safety of at 
least 14 against overturning, and to ensure that the allowable pressure 
on the river bed is not exceeded. 


If F, = the wind pressure on the bridge, tons, 
that on the train, tons, 


3 ss 

3 = 2Ddv*/3090 tons = the resistance to the river current of v ft. /sec, 
Wop = the weight of the bridge coming on the pier, tons, 
We = the weight of one train coming on the pier, tons, 
We = the inclusiv> weight of one cylinder, tons, 


then, taking moments about O, the dimensions being in feet, 
The overturning moment M, = Fy, + Fir, + Fs. 
The righting moment Mr = (Wb/2+ We —- P+ p)B,+ We. 
Factor of Safety = Mg + M, = 1}. 

W; = the weight of one empty train standing over the leeward 


pier; Fig. 388; P= ganD + D,)/35 is the upward water pressure 
i 

on the bottom of the cylinder (in all but impervious foundations) ; 

= q(a* ~— d*)D/35 is the downward water pressure on the conical part 


of the cylinder ; when D, is great, take O from 5 to 10 ft. down, depending 
on the lateral resistance of the river bed. 
The maximum value of R, will occur when two heavy trains are 
crossing the bridge : 
R, = Wo/2 + Wel + 1) + We —- P+ p+ (Firat Fyrg + Fors) /Bo. 
+ = the impact factor, P = 0 in impervious soils. The bearing pressure 


R= qa" must not exceed that allowable on the river bed.* The 


pressure on the concrete in the cylinder at section AA should be similarly 
investigated. 

Skin Friction —When D, is great, skin friction * between the cylinders 
and the river bed may be an important factor; it is frequently neglected. 

In the case of masonry piers, indicated in (ii) Fig. 388, the resultant 
pressure on the foundation should fall within the middle third. 

248. Wall Crane.—A common type of wall crane is shown in (i) 
Fig. 389. It consists of a beam AB along which the load travels. The 
beam is rigidly connected to a vertical post DG at A, and its outer end 


'® For permissible values see Newman, Cylinder Bridge Piers, or Arrol’s Handbook. 
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is supported by a tie bar BC. The crane turns in bearings at G and D. 
The structure is statically indeterminate, and the forces in the members 
must be found from strain-energy considerations. The method of § 91 
will be used. 

Remove the tie bar BC, leaving the structure DAB (ii) as the principal 
system. The lengths, areas, and moments of inertia of the bars are 





g! 
Roles) > 


indicated on the figure. Considering first the beam AB, the bending 
moment at any section J due to a unit load W is 
Mw =-+ W2’ = + 2’, since W = l. 

Replace the forces in the tie bar by unit forces X = 1, acting at B and C 
along the direction of the tie bar as shown in (ii). The vertical and hori- 
zontal components of the unit force at B will be I x sin @ and 1 x cos@ 
as indicated, hence the bending moment at J due to X is 

M’ = — (1 x sin 6)(z + 2’) = — (2+ 2’) sind 
and for the beam AB, between the limits x’ = 0 and xz’ = |,— z, that 
is from D to A, the integral 


] ’ 1 ae 7 / : / 
es eer pitas (21, + z)(l, — z)* 
= ay sin )| {a’2z + (x’)*}da" = — ——$EI, sin@ . (1) 


Mw between B and D is zero, and therefore MyM’ is zero. 
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At any point distant z from B, the bending moment due to X = 1 is 
M’ = — (1 x sin @)z = — x sin 9, and for the whole length, 


: az |r)" dl = es sin sa['ss dx = in sin? 6 (2) 
EI, o 3EI, " " 
The ae W produces no longitudinal force in AB; that due to 
X = lis 1x cos@. Hence : 
FwKk'l/Ea = 0; (F’)%%/Ea = 1,(cos* 6)/Ea, : . (3) 
The effect of the shearing force in AB will be neglected. 


Considering next the vertical post DG, the forces and moments are as 
shown in a and (iv) 389. At any section distant 2’ from D, 


= Rpz’ = 1a, since Rp = Wil, — z)/l,, and W = 1; 
ly 








and at the same section, M’ = — (1 x cos6)(z%’ —c,). Hence, for the 
vertices] 3 the integral 
MyM’. dl be ay 0. dx’ 
ai. Ww =~ ET), i, x(x — c,) cos 0 .dx 
l ie z ath : 
= — El,’ i, COs of a’(a’ — c,)dx 
1 tz 
ele 2 
61,’ 1, (27, + 3c,)l,2 cos? . . (4) 


M’ is zero between D and C, and also between A and G. For the vertical 
post, the cia 
cos*@ 1,8 


1 (at4s 
, 207’ — c.)8dr = - 
| )2dl = a) cos? O(a’ — c,)*dx EI, ‘3 . (5) 
The load =e no longitudinal force in DA; that due to X = 1 is 
1 x sin@. Hence, 
FwF’l/Ea = 0; (F’)9//Ea = 1,(sin® 0) /Ea, : . (8) 
For the bar BC, considered separately, (iii), Fw = 0, FY = X = 1. 
Hence 1 
F’)3}/Ea = —* : : ; . (7 
(F’)"/Ea = a (7) 
Then from eq. (12), § 91, 
FwF'l ’MwM’ 
p> ae oh | dl 
ar 
5! ) 4 \, (M’) 





X = — 


Ea Er @ 


Inserting the values in the numerator from egs. (1) and (4), and in 
the denominator from eqs. (2), (3), (5), (6), and oy and rearranging, 


(21, + z)(1, — 2) ] a 
+ ——— sin 9 + = (21, + 3c,)l,* cos 0 
X = 6EI 6EI, . 8) 


5 sin ; 
SEI, sin 89 + aRT, 008" 9 + = aa to + Ha, 
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But sin @ = /,/l,, and cos@ = 1,/l,; if all the members are made of the 
same material, KE = const., and 


( L,-- 2 
lls (21, + 2)(L, — 2)*Is + ee (21, + 3c,)Tays| 


TF 
a, @, Gs 


(9) 

21,ls%(Iyl + Igy} + 6L,I, | 

If the crane is built into a rigid wall, the terms in eq. (8) with a, 

or I, in the denominator will disappear, and if E be constant, 
(20, + 2)(l, — 2)%gl, 


fertlg® tye EP) 
6h i Sr, a, a, 


X = - (10) 


Knowing X, the force in the tie bar, the forces and moments in all 
the bars of the frame can easily be found. If W have a value other than 
unity, the force in the tie bar = WX. Let 


lal 





21,21.%{Tyly + Tyly} +- OLyg! 2 + 2 + 1 
1's tits + bats a er er 
where y is a constant for the particular frame. Then 
L—z 
x = xX 1h + z)(l, = z)*I, + “qa (21, +- Bey)Tyhly e (11) 


This equation will give the value of X for a load W = 1 at any position 
distant z from B. In other words, it is the equation to the influence line 
for X, and from it the value of X for any load condition on AB can at 
once be found. This influence line has been plotted in (v) for the frame 
shown in Fig. 389 and particular values of the constants. The ordinate 
of the curve under the load gives the magnitude of the tension in the tie — 
bar, which increases rapidly as W rolls out towards B. 

248a. The Wichert Truss.—The continuous girder is an economical 
type, but has the disadvantage that it may be subjected to severe addi- 
tional stress due to pier settle- 
ment and/or changes in tem- 


perature, § 239; and since it . A B F : 
is statically indeterminate, the B 
computations are somewhat Fic. 389. 


involved. It is claimed that 

the Wichert Truss, Fig. 3894, presents all the advantages of the con- 
tinuous girder without these disadvantages. The truss is supported at 
A and C in the usual way, but at B the middle support takes the form 
of a pin-connected quadrilateral BDEF. A simple model will best ex- 
plain its action. Such a truss is statically determinate, and the 
influence lines are straight lines. It is stated that there is a saving in 
material, both in the trusses and at the piers, and that the time of 
erection is reduced. The principle can be applied to arched structures 
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and other types. For further exposition, see a book by Dr. Steinman * 
where the subject is fully discussed. 

249. Vierendeel Girders.—-In 1896 Vierendeel’ suggested a method of 
constructing open-web girders in which the diagonals are omitted. The 
girder consists of top and bottom flanges connected by verticals, the 
junctions are stiff joints; a typical example is shown in Fig.390. A number 
of bridges have been built on this system with success and, it is claimed, 
considerable economy. It appears to be a very suitable type for open- 
web girders of welded construction or of reinforced concrete. 

Vierendeel girders are statically indeterminate. The stresses in sem 
may be determined by a consideration of the elastic displacements, or 
by strain-energy methods. If there be many panels, an exact treatment 
is laborious : the following method may be used as a first approximation. 
Consider the distortion of any one panel of the girder shown in (i) Fig. 391. 
There will be points of inflexion J and K in the verticals, which will be 
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Fia. 390. 


assumed to occur at the mid-height of these members. The upper and 
lower halves of the girder have been separated for clearness at the points 
of inflexion, where horizontal and vertical forces H and V will act. The 
portion of the girder to the left of AC being removed, its effects on the 
panel CB will be represented by a horizontal force F',, a vertical shearing 
force S,”, and a moment M,,.,” in the flange at A, and similarly by F,, 
S,’ and M,.,’ at C. The configuration of the points B and G, and the 
slope of the flanges at these points, will be determined by the distortion 
of that part of the girder to the left of BG, and for present purposes the 
flanges at B and G may be regarded as fixed in position and direction. 
The method of attack is to calculate the horizontal distance | between J 
and K, first by considering the lower half, and secondly the upper half, 
of the panel. Equating these two values, a relation between H, and H, 
is obtained, which, successively applied to each panel, enables the value 
of H for every vertical to be found. Knowing these values, the stresses 
in all the members follow from statical considerations. The longitudinal 
strains in all the members will be neglected. 
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From the geometry of the lower portion of the panel, 
t= AyBy = A,A + l” — BB,, where AB = I’. 
BK may be regarded as a vertical cantilever loaded with a horizontal 
force H, at K. Therefore 
Bese +(3) ets 
3EI, \ 2 24EI, 

The displacement A,A is composed of two parts, H,D,3/24EI, due to 
the deflection of AJ, plus that due to.the bending of AB magnified by 





3) 
ceo 


Fig. 391. 
the arm AJ. The vertical force acting at A is (S,” — W,” + V,). Hence 
at any point distant z from B, the downward bending moment is 
M = H gD ,/2 —<— M,.,” Tr (S,’ ee WwW,” + V,)(2” poe x). 


The change of slope at A produced by this moment is ar). M . dz, 


where . 


| M . dx = (H,D,/2 — M,.,")l” — (8,” — W,” + V,)(U")#/2. 
0 


Zo 
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Hence 
H,D,? 1 


AA = oar, + ap | pores 


a HD,’ D, a Eo. Mai’ _. (S,” — —W,” fe vy ° 


= sani, * dr’ | 2 
and : 
_. 7” H.D,? H,D,? M,. ee "D, ” ” H 3D3° 
L=l oi 24Ey, ar on ce aEx — (8; Ww, or Vig ” 24Ey., 


seating the lies flange in a similar way, / = horizontal projection of 
CG + GG, — CC, where the horizontal projection of CG = 1”. As before, 
GG, = H,D,3/24EI,. The displacement CC, is composed of two parts, 
H,D,°/24E1,, due to the deflection of CJ, plus the magnified effect of 
the bending of CG. The vertical force acting at C is (S,“ — W,’ — V,). 
The vertical force S,’ is the sum of the vertical components of the normal 
shearing force and of the longitudinal force in the upper flange at C, 
and I, is the algebraic sum of the horizontal components of these two 
forces. At any point distant x measured horizontally from G, the 
downward bending moment is 
M = H,{D,/2 +- (U” art; x) tan ap} ie Fv’ — v) tan Qo 
— M,.," — (8)' -- W2’ — V.)(1"—2) 
The change of slope at C produced by this bending moment is | M . ds, 
where CG = lI’ = 1” seca,, and 8s is an element of this length. Then 
M = H,{D,/2 + (l’ — 8) sina,}+ F,(U’ — s) sina, 
7 M,.,’ an (S,’ = Ww,’ coins V.)(U ae 8) COs Ae 





—. 
2 V2 3 
"M. de = H, |=s pag EVN a) oes) Ga ae 
0 *( 2 2 2 
~ (S,’— W, — V) (2’)? as 
Hence, putting /” sec a for I’, 
H.D,3 
= —..| M.ds x CJ 
OOo = samt, 7 ar, ° 
_H H,D,° % D, sah] je BEC a, i. (1’)* tan a, seca, 
~ 24EI, 2ET’ 2 - 2 
WN9 W929 
* F,(U’) tone SCC Og M,.,l” sec a, — (S,’ — W,’ — vif ) - “| 
and 
_. |” H,D,* H,D, 2 _ H,D, nw F,D st 
ae + 34By, 24Ex, 45x’ GEy’ (Pa + tana.) — a ae rena) 
M,.,D, 





+ 2B’ + (8S, — W,’ — Via ; . (2) 
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where x’ = I'/l’ = I’ /l’seca,; and I’ tana, = Ds — Dg. Equating the 
two values of / from eqs. (1) and (2), and a 
H;D;* H,D,? p,| 32s 3D, +5 

% MX 








(S,’— Wy — V2) 


‘ 3l” 
— (8," — W," + Ye (3) 


Maer’, Mes”) 3D, 
4 x x’ 


In most practical cases x’ and x” will not differ greatly in the name panel. 
Let x’ = x” =x; the value of y may be taken as a mean between those 
of xy’ and y”. Then 


3 2 
H;D,? HD,’ = SD ait (D, + D,) + F,(D, — D,) 
X3 X2 x 


= 2(M2.1’ — M,.,”) “= (Sy _— W,’ a5 Sy” haa W,.”)) (4) 


Let M, be the external bending moment at AC due to the applied 
forces and reactions. Then, taking moments about A, 
M, = F,D. + Mo.1’ + M,.,”, and M,.,’ + M,.,” = M, — F,D,. 
If S, be the external shearing force in the panel CB, 
S, = 8S,’ — W,’ + 8,” — W,’. 
Inserting these values in eq. (4), 
Bae _ Sele = MHD, + Dy) + FD, + Dy — 2M, + Se) 


_ 32)H 





6D 
(D, + D,)D, — May oo. 8) 


for H, + F, = F, = DiH, i.e. the sum of all the horizontal forces H up 
to and including H,; since F, = H,; F, = H,+ H,, and so on (see 
Fig. 391). Also M, + S,!/’/2 = M,, is the external bending moment at 
the centre of the panel CB. If AC be the rth vertical of the girder, 
and BG the (r+ 1)th, eq. (5) may be written 


Hy. Dr+ 1? ee H,D,* - 3(Dr +1 + D)Dryr iH 2 —M, + 4 . (6) 
+1 Xr 
3 
Hes Drs 3° — ee a eat site Atk. (7)* 
~ Tea I, : 


where I /l” is the mean of I’/l’ and I”/l” for the panel in question. If the 


* Vierendeel’s formula for girders of this type is 
Hy 4,Dy + :° = HpDy* (3Dy + 1— Dy)/2 + U°{3Dy + Dy + (Dy +, — Dy) DH 
— 31” (Dy +4 + Dy) My + 1/2 + Sp(0)® (Dy 4 + 2Dy)/2 
obtained by assuming that the upper flange is hinged to the top of all the verticals 
and that I is constant. 
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girder is parallel, D,,, = D, = D; and I,,,=I1,=1; this equation 
reduces to Vierendeel’s formula, 


6l" 61” 
Hyi.-He=5EH- TMi, 


Kq. (7) is of the form aH, , , — 0H, = cde H — d, where a, 0, c, and d 
can be found directly from the dimensions and loading of the girder. 
Consider a symmetrical girder of six panels symmetrically loaded, 
(ii) Fig. 391; find a, 6, c and d for each panel in turn, and apply 
eq. (7) to each. Starting with the end post, H = H,, 

gH, — by.gH, = ¢y.4H, — dy.4 

Qe.sHy — by.3H, = ¢2.9(H, + H,) — dy. 

Ay.4Hy — b5.4H, = c5.4(H, + H, + H5) — dg.g; 
H, = 0, since the conditions are symmetrical. Solving these equations, 


H, ...H,are known. It is necessary to work accurately. 
From (i) Fig. 392 and (i) Fig. 391, 
M3...” = M,.,” + (S,’” 7 Ww,” -+ V,)l” = H,D,/2 e . ° (9) 


M3...’ = M2.y’ + (Sy — W,’ — V2" — HAD,/2 + (Ds - D,)} — F,(Ds — Dy) 
= M,.,’ + (S,’ — W,’ — V,)!” — H,D,/2 — F,(D, — D,) . (10) 
Suppose that M3.,’ = &.M;..”. Then 
_ Mya’ — EMyy” | (Gy! — Wy’) — #8," — Wy") _ F(D, — Dy) 
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k and l” are to be given the correct values for the panel under considera- 
tion. The value of k might be obtained from the condition that the 
vertical deflection of J must be the same whether the top or bottom 
half of the girder be considered, but the expression is complicated. If, 
with Vierendeel, it be assumed that M’: M”:: I’ /l’: 1’ /l’, which is only 
approximately true, since the ratio M’ /M“ is net constant across the panel, 
Tl’ 

k= iv . : ~ (13). 
which may be used in default of a more exact value. If the girder is 
parallel, and I’ = I” everywhere, k = 1 and eq. (12) becomes 

Vy = oar te 


@ negative sign indicates that V;, acts in the opposite direction to that 
shown in Fig. 392. 


Having obtained the values of H, in order to find the moments and 


» (14) 
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forces everywhere, start at one end of the girder. For the first panel, 
M,..” = — H,D,/2; M,.,’ = — H,D,/2; Fig. 392. M,.,” = (R— V)I’ 
— H,D,/2; M,.)’ = (V, — Wy‘)l’ — H,(D, — D, + D,/2) ; M,.,’ 
k,.M,.,”, where k, = 1,’1’/I,"’ ; hence V, can be found and the bending 
moments. Knowing M,.;’ and M,.,”, V, can be found from eq. (12), or 
by taking moments as in the case of V,. M,.,” = M,.,” — H,D,/2; 
M,.3° = M,., — H,D,/2. For M3.., see eqs. (9) and (10). F, = H,; 





Pont of Inflexion 


Fia. 392. 


F, = H,+ H,; and so on. Note that the end bending moments acting 
on the flange members are reversed in sign to those shown in (i) Fig. 392 ; 
see (ii). 

250. Rigid-frame Bridges.—This type of bridge, suitable for short 
spans, has been developed in America by Mr. A. G. Hayden," in collabora- 
tion with Mr. G. D. Clarke, the latter being responsible for the archi- 
tectural treatment. It consists of a very flat arch made continuous with 
its abutment walls, Fig. 393, so that the combination forms a stiff portal. 
Such bridges have advantages from an aesthetic point of view, there is 
considerable saving in the cost of the abutments, and owing to the 
flatness of the arch the approach gradients are reduced. For spans of 
from 35 to 80 feet in reinforced-concrete, and from 80 to 120 feet in steel, 
the rigid-frame bridge is claimed to be more economical than the ordinary 
types of reinforced-concrete or steel bridges. 

Fig. 393 shows a typical example of about 50-ft. span. The dead 
loads on the structure consist of its own weight and the horizontal earth 
pressure on the abutment walls. The feet may be hinged or fixed in 
direction, and the stresses are calculated as for a two-hinged or fixed- 
ended arch, §§ 220 and 222. To find the stresses due to the live load, 
influence lines should be constructed for a unit load moving over the 
bridge. Types are shown in Fig. 393: (ii) is the influence line for the 
horizontal thrust H, (iii) gives the bending moment influence lines for 
the points Nos. 2, 5, and 9, obtained on the assumption that the ends 
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are hinged. The method of § 229 (General Case) might be used to find 
these. It is necessary to investigate the effect of variations in temperature 
and movement of the abutments in such structures. 

Detailed calculations for rigid-frame bridges of the above type, for 
similar bridges with direction-fixed ends, and also for skew spans, are 
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given in Hayden’s book," to which reference sbould be made for further 
information. 

251. Incomplete Frames.—A frame composed of just sufficient bars 
to divide it into triangles, § 3, is statically determinate and is called a 
perfect frame. Frames which contain less than this number of bars are 
called incomplete or imperfect frames. Such frames depend for their 
strength and stability on the rigidity of their parts and joints, and the 
stresses in them cannot be determined from statical considerations. 
The common bicycle frame is an incomplete frame which depends on the 
stiffness of its bars and joints for stability. Vierendeel girders, § 249, 
are incomplete frames of the same type, as are stiff portals, § 106. In the 
roof trusses of Fig. 394, the stability of the structure depends on the 
stiffness of the tie beam and its capacity to carry bending moments. 
Many other incomplete frames are employed in practice with success. 
Such frames are incomplete or imperfect only in the statical sense, and 
may be well fitted for their functions. No methods, generally applicable, 
can be given for the purpose of determining the stresses in incomplete 
frames ; each type requires particular treatment. 
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QUESTIONS ON CHAPTER XV 


1. In Fig. 386, AB is a 15 x 15 in. timber beam and the span L = 
40 ft. Bars Nos. 2 and 2 are of mild steel, 1, = 5 ft.; a, = 4:2 sq. in.; a, = 
1-77 sq. in. E timber = 540 tons/sq. in.; E steel = 13,000 tons/sq. in. 
Draw the I.L. for F,; find F, for a load of 5 tons placed 12 ft.from A. Find 
als. the stresses in all the members. 

Ans. x = 1/(122-43 x 10°); F, = 3-58, F, = 7-16, “F, = 7°38 tons; 
f, = 980 + 71 = 1051 Ib./sq. in. in the beam; f, = 0-85, f, = 4°17 tons/ 
8q. in. 

2. Using the value of F, from eq. (4), § 245, obtain expressions for the 
bending moment Mp under the load W distant z = nL from A, Fig. 386, 
and for Mg at the centre of the beam. 

Ans. Mp = — WLn{l — (3L3y + 1)n + 2L8xn3; Mc = }WLn{(3L*x 
— 2) — 4L*yn*}. Hence show by differentiation that the position of W for 
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maximum values of Mp and Mog is given respectively by the expressions : 
1 — (3L*y + 2)n + 8n® = 0; SL*x(1 — 4n*) = 2. 

3. A 12 x 12-in. beam of timber is 24 ft. span. It is trussed by a cast- 
iron strut at-the centre supported by two mild steel tie rods 1} in. diam. 
passing from the bottom of the strut to the ends of the beam. The strut is 
3 ft. long, and its cross section is 2-5 sq. in. Find the stresses in the strut 
and tie rods when the beam carries a uniformly distributed load of 20,000 lb. 
E timber = 1,500,000; E cast iron = 15,000,000; E mild steel = 30,000,000 
Ib./sq. in. (U.L.) . 

Ans. x = 1/(28:92 x 10°); F, = 10,325, F, = 21,280 lb.; f, = 4130, 
fs = 17,310 Ib./aq. in. 

4, Using the theory of § 248, design a swinging wall crane to carry a load 
of 5 tons, maximum radius 10 ft. The horizontal reactions are not to exceed 
8 tons. 

5. In the frame shown at (5) Fig. 394, assume that the points of inflexion 
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occur at the mid-pointe of the verticals, and using a strain-energy method, 
find the unknown forces X, and X,. 
( 41,L  I,D* { 721,D 
=a a 2 =— fF} 3 = 

Ans, X,=WDL* + 8/DL + “+ a X= W+{2 +s . 

6. In the Vierendeel girder shown in (6) Fig. 394, if the I of all the members 
be the same, find all the H values. 

Ans. H, = 5-110; H, = 3-212; H, = 0 tons. 

7. If in the girder of Q. No. 6, the flanges were parallel, and the depth of the 
girder 12 ft., find by Vierendeel’s formula, eq. (8), § 249, all the H values. 

Ans. H, = 3-164; H, = 4-146; H, = 0 tons. 

8. In Fig. 394, (8) represents diagrammatically a timber roof truss, 
supported at A and B and loaded as indicated. AB is a timber beam 
11 xX 5 in. in cross section. Find the maximum stress per square inch in 
the part CD of this tie beam. (I.C.E.) 

Ans. 1771 \b./sq. in. 

‘ 9. Draw the shearing-force and bending-moment diagrams for the tie 
beam AB of the roof truss shown in (9) Fig. 394, for the loading indicated. 
AE = EG = GF =FB. The reaction at B is vertical. (U.L.) 

Ans. Shearing forces: S, = 2:01,S, = 2:77 tons; bending moments : 
M; = 40:2, Mg = 55-4 ft.-tons. 
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CHAPTER XVI 
THE BUILDING MATERIALS 


TIMBER 


262. Classification.--[he timber used for constructional purposes is 
obtained from the class of trees called by botanists exogens, i.e. trees 
in which growth takes place by the annual addition of an external layer 
or ring of cellular tissue and woody fibre. It may be subdivided into 
hard woods and soft woods. The hard woods come from the broad- 
leaved deciduous trees. The chief varieties are: oak, elm, beech, 
greenheart, walnut, mahogany, maple, and teak. Bass, though obtained 
from a broad-leaved tree, is classed as a soft wood. The soft woods are 
obtained from the coniferous or needle-leaved trees ; these include the 
pines and firs. The chief varieties are: Pinus sylvestris, commonly 
known as northern pine, Scotch fir, red or yellow fir or deal; Pinus 
resinosa, known as red pine or American deal; Pinus strobus, white or 
yellow pine, the American long-leaved pine; Kauri pine; and pitch 
pine (Pinus rigida); Picea excelsa, known as Norway spruce, spruce 
fir, or white deal; Douglas spruce or fir; Abies pectinata, silver fir ; 
and larch. 

253. Structure.—As shown by a transverse section, the stem of an 
exogenous tree is made up of the following parts : (i) the medulla or pith, 
(ii) the medullary sheath and rays, (iii) the annual rings, and (iv) the bark. 
The pith, which occurs at the centre of the tree, is composed entirely 
of cellular tissue. It is enclosed by a thin membrane called the medullary 
sheath, from which radiate the medullary rays, thin layers of a muriform 
cellular tissue. The annual rings are deposited immediately outside the 
medullary sheath, in the form of concentric layers of cellular tissue and 
woody fibre. In temperate climates one ring is added each year. It 
consists of two parts: a soft inner portion composed of cellular tissue, 
light in colour, formed early in the year, called spring wood ; and an outer 
portion, darker and harder, composed of woody fibre, formed late in the 
summer, and termed autumn wood. The annual rings nearer the centre 
of the tree are harder and closer in grain than those near the circumference, 
and are called the heartwood or duramen. This is the part of the tree 
used for constructional purposes. The softer rings near the circumference 
are called sapwood or alburnum. They are lighter in colour and more 
open in grain. Sapwood should not be used for constructional work, 
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as it is immature timber, not properly hardened, and readily decomposes. 
The bark is the familiar external covering of the tree. 

254. Felling and Seasoning.—The tree should be felled on reaching 
maturity, for the strongest and most durable timber is obtained 
from trees in their prime. The proportion of heartwood is then at 
its maximum and the heartwood has not commenced to decay. Oak 
trees reach maturity in about 100 years; elm, ash, and larch in 
from 50 to 100 years; firs and pines in from 70 to 100 years. The best 
time for felling is at midwinter, when the sap has ceased to flow and the 
contained moisture is at its minimum. Immediately after felling the 
trunk should be stripped of its bark to allow the moisture to evaporate, 
and as soon afterwards as possible it should be sawn into scantlings, 
otherwise large shakes and splits will occur due to shrinkage. 

Before the timber can be used for constructional work it must be 
seasoned, i.e. the moisture and unhardened sap must be dried out. 
The natural and best method of seasoning is to stack the timber carefully 
in open sheds, with distance pieces between each scantling, so that ‘the 
air can circulate freely all round. This produces the strongest and most 
durable timber, but it requires a considerable time to accomplish, 
particularly if the timber be large. To hasten the process, the timber 
may be dried by warmed air in chambers or kilns. The timber is stacked 
in the drying chamber in the manner described above, and is exposed to 
currents of warmed air from a fan. The temperature and humidity of 
this air are so controlled that the rate of evaporation from the timber 
does not exceed a certain figure which experience has shown will not 
lead to deterioration of the material. In modifications of the method 
the timber is moved slowly through a long tunnel, in which the 
temperature of the circulating air gradually increases as the timber 
passes along, so that the required rate of evaporation is maintained. 
It is claimed that this method of seasoning produces timber equal in 
quality to that obtained by natural seasoning. 

Another method, called water scasoning, is completely to submerge 
the green timber in running water for about fourteen days, with the 
butt end up-stream. The water enters the pores of the wood, dilutes 
and drives out the sap. The timber is then dried in a shed as before, 
but the time taken is much reduced. 

255. Defects in Timber.—The more important defects to be looked 
for in timber are: Cup Shakes, or splitting due to the separation of one 
annual ring from the next. Star Shakes, which are splits radiating from 
the centre of the tree towards the circumference. Heart Shakes, or splits 
through the heartwood, usually found in old trees. Foziness is a dull 
reddish stain, and Doatiness is a speckled stain, both indicating incipient 
decay. Waney Edges are edges formed by the natural curvature of the 
circumference. The inference is that the timber contains a large pro- 
portion of sapwood. 

256. Characteristics of Good Timber.—The timber should be free 
from defects, firm and clean in appearance, and when struck should 
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emit a clear ringing sound. The cellular tissue should be hard and 
compact, the annular rings narrow, and the proportion of sapwood not 
unduly large. If the tree has been felled too young, the proportion of 
sapwood is large and the heartwood is softer than in a mature tree. 
If the tree is very old, the heartwood is brittle, and often decayed. The 
width of the rings indicates the rate of growth of the tree. Wide rings 
indicate rapid growth, narrow rings slow growth. The rings near the 
centre are usually wider than those at the circumference, but the width 
and arrangement of the rings commonly varies in trees of the same variety, 
and in different parts of the same tree. Timber in which the rings are 
wide, indicating too rapid growth, is usually soft and weak (see Fig. 402). 

257. Strength of Timber.—The strength and other mechanical proper- 
ties of timber vre found to depend on (see § 271) : 


Its density. 

The rate of growth (rings per inch). 

Percentage of autumn wood. 

Moisture content. 

Number an‘l arrangement of the knots (see § 262). 
Position in the tree. 

Size of the specimen (see § 262). 

Defects in the timber (see § 255). 


Before considering the results of tests, the methods of determining the 
density, rings per inch, percentage of autumn wood, and moisture content, 
will be briefly described. 

258. Density or Specific Gravity.—A block of the timber is cut to a 
definite size and weighed. The specific gravity is obtained by dividing 
the weight in grammes by the volume in cubic centimetres. The specific 
gravity thus obtained will evidently depend on the percentage of moisture 
which the specimnen contains. A second determination is therefore made, 
after the block has been dried in an oven at 100° C. until it ceases to lose 
weight. It is again measured and weighed, and the specific gravity 
found as before. This is the specific gravity oven-dry, and it is used 
for purposes of comparison. 

Not only is the density affected by the moisture content, but it 
also depends on the width of the annual rings, the percentage of 
autumn wood, and on the part of the tree from which the specimen was 
taken. 

259. Rings per Inch.—The width of the annual rings is determined 
by drawing a radial line one inch long on the end section and counting 
the number of rings which cross the line. The result is stated as so many 
rings per inch. When the number and arrangement cf the rings varies 
over the cross-section, a number of counts are made at different places, 
and an average taken. 

260. Percentage of Autumn Wood.—-This is determined by estimating 
the ratio of the added areas of dark a fibres to the total area of 
¢ross-section. 
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261. Moisture Content.—The percentage of moisture in a specimen 
is obtained by weighing a small slice, or borings from the specimen, 
before and after drying. The ratio of the loss of weight to the dried 
weight is called the percentage of moisture. The borings should be 
taken from as near to the point of fracture as possible. They are 
dried in an oven with a free circulation of air at 100° C. until they 
cease to lose weight. If w, and w, be the weights before and after 
drying, the percentage of moisture is 100(w, — w,)/w,. In large speci- 
mens, a determination may be made at a number of points, and an 
average taken. 

To obtain test results which are strictly comparable, certain experi- 
menters have proposed the adoption of a siandard percentage of mossture. 
Timber which has been thoroughly dried in a kiln is found, on exposure 
to the atmosphere, to absorb about 12 to 15 % of moisture. Bauschinger 
adopted the latter figure as a standard percentage of moisture, and it is 
commonly accepted. In America it is more usual to take 12 % as the 
standard percentage. 

Before testing, the specimens are dried in a kiln, until the desired 
moisture content is obtained. 

262. Effect of Size of Test-Piece. Knots.—The size of the test- 
piece has considerable effect on the strength of timber as determined in 
the testing machine. A large specimen is far from being homogeneous 
and nearly always contains knots, shakes, and other defects. A small 
specimen is usually free from such defects, and the percentage of moisture 
is much more uniform. For these reasons the strength of small specimens 
is nearly always greater than that of large specimens. The effect of 
size on the bending and compressive strength of timber is plainly evident 
in Fig. 401. 

Knots.—From compressive tests parallel to the grain, the relative 
strength of large specimens is of the following order (Bull. No. 108, U.S. 
Forest Service) : 


No knots ‘ ‘ : : ; ‘ ‘ . 100 
Sound knots ¢ inch diameter or less . ; . 95 
* «+» to 1} inches diameter ; : . 90 
< » over 14 inches diameter ; ; . 80 


263. Tests on Timber.—The more usual tests are: tensile, compres- 
sive, shear, bending, and cleavage or splitting tests. Notched bar and 
hardness tests are sometimes made. 

264. Tensile Tests.—The tensile test is similar in character to that 
used for metals, except that the ends of the specimen have to be 
greatly enlarged, or the speci- 
men will fail by shearing or © 
crushing in the grips. A com- Re —— 
mon form of test-piece is shown 
in Fig. 396. Pp Fia. 395. 

The results of some tension tests on timber specimens will be found 
in the Table on p. 577. 
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panied by longitudinal shearing along the fibres, and 
For results of compression tests see the Table, p. 577. 
. Fia. 397. 
grain. 


265. Compression Tests.—Compression tests may be made along or 
across the grain. For tests along the grain the specimens are usually 
short prisms about 2 x 2 x 4 inches in size. Failure usually takes place 
either by collapse of the walls of the cells of which the 
internal structure is composed, or by local kinking of the | | 
fibres which frequently commences at a knot, Fig. 396. | | 

On the tangential surface of the specimen the line of | 

fracture is usually inclined, on the radial surface it may | 

remain normal to the fibres. The compression is accom- {hf 

splitting often occurs. It is found that the fibres split 

rather than separate. 

In tests where the pressure is applied across the 
grain, failure occurs due to splitting along the fibres. 

The propagation of cracks may easily be observed, first Fra. 398. 
dividing two annual rings for a short distance, then 

crossing the ring, again following the contour of the next ring for a short 
distance, then again crossing that ring, and so on until the specimen 1s 
completely disintvgrated. 

266. Shear Tests.—The most satisfactory shear test on timber 
(across the grain) is by the Izod method, Fig. 284, Vol. I. Here the 
specimen is in double shear. 

Some results are given in the fecal eee 
Table, p. 577. 

Tests are sometimes made 
on wooden pins in double shear ; 
in other tests the specimen is 
placed in single shear along the 

267. Bending Tests.—This is one of the simplest and commonest tests 
for timber. Four-point loading is usually adopted, Fig. 397. The speci- 
mens are of rectangular 
cross-section, and may 
be of large dimensions, 
ie. of a size used in 
practice. Failure may Cross Break in Tension 
occur in tension or cotu- : goog: 
preasion (cross-breaking), Primary failure, Longitudinal Shear 


or by longitudinal shear. 

In short specimens the 

latter is a very common Final Cross Break in Tension 

mode of failure, owing to Fra. 398. 

the weakness of timber . 

in resisting such shear. Some typical fractures for a central load are 

sketched in Fig. 398. 
From the breaking load, a modulus of rupture y is caloulated, which 
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figure would be the stress in the material were it elastic up to the breaking 
point. This modulus may be regarded as an indication of the relative 
strength of the specimen in bending. For a rectangular specimen 
B x D, loaded as shown in Fig. 397, if W be the magnitude of each load 
at the failure point, 


 Wh—-)_ ,_. lpn 
3W(L — 1) 
Hence p=" pa 


Values of y» for the commonly occurring timbers are given in the 
Table, p. 577. 

268. Elastic Constants for Timber.—Observations with an extenso- 
meter in tension experiments, and with a compressometer in compression 
experiments, are made on 
timber specimens in order Contraction, Inch 
to determine the propor- 0 02 04 6 
tional limit and the mod- 
ulus of elasticity. The 120 
resulting load-extension 
or load-contraction dia- 
grams are of the same 
type as those obtained for 
metals, (i) Fig. 399. Up to 
the proportional limit the 
points lie on a straight 
line, the departure from 
this straight line deter- 
mines the proportional 
limit, which is clearly 
defined in most timbers. 
The modulus of elasticity 20 
can be obtained from the 
slope of the straight line. 

The bending test is 0 
also a convenient method 
of determining the modu- Sets 
lus of elasticity of timber. 0 0-5 ' rs 2 
If the load be plotted Fia. 399.—(U.8. Forest Service, Bull. No. 108.) 
against accurately ob- 
served deflections, say at the middle of the beam, a diagram of the type 
shown in (ii) Fig. 399 will be obtained. As in the tension test, the points 
lie on a straight line up to the proportional limit. For accurate work 
it is best to measure the deflection in a central length J, shorter than I, 
Fig. 397. Over the length J, the bending moment is constant and the 
shearing force zero. A suitably arranged deflectometer should be 
arranged to ensure accurate readings. If y be the central deflection in 


ompression 
Test, Fibres 
Longitudinal _— 


Load in 1000 Ib. units 


Load in 1000 lb. units 
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the length /, shortly before the proportional limit is reached, and W be 
the magnitude of each load when this deflection is produced, 

6W(L — l)l,? 

"SBDSy 

269. Special Tests.—A splitting or cleavage test has been introduced 
by the Department of Agriculture, U.S.A., the nature of which is indicated 
in Fig. 400. 

Notched bar tests, § 256, Vol. I, are some- 
times made. The specimen is fixed in a vice of 
the Izod type, and protected with a cap where 
it is hit by the striker. The notch is of the 
Charpy type. Ball indentation tests are made el See 
to determine the relative hardness of different S / 
kinds of timber. Another frequently made test : 
is the determination of the resistance to with- 
drawal of natls and screws. Wear, or resistance 
to abrasion, tests for wood blocks are also made. 

270. Time Effects.-—-It is found that the rate | 
of loading considerably affects the strength of Fic. 400. 
timber, particularly if the timber be green. 

Standard rates of increasing the strain in timber are therefore specified. 

From some experiments by Thurston and J. B. Johnson * it would 
appear that 50 to 60 per cent. of the short time breaking load, as deter- 
mined in an ordinary test, is sufficient to 
bring about failure of the specimen if 
applied for a sufficiently long period. 

271. The Influence of the Physical 
Condition of Timber on its Mechanical 
Properties.—The factors which influence the 
strength and other mechanical properties 
of timber are enumerated in § 257. The 
following is a brief summary of their 
effects, drawn largely from the work of the 
US. Forest Service. 

Density —In sound timber with a given 
moisture content, the strength and stiffness 
of the timber increase as its density in- 
creases. This will be evident from Fig. 401, 


* See Johnson’s Materials of Construction, 6th 
Ed., p. 208. 
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Fia. 401. 
(Bull. No. 88, U.S. Forest Service.) 
Curve 1. Small Beams, 2” x 2”x 24”. 
. Sm cimens, : 
. Large Bpecitens, 6” x 6" x 18”. 22 26 «430 34 38 
. Large and Small Beams. Wb. /cub. ft. 
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plotted on a base line representing the dry weight of the timber. In the 
compression tests the load direction was parallel to the grain. The size 
of the specimen does not much affect the value of E. The averages of 
many experiments (Bull. No. 676, U.S. Dept. Agric.) on small sound 
specimens of a large variety of timbers may be represented by the formula 
¢ = Op" 

where ¢ denotes the mechanical property under consideration ; p is the 
specific gravity of the timber, based on the volume of the test-piece and 
the oven-dry weight of the timber; C and m are constants with the 
following values : 






Modulus of Rupture : . | Ib./aq. in. | 18,500 | 1-25 | 26,200 | 1-25 
Ditto, average 113 varieties . | Ib. /sq. in. . | 19,140} 1-27 | 25,530; 1-20 
Modulus of Elasticity .  . | 1000 Ib./sq. in. , 2,500/ 1-0 | 3,000/ 1-0 
Work to maximum Load - | in. Ib./in® =. | 42-7 | 2-0 38-9 | 2-0 
Compressive Strength: | 
Parallel to grain. §.  . | Ib./eq. in. | 6900] 1-0 | 12,000! 1-0 
| Normal tograin. .  . | Ib./aq. in. | 2,900 | 2-26 | 5,200 | 2-26 
Shear Strength (tangential) . | Ib./sq. in. 2,750; 1-33; 4,000] 1-33 
Tension across Grain , . | Ib./aq. in. | 1,950 | 2:0 , 2,100 | 2-0 


| 








eee 


Rate of Growth: Rings per Inch.—-Fig. 402 shows the relation between 
the strength of three varieties of timber and the rings per inch. Wide 


Modulus o 
Rupture 





Rings per inch Autumn Wood % 
Fig. 402, Fic. 403. 


(Bull. No. 108, U.S. Forest Service.) 
Unita: 1Ib./sq.in. (Bull, No. 108, U.S. Forest Service.) 
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rings, indicating too rapid growth, signify weak timber ; a medium rate 
of growth produces the strongest timber. 

Percentage of Autumn Wood.— 
It will be evident from Fig. 403 
that the larger the percentage of 
autumn wood the stronger the 
timber. 

Moisture Content.—-The drier 
the timber the greater its strength, 
provided that the moisture content is 
does not exceed the saturation 
point, Fig. 404. This figure shows 
the variation in the modulus of 
rupture with the moisture per 
cent., based on the dry weight, 
for specimens of small cross-section ; 
similar variations are observed in 
the compressive strength and 
modulus of elasticity. Large mem- 
bers dry so slowly in air that in- 
crease in strength on this account 
should not be expected. 

Position in Tree.—The density, S 
and therefore the strength, of the 0 10 20 30 
timber is greatest in the butt of Fie. 404. 
the tree, and between the medullary (Bull. No. 70, U.S. Forest Service.) 
sheath and the middle annual ring. 

Working Stresses,—The 1935 A.R.E.A. Specification for Steel Railway 
Bridges recommends the following extreme fibre stresses for structural 
timber in bending : 





S 


1000 tb./sq.in. 


Modulus of Rupture: 


lb./sq.in. 
Yellow pine, dense structural grade . ; . 1,500 
Douglas pine, close eens structural grade . ‘ . 1,400 
White oak : : ; ‘ ~ 1,200 
White pine, Norway pine, « or § pruce ; ‘ : ; 800 
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272. Natural Stones.—The three kinds of stone commonly employed 
in engineering work are (i) granites, (ii) sandstones, (iii) limestones, 
including the dolomites or magnesian limestones. The granites are 
igneous rocks, formed by volcanic action, composed of crystals of quartz, 
amorphous felspar, and mica grains, fused together. The sandstones 
are aqueous rocks composed of grains of sand (chiefly quartz) cemented 
together by silica, carbonate of lime, or other material. The strength 
and durability of the stone depend chiefly on the nature of this cement. 
The most durable stones are those composed of grains of silica (quartz) 
cemented together by siliceous material. The limestones are aqueous 
rocks composed principally of carbonate of lime. They consist either of 
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crystallised grains of carbonate of lime cemented together by the same 
material ; or, in the oolite stones, of rounded grains of calcareous matter 
similarly cemented, often formed about a nucleus of a small shell, so 
that the structure of the stone resembles that of a fish roe. The dolomites 
or magnesian limestones contain about equal proportions of carbonate 
of lime and carbonate of magnesia. When these carbonates are in 
crystalline form, the stone is very hard and durable. 

For names and descriptions of the varieties of building stones 
commonly used in this country, see § 350. : 

273. Tests.—The tests to which stones are subjected are : (i) the crush- 
ing test, (ii) density determination, (iii) tests for absorption, (iv) the acid 
test, and (v) microscopic examination. . Bending tests, and a determina- 
tion of the elastic constants are sometimes made. For certain purposes, 
abrasion tests to determine the resistance to wear are necessary. 

274. Crushing Tests.—The usual test-piece is a cube of 4 inch sides. 
In America, a cylindrical specimen 6 inches in diameter and 12 inches 
high is preferred. The test is carried out in a 
similar manner to the compression test for metals, —— 
§ 226, Vol. I, but in brittle materials like stone, 
the greatest care must be taken that the ends are 
flat and parallel, and that the load is axially 
applied, otherwise a marked reduction in the ap- 
parent strength of the specimen will result. 

The most satisfactory way of treating the ends 
of a stone specimen is to dress them as nearly flat 
and parallel as possible, and then coat them with 
thin layers of plaster of Paris. These surfaces are 
rubbed down true and flat, so that the ends are 
perfectly parallel. The ends, thus prepared, are 
placed in direct contact with the pressure plates of the testing machine. 
It is a mistake to interpose a soft substance such as sheet lead, or 
thin layers of wood, with the idea of securing a more uniform pressure 
distribution. The heavy compressive load causes lateral flow in the 
soft layers, with the result that the lateral tensions which accompany 
the longitudinal contraction cause the stone specimen to split along 
planes parallel to the direction of the load, and a reduction in the apparent 
strength of from 36 to 55 per cent. (Hudson Beare *) is the result. If 
the lateral expansion be prevented by friction between the pressure 
plates and the specimen, failure takes place by shearing. Foppl * showed 
that by greasing the ends of the specimen, in order to reduce the friction, 
a reduction in strength occurs of the order of 50 per cent. or more. 

The normal fracture is of the double cone type, Fig. 405, commonly 
observed in brittle materials under compression. The base angle of the 
_ cone is about 60°, so that, in order to obtain a complete double cone, the 
specimen should be at least two diameters high, as is the American 
practice. It is found that for values less than two, the strength varies 

* Proc. Int. Assoc. Test. Mat., 6th Cong. 1912, Paper XXVIII). 


Fra. 405. 
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with the ratio of height to diameter, but in geometrically similar test- 
pieces such as cubes, the crushing strength per square foot for a given 
material is constant. 

According to the tests made by Professor Sir Thomas Hudson 
Beare * on 2} inch cubes, the mean crushing strengths of the different 
classes of stones are as follows: granites 1112-2; sandstones 489:°8 ; 
dolomites 500-5; oolitic limestones 141-3, all in tons/sq. ft. Some more 
detailed results are given in the Table, § 350. 

In masonry structures the blocks shold be so arranged that the 
pressure is applied perpendicularly to the planes of stratification (see 
§ 351). This condition should also be complied with when testing stratified 
stones. Tests on a Yorkshire sandstone *5 with the pressure first 
perpendicular to, and second parallel to, the planes of stratification, 
gave in the first case a crushing strength of 996-8 tons/sq. ft., and in the 
second case 1035-0 tons/sq. ft. The load-contraction diagrams are 
shown in Fig. 406. 

275. Elastic Constants.—Typical load-contraction diagrams for a 
Yorkshire sandstone (Lightcliffe, Bed No. 4) in compression are given in 
Fig. 406. These were obtained by means 
of a special extensometer * which gave 
the contraction in a length of 14 inches. 
Tests on stones of all classes generally 
show, on first loading, considerable perma- 
nent set. On second loading the stones 
become much more nearly elastic. Hudson 
Beare’s mean figures for the modulus of 
elasticity on second loading are: granites 
522,100 ; sandstones 132,280; dolomites 
321,000; oolitic limestones 150,750; al} 
in tons/sq. {t. The modulus as here given 
is the ratio of increase in stress to in- 
crease in strain for a specified range of 
stress. 
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Fig. 406 is of further interest in that Lb/sq tn 
curves A and B were obtained from tests Fia. 406. 
in which the pressure was perpendicular A pressure perpendicular to 
to the planes of stratification, and curves bedding planes, Ist Test. 


: . B. Pressure perpendicular to 
C and D from tests in which the pressure. bedding planes, 2nd Test. 
was parallel to those planes. In the first ©, Pressure parallel to bedding 


case the modulus of elasticity on second as planes, ee — 
loading was 127,800, and in the second ~*~" “slanee 0 Z me ing 


case 241,400 tons/sq. ft. 

276. Density.—To evaporate the contained water, the sample is 
first dried by heating in a kiln to 100°C. until it ceases to lose weight. 
When cool, it is given a thin coating of paraffin wax to exclude moisture. 
The specific gravity is then determined by weighing in air and water in 
the usual way. The weight per cube foot is 62-4 x specific gravity. 
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277. Absorption.—To determine the amount of water which the 
stone will absorb, a specimen is first heated to 100° C. until it is thoroughly 
dry, and then weighed in air. It is next immersed in water and left to 
soak for three or four days. After removal from the water, it is wiped 
- dry and at once re-weighed. The increase in weight x 100, divided by 
the weight in air, gives the percentage absorption. This figure may be 
regarded as an indication of the weathering power of the stone, for the 
more absorbent it is, the more likely are rain and moisture, which contain 
destructive acids, to penetrate ; and the greater the likelihood of consequent 
injury through frost. Hudson Beare’s average figures are: granites 
0-27 %; sandstones 4-68 %; dolomites 5-43 %; oolitic limestones 
8-96 % ; see also the Table, § 350. 

278. Acid Test._-A specimen of the stone is immersed in a weak 
solution (abcut 1 %) of hydrochloric and sulphuric acids for several days. 
The solution should be agitated at intervals. When removed from the 
acid, the edges of the specimen should still be sharp and the surface 
grains intact Loose grains on the surface imply poor weathering 
qualities. 

Effervescence {rom sandstone, when treated with acid, indicates the 
presence of lime, which in certain stones forms the cementing material. 
Such stones will not weather well, particularly in towns. 

279. Microscopic Tests.—Valuable information as to the strength 
and durability of stones can be obtained from a microscopic examination. 
The microscope will reveal the mineral composition and its arrangement, 
the nature of the cementing material, the texture and bonding of the 
particles, and whether the stone contains injurious matter or partly 
decomposed minerals. From these observations much may be inferred 
as to che suitability of the stone for a given purpose. 

Thus, in the granites, a compact non-porous texture, with tightly 
interlocked crystals, a fine uniform grain, and with the mica and felspar 
in an undecomposed condition, imply a very strong durable stone. 
In the sandstones and limestones also, a fine grain of uniform size is 
indicative of strength, whereas in the weaker stones the grain is non- 
uniform or coarse. Much depends on the nature of the cementing 
material, and on the shape, arrangement, and bonding of the grains. 
The cement adheres better to sharp angular grains than to rounded 
ones. When the grains are loosely compacted, and cemented at the 
points of contact only, a weak stone is the result. In a strong stone the 
whole of the pore spaces are filled with cement. When the grains hardly 
touch, but are bound together by a matrix of cement, the latter deter- 
mines the strength of the stone. Decomposed minerals, such as felspar, 
are sources of weakness. The size and shape of the pores, and the mode 
of connection one to another, have considerable effect on the durability 
of the stone. 

If, therefore, the microscope reveals a fine grain, closely interlocking 
angular particles, with the interstices filled with ceme:.t, the inference 
is that the stone is hard and durable. If the grains are coarse and 
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rounded, hardly touching, with little or no cement in the pore spaces, 
it implies that the stone is weak and not likely to weather well. 

For a microscopic analysis on the above principles of a number of 
commonly employed building stones, reference should be made to a 
paper by Morton *2 read before the British Association at Oxford, 1926. 

280. Effect of Physica] Condition.—A number of experiments have 
been made on stones subjected to atmospheric influences, effect of frost, 
soaking in water, alternations in temperature, the action of slightly 
acid rain water, etc., with the object of ascertaining how the strength 
of the stone is affected by its physical condition. Thus Baldwin-Wiseman 
and Griffiths 2? showed that the strength of stone is much reduced if it 
be previously soaked in water, or subjected to high temperatures for 
longer or shorter intervals, and cooled at different rates. For further 
information on this subject see Hirchwald.*° 

Baldwin-Wiseman and Griffiths also determined the thermal and 
electrical properties of various stones. 

281. Brickwork.—For the results of tests on bricks and brickwork, see 
§ 369. 
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282. Cements.—The cements commonly used for constructional work 
are; (i) lime, including hydrated lime ; (ii) hydraulic cements, of which 
the most important are Portland cement and aluminous cement. 

283. Lime Cements.—-Lime is obtained by burning chalk or limestone 
in a kiln at about 500°C. At this temperature the CQ, is driven off 
from the calcium carbonate, leaving CaO, quicklime. This, when 
mixed with sand and slaked with water, forms the mortar commonly 
used in building construction. Setting occurs owing to the lime drying, 
but the outer surface of the mortar hardens later, by the lime absorbing 
CO, from the atmosphere. Setting is accompanied by considerable 
increase in volume. Hydrated lime is made by adding a definite 
proportion of water to quicklime. The process of slaking is thus kept 
under control, and a superior mortar can be gbtained. After screening, 
the slaked lime is finely ground. 

284. Hydraulic Cements.—Lime cements are non-hydraulic, they 
will not withstand the action of water. By mixing material containing 
silica in an active condition, and water with the lime, a hydraulic cement 
is obtained, i.e. one which will set and harden under water. The siliceous 
materials formerly employed were usually of volcanic origin, such as 
pumice or turfa; in modern cements of this type, granulated blast- 
furnace slag is used. This is mixed with the slaked lime, and the 
mixture is finely ground. The product, slag cement, sets slowly, but 
ultimately reaches a strength approximating to Portland cement. 

In cements of the Portland type, definite chemical combination of 
the lime and silica is brought about by calcination, followed by grinding. 
Hydraulic ime and Roman cement, obtained by burning limestones con- 
taining a percentage of clay, are natural cements of this type. 


~ 
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285. Portland Cement.—Portland cement is manufactured by inti- 
mately mixing together definite proportions of carbonate of lime and 
silicate of alumina, burning the mixture at a high temperature, and grind- 
ing the resulting clinker to a very fine powder—the Portland cement of 
commerce. The materials commonly used for the carbonate of lime are 
chalk and limestone ; and for the silicate of alumina are clay, Medway 
mud, or shale, depending on local circumstances; the important point 
is to provide the correct proportions of lime, silica, and alumina. To 
ensure intimate mixing, the raw materials are ground to powder. When 
hard limestones and clay are used, they may be ground in a dry state ; 
but the greater part of present-day Portland cement is made by the ‘ wet’ 
process. In this, the materials used are either chalk and cla: , or chalk 
and Medway mud. These are ground together with water to form a 
slurry. This slurry is fed or sprayed into the top end of a rotary kiln, 
which is a long, slightly inclined cylinder with a refractory lining. Some 
modern kilns are 250 feet long, 11 feet in diameter, and have a capacity 
of 15 tons per hour A powerful jet of flame is driven up the kiln from 
the lower end by injecting finely powdered coal through a nozzle by 
means of an air Liast. At the top end of the kiln, where the temperature 
is lowest, the slurry is dried. As the kiln rotates, the dried slurry slowly 
descends, its temperature gradually rising, CO, is driven off from the 
carbonate of lime, and the latter begins to react chemically on the silicate 
of alumina. When the region of the flame is reached, the temperature 
is raised to a white heat, 1500° C., chemical combination between the lime 
and silicate is completed, and the product leaves the kiln in the form of 
small particles of clinker. These particles are cooled by a current of air. 
The air, thus heated, is used in the burner to heat the kiln, the process thus 
being made regenerative. The cooled clinker is a dark hard substance ; 
the cement is obtained by grinding this in a special mill to a very fine 
powder. Nothing may be added after burning but a small quantity 
(1 to 2 %) of calcium sulphate (gypsum), and about the same quantity 
of water. The calcium sulphate is added to produce a slower setting 
cement. 

The product thus obtained is a slow setting hydraulic cement, which 
hardens with very little change in volume. Its hydraulic properties are 
due to the presence of silicate of alumina. Properly treated, it exhibits 
considerable tensile strength as a cement, and the concrete made by its 
means is a most valuavle material of construction, of great strength and 
permanency. The relative slowness in setting of the cement gives suffi- 
cient time for the concrete to be properly mixed and placed in position. 

In this country the quality of the cement is governed by the British 
Standard Specification No. 12—1931, which contains regulations to which 
the cement must conform. Its properties depend on certain charac- 
teristics, chiefly on chemical composition and fineness in grinding. Tests 
are specified to ensure the suitability of the cement in these respects, 
and others to determine the strength, the time of setting, and the 
soundness. 
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Chemical Composition —The composition of a typical Portland cement 
is as follows : 





Per cent. 

Silica (SiO,) 22-0 
Insoluble residue 1-0 
Alumina (A]I,03,) 8-0 
Ferric oxide (Fe,0,) 2°5 
Lime (CaO) . ; : : : : ; 62-5 
Magnesia (MgO) : ‘ 1-0 
Sulphuric anhydride (SO. a) : ; 1-5 
Carbonic anhydride ene 0-5 
Water (H,O) . 0:5 
Alkalis and lous 0 5 

100-0 


Certain limiting proportions are laid down by the standard speci- 
fications. 

286. Mechanical Tests on Cements.—These usually include (i) Fine- 
ness; (ii) J'ensile strength (cement sand sand); (iii) Setting time ; 
(iv) Soundness. For full particulars of the standard tests, the British 
Standard for Portland Cement should be consulted. 

Sampling.—In order to obtain a representative sample of a bulk of 
cement, equal portions should be taken from twelve different bags and 
thoroughly mixed together. The sample thus obtained should weigh 
10 lb., sufficient to carry out all the tests twice over ; it should be stored 
in air-tight tins. 

287. Fineness Tests.—The fineness of the cement is determined by 
the amount of residue left on standard sieves of specified dimensions, 
after being continuously sifted for a definite period. The dimensions 
of the standard sieves are: (1) meshes per inch 170 x 170, diameter of 
wires 0:0024 inch; (2) meshes per inch 72 x 72, diameter of wires 
0:0056 inch. The sieves are arranged in a nest, with the coarse sieve on 
top and a container below. 100 grammes of cement are placed in the 
top sieve, and the whole is continuously sifted for 15 minutes. The 
residue on the coarse sieve should not exceed 1 %, and that on the fine 
sieve should not exceed 10% of the original weight. The residue on the 
fine sieve is obtained by adding the two residues together. 

The strength of concrete increases with the fineness of the cement 
from which it is made. Fine grinding also shortens the time of hardening 
of the cement. Note; Distinguish between setting and hardening ; see 
§ 289. 

288. Tensile Strength.--Although in practice cement should not be 
subjected to tensile stress, tension tests form a quick and convenient way 
of obtaining an indication of the strength of the cement. Such tests are 
sometimes made on neat cement, but tests on a mixture of cement and 
sand discriminate better between a coarsely and a finely ground cement. 

Normal Consistency.---In order to arrive at the amount of water neces- 
sary for gauging the cement and sand, it is first necessary to determine 
the amount of water required to make a cement paste of normal con- 
sistency. For this purpose the Vicat apparatus shown in Fig. 409 is 
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used. The cement is mixed with a measured amount of water, the mould 
is completely filled with this paste and smoothed off at the top. The 
needle in the Vicat apparatus is replaced by a cylindrical plunger, 10 mm. 
in diameter, with a flat end. This is gently lowered on to the surface of 
the paste and allowed to sink in. According to the Specification of the 
Amcrican Society of Testing Materials, 
who originated the test, the paste is 
of normal consistency when the 
plunger penetrates 10 mm. below the 
surface in a $ minute. According to 
the British Standard, the plunger 
should penetrate from 33 to 35 mm., 
but only 0-78 of the water required 
for such a paste 1s to be used in a paste 
of normal consistency. The amount 
of water is expressed as a percentage 
by weight of the dry cement. A 
series of trials are carried out to deter- 
mine the correct percentage. 

Tests on Cement and Sand.—For 
the tests on mixtures of cement and 
sand, the standard sand used is ob- 
tained from Leighton Buzzard and is 
what is known as the white variety. 
[It is thoroughly washed and dried, 
and graded so as to pass through a 
standard sieve of 18 x 18 meshes per 
inch, diameter of wire 0-022 inch, 
and be retained on a standard sieve 
of 25 - 25 meshes per inch, diameter 
of wire 00-0164 inch. : 

The mixture used is 1 of cement to 3 of sand by weight, and the 
British Standard percentage of water is }P -- 2-50, where P is the per- 
centage required to produce a paste of normal consistency. The cement, 
thus gauged, is moulded into briquettes of the shape shown in (i) Fig. 407. 
The moulds, Fig. 408, 
may be single or mul- 
tiple; they are made 
in two halves so that 
the briquette can be 
easily removed. These 
moulds are placed on a 
non-porous plate, slate or glass, and filled with the ranRtiiee! After 
filling, a small heap of the mixture is placed on top and beaten down 
with the flat of the standard spatula, which has a lenticular blade 2-88 in. 
long and 1-81 in. broad. The mould is then turned over and another 
small heap is similarly beaten down from the other side, until water 





Kia. 407, 





Fia. 408. 
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appears on the surface, when the briquette is finished off smoothly with 
a trowel, level with the top of the mould. The temperature of the room 
and of the water should be maintained within a range of 58° to 64° F. 
The briquettes, thus prepared, are kept in a damp atmosphere for 24 hours 
after gauging (preferably in a box lined with cloth or felt which is kept 
wet), when they are removed from the moulds and immediately immersed 
in clean fresh water, also at a temperature of from 58° to 64° F., which 
should be changed every 7 days. They are left immersed until required 
for the test ; when removed from the water they should be tested at once 
without being allowed to dry. 

The tensile test is carried out in a small lever testing machine arranged 
for the purpose. The load is applied either by rolling a weight along the 
beam, or by running water or lead shot into a tank. The rate of loading 
has considerable effect on the apparent strength of the specimen, and it is 
important that the load be applied at the standard rate of 500 lb. per 
minute, and without shock. The form of the shackle is shown in 
(ii) Fig. 407. Care must be taken correctly to centre the specimen, or a 
reduction in the breaking load will be the 
result. The British Standard requires that 
the average strength of 6 briquettes, tested 
72 hours after gauging, shall not be less than 
300 Ib. /sq. in. ; and that of 6 more, tested after 
seven days, shall show an increase and be not grammes 
less than 375 Ib. /sq. in. 

289. Setting Time.—The setting and harden- 
ing of Portland cement may be divided into 
three stages. Some 30 minutes after the water 
has been added to the cement, the mixture 
ceases to be plastic. This is due to chemical 
action between the water and the cement, and 
is called the intial set. The process continues, 
and after a lapse of about 10 hours the mixture 
reaches a condition called final set. It is by 
no means completely hard, and the third stage 
during which it attains its permanent form is 
called hardening. 

To determine the initial time of setting, an 5 | 
apparatus called a Vicat Needle is employed, dia® 
Fig. 409. A circular mould, 80 mm. diameter HE 
and 40 mm. high, resting on a non-porous 
plate, is completely filled with neat cement Non P 
paste of normal consistency. The needle is TITITIMMPMIT TM TOTIUT 
a bar 1 mm. square with a flat end. It is Fig. 409. 
mounted in a frame, so that it can slide 
vertically up and down, and the depth of penetration is read off on a 
scale. It is loaded with a weight of 300 grammes. The initial setting 
time is defined as the period elapsing between the time when the water 
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was added to the cement, and the time at which the needle ceases com- 
pletely to pierce the cement inthe mould. In making the experiment, the 
flat end of the needle is gently lowered until it touches the surface of the 
cement. It is then quickly released and allowed to sink into the cement.’ 
The process is repeated until the needle fails completely to pierce the 
specimen. 

The final setting time is determined by means of the same apparatus, 
but a circular cutting edge, 5 mm. diameter, Fig. 409, 1s attached to the 
square rod in such a manner that the latter projects 0-5 mm. When, 
on gently applying the needle to the specimen, the square projection 
still makes an impression, but the circular cutting edge fails to do so, 
final set is deemed to have taken place. 

For a normal-setting cement the initial time of setting should not be less 
than 30 minutes, and the final setting time not more than 10 hours. 
For a quick-setting cement these periods may be respectively 5 minutes 
and 30 minutes. 

The latter is on'y used where rapid work is imperative. The slow 
setting time is a most valuable property of norma] Portland cement, for 
it enables the mixing and putting in place of the concrete to be accom- 
plished before initial set takes place. When once initial set has occurred 
the concrete must not be disturbed until it has hardened, otherwise 
serious diminution in its strength will be the result. 

In making tests for the times of setting it is important that the 
standard conditions, percentage of water, temperature of room and of 
water, be complied with, otherwise these times will be affected. The 
tests should be conducted in a moist atmosphere. 

290. Test for Soundness.— A sound cement is one which does not 
crack, swell, blow, or otherwise disintegrate during setting and hardening. 
The test of soundness is that 
the volume remains con- 
stant. To ascertain this 
the Le Chatelser test is used. 
The apparatus is shown in 
Fig. 410. A_ cylindrical 
brass mould, 30 mm. diam- Fia. 410. 
eter and 30 mm. long, is slit 
longitudinally. Attached, one to each side of the slit, are two pointers 
165 mm. long, to the centre of the mould. The ends of these pointers 
are temporarily fastened together, and the mould is placed on a glass plate 
and filled with cement paste of normal consistency as in the previous 
tests. The top is then covered with a second glass plate held down by 
a weight, and the whole is immersed in water at a temperature of 58° to 
64° F. for 24 hours. At the end of this period the fastening between the 
pointers is removed, and the distance apart of the ends of the pointers 
accurately measured. The mould is then placed in cold water, which is 
brought to the boiling point in 25 to 30 minutes and kept boiling for three 
hours. The reason for boiling the cement is to expedite the test, which 
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would otherwise have to be continued during the whole normal period 
of hardening of the cement. At the end of the three hours the mould 
is removed from the water, allowed to cool, and the distance apart of 
the ends of the pointers again measured. The difference between the 
two measurements is an indication of the expansion of the cement and 
should not exceed 10 mm. If the cement fail to pass this test, the 
expansion must not exceed 5 mm. in a further test after the cement has 
been aerated for seven days. 

291. Rapid-hardening Cements.—Rapid-hardening cements are so 
called because mortars and concrete made with them harden and attain 
their strength far more rapidly than when made with ordinary Portland 
cement. A rapid-hardening cement must be distinguished from a quick- 
setting cement, § 289. Notwithstanding its rapid-hardening qualities 
it is not quick-setting, but gives ample time for mixing and placing in 
position before initial set takes place. There are two types: rapid- 
hardening Portland, and aluminous cement. 

Rapid-hardening Portland Cement.—This is made from the same 
materials and by similar processes as ordinary Portland cement. The 
chemical composition of the finished product is slightly different, in that 
it has a greater proportion of lime, CaO. The calcination is more 
prolonged, resulting in a harder clinker. This has to be more finely 
ground, so that the residue on a 170 x 170 sieve is only from 1 to 2 %. 
The tensile strength of a 1 cement: 3 sand mixture of this cement, at 
the end of seven days, can be guaranteed at 600 lb./sq in. At the end 
of six inonths the average strength of this mixture will reach 720 lb./sq. 
in. in tension, and 7,300 lb./sq. in. in compression. These figures may 
be considerably exceeded. The initial setting time ranges from 90 to 110 
minutes, and the final setting time from 2} to 3 hours. In the Le 
Chatelier test for soundness, the expansion usually does not exceed 2 mm. 
The neat cement is gauged with from 20 to 25 % of water, and the 1:3 
mixture with from 74 to 9 %, depending on the make of cement. 

Aluminous Cement.—This is manufactured by fusing together in a 
blast furnace lumps of bauxite (an indurated clay with a very high 
alumina content) with lime or calcium carbonate in definite proportions. 
The molten material is cast into pigs, cooled, broken up, and finely ground 
to make the cement. An analysis of the finished product may contain “ 


Per cent. 
Silica (Si0,) ‘ , : : ; 5-95 
Alumina (Al1,03) . 5 : , . 38-95 
Ferric oxide (Fe,O,) __.. ’ ’ 9-86 
Ferrous oxide (FeO). : : 6-25 
Titanium dioxide (T10s) : : 2:00 
Lime (CaO) ‘ . . 36°25 


Considerable variations in the chemical content are possible without 
affecting the qualities of the cement, but the percentage of Al,O, to that 
of CaO should not be less than 0-85 nor greater than 1-3. 

The cement is almost black in colour, and concrete made with it is 
darker than ordinary concrete. It is not necessary to grind it so finely 


\ 


CONCRETE 589 


as 18 the case with a rapid-hardening Portland cement, and the residue 
left on a 170 x 170 sieve is about 8%. The tensile strength of a 1:3 
mixture, gauged with 8 % of water, should exceed 450 lb./sq. in. in 
24 hours, and should reach 600 Ib./sq. in. in seven days. This attains, 
therefore, a greater strength in 24 hours than does ordinary Portland 
cement mortar in three months, but its strength does not increase with 
age at the same rate as the latter. The minimum crushing strength of 
3-inch cubes of 1:3 mixture, tested 24 hours after gauging, is 5,000 
lb./sq. in. The initial setting time ranges from 1} to 4} hours, and the 
final setting time from 2} to 5} hours. The expansion in the Le Chatelier 
test is less than 1 mm. 

The following Table gives some comparative figures regurding the 
strength in lb. /sq. in. of 1 : 3 mortars made with the three cements : 


Tensile Strength. 1 cement: 3 sand 
24 hours. 7 days. 


Ordinary Poctland cement : : 100 400 
Rapid-hardening Portland cement ; ; ; 420 650 
Aluminous cemont.. : : ‘ 525 640 


Compressive Strength. 1 cemen:; 3 sand 
24hours. 7 days. 


Ordinary Portland cement ; : ; 800 5,000 
Rapid-hardening Portland cement ‘ ‘ . 3,500 9,000 
Aluminous cement. ‘ ‘ - 7,000 10,000 


It will be observed that not ale do the rapid-hardening cements 
attain their full strength much earlier, but they are intrinsically stronger 
than the ordinary Portland cement. They are, however, more expensive 
per ton; but in making an estimate of relative cost, the saving in time, 
and re-use of shuttering, which can be struck much earlier in the case 
of the rapid-hardening cements, must be taken into account. Rapid- 
hardening cements, particularly aluminous cements, give out much heat 
during hardening, which enables work to be carried on during frosty 
weather. Aluminous cement also possesses the advantage that it will 
resist the action of sea-water and water containing sulphates, which 
attack Portland cement. 
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292. The Material.—Concrete is made by mixing together definite 
proportions of cement, sand or fine aggregate, and a hard coarse aggregate, 
and adding water. The cement and sand form a mortar which cements 
the whole mass together, thus forming an artificial stone possessing con- 
siderable crushing resistance, which can be moulded, before it sets, into 
required shapes. 

The materials of which it is made vary widely. To form the mortar, 
or matrix as it is termed, Portland or other cements may be used; or, 
for certain classes of work, hydraulic lime. The coarse aggregate may be 
a hard broken stone, or gravel, when a superior concrete is required ; 
for less important work broken bricks, hard clinker, or coke breeze may 
beemployed. Concrete made with the latter aggregates will not resist fire. 
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The two most important kinds of concrete used in ordinary engineering 
work are: (i) the concrete used in mass constructions, in which the pro- 
portion of cement to sand plus aggregate ranges from about 1 : 3 to 1 : 12, 
& common proportion for ordinary foundation work being 1:6. The 
‘aggregate is usually limited in size to that which will pass a 2-inch square 
mesh ; (ii) the concrete used for reinforced-concrete structures, in which 
for ordinary work a 1:2:4 mixture is commonly adopted (1 cement, 
2 sand, 4 coarse aggregate). The coarse aggregate is limited in size to 
that which will pass a 3-inch square mesh. 

A 1:6 concrete must be distinguished from a 1: 2:4 concrete. The 
proportions are determined by volume, not by weight, and if 2 volumes 
of sand be mixed with 4 volumes of coarse aggregate, the mixture will 
only occupy about 44 volumes, not 6 volumes, for the sand fills the 
interstices in the aggregate. 

The compressive strength of concrete appears to depend on: (a) the 
nature of its constituents, (b) the proportions, (c) the grading, (d) the 
water ratio, (e) the manipulation. It will be convenient to consider 
these factors separately. 

293. The Cements.—The relative tensile strengths of ordinary 
Portland cement, rapid-hardening Portland cement, and aluminous 
cement have been discussed in § 291. Some figures showing the relative 
compressive strength of concrete made with these cements are given in 
§301. Roughly speaking, at the end of three months, concretes of normal 
proportions, made with either of the rapid-hardening cements, are at least 
25 % stronger than similar concrete made with ordinary Portland cement. 

294. The Aggregates.—The fine aggregate should consist of hard 
clean particles, free from organic matter. A sharp sand, or hard stone 
screenings, forms a suitable material. The particles should pass a ,-inch 
mesh. 

The coarse aggregate should also be hard and clean, free from clay or 
organic matter. Hard broken stone—granite, sandstone or limestone ; 
flint gravel from a pit when free from clay ; shingle from the seashore or 
a river bed, spoken of as ballast ; all form suitable materials for a strong 
concrete. Some difference of opinion exists as to whether the rough 
angular pieces of broken stone make a stronger concrete than the smoother 
and rounder stones found in the ballast. There appears to be less 
tendency for the stones to separate out and to form ‘ pockets’ in the 
case of the ballast concrete, i.e. the rounded stones pack better and the 
concrete is more likely to be sound throughout; but if properly graded 
and mixed, broken stone concrete has a slightly greater crushing strength. 

295. Best Proportions.—Theoretically, it would appear that the mini- 
mum amount of fine aggregate is that which would just fill the interstices 
or voids in the coarse aggregate, and the minimum amount of cement is 
that which is just sufficient to fill the interstices in the fine aggregate, plus 
the amount required to give all the particles a coating of cement. To 
determine the percentage of voids, a known volume is filled with the 
aggregate. Water is added until it just covers the aggregate. The 
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volume of this water is the volume of the voids. To make a workable 
concrete, the volume of the fine aggregate must exceed that of the voids 
in the coarse aggregate by about 5 to 10 %; and similarly, the volume 
of the cement must exceed that of the voids in the fine aggregate by 
about 10%. The volume of cement necessary decreases with increase 
in size of the coarse aggregate. 
Such a method of determining the proportions of the mixture does 
not of necessity make the strongest concrete; much depends on grading 
the size of the aggregates. 
296. Grading.—Professor Duff Abrams *’ has introduced a method of 
proportioning aggregates based on a fineness modulus, by means of which 
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the gradation of particles producing the strongest, or the most economical 
concrete for a particular purpose, 
can be determined. The method 
can be applied either to the fine or 
coarse aggregate, or to the com- 
bination. The manner in which the 
fineness modulus is determined will 
be evident from the Table above 
which gives some of Professor 
Abrams’ results. 

A series of sieves are used, each 
of which has a width of opening 
double that of its predecessor. A 





weighed sample of the aggregate is Fineness Modulus 
sifted through each in turn, and the Fio. 411. (Abrams.) 
weight of the residue, expressed as All aggregates graded 0~1} in. 


a percentage of the weight of the 
sample, is entered in the Table. The addition of all these percentages 
divided by 100, gives the fineness modulus. 
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Abrams showed that for a given mix, i.e. ratio of cement to total 
aggregate by volume, the compressive strength is the same for all gradings 
having the same fineness modulus, irrespective of how the size of the 
particles may vary. Further (see Fig. 411), that for a given mix and 
different fineness moduli, there is a particular modulus for which the 
compressive strength is a maximum. Fig. 412 shows the maximum 
permissible fineness moduli for different mixes and, different aggregate 
ranges. Curve A may be taken as applying to mass concrete, Curve B 
to reinforced-concrete, Curves C and D apply to mortars. Fig. 412 has 
reference to sand and pebble aggregates. For crushed stone or slag as 
coarse aggregate, reduce the fineness moduli by 0:25; also, if stone 
screenings be used for the 
fine aggregate, reduce the 
values by 0-25. Sand or 
screenings used for the fine 
aggregate must not have a 
higher fineness modulus 
than that permitted for 
mortars of the same mix. 

Having found the fine- 
ness modulus m, for the fine 
aggregate available, and 
that for the coarse aggre- 
gate, m,, as in the Table, 
p. 591, and decided on the 
requisite modulus m for the 
combined aggregate, having Fro. 412. (Abrams.) 
regard to the strength re- 
quired and the mix, Figs. 411 and 412, the necessary proportion of fine 
to combined aggregate can be found from the formula 
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Thus, in the Table on p. 591, to obtain a combined aggregate ‘G’ 
(m = 5-74) from the sand ‘ B’ (m, = 2-41), and the coarse aggregate 
‘E’ (m, = 6-86), the ratio in question must be 

6-86 —5-74 1-12 1 

6-86— 2-41 4:45 4 
and 25 % ‘ B’ by volume plus 75 % ‘ E’ must be used. 

297. Water Ratio Theory.—Exhaustive experiments by Abrams % 
have shown that, for given materials and conditions, the strength of the 
concrete is determined by the ratio of the volume of the mixing water to 
the volume of the cement, called the water ratio or water-cement ratio, 
provided that a workable mixture is obtained, irrespective of the volumes 
of the other materials so long as they are suitable and clean. A certain 
quantity of water is required to hydrate the cement. This quantity 
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produces the maximum adhesive power, more water reduces the adhesive 
power and weakens the concrete, hence the water ratio should be a 
minimum, Fig. 413. A dry mix, more cement, coarser aggregate, ail 
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imply a smaller water ratio and increase in the strength of the concrete. 
For normal concrete, made with American Portland cement (1918), under 


average conditions, the compressive strength of 12” 


specimens at 28 days was represented by the 
formula 


Fens oe iMag. <« « wa 
where x is the water ratio. When the operations 
are not under rigid control, the denominator 
should be changed to 9”, Fig. 413. 

It will be evident that, subject to complete 
hydration and the production of a workable 
mixture, the less water used the better. As a 
practical means of determining the minimum 
amount of water necessary to produce a work- 
able mixture, the slump test has been devised. 
The apparatus consists of a hollow cone of the 
dimensions shown in Fig. 414. This is placed 


6” cylindrical 





Fia. 414. 


on @ non-absorbent surface and filled with the concrete in 3-inch layers, 
each of which is rodded 25 times with a pointed §-inch rod, and 


2Q 
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finally struck off level with the top. Three minutes later the cone is 
lifted vertically and the moulded concrete is allowed to subside until 
quiescent. The height of the specimen is then measured ; the amount 
by which it is less than 12 inches is called the slump. <A slump of ¢ to 
1 inch indicates that the minimum quantity of water has just been 
exceeded. Increased slumps are necessary to ensure workability. In 
mass concrete the slump should not exceed 2 inches; in reinforced- 
concrete work it should not exceed 3 inches in heavy sections, nor 6 inches 
in thin confined sections. 

Typical graphs showing the relationship between the different factors 
under discussion are plotted in Fig. 415. These correspond to the lower 
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curve in Fig. 398; they give the necessary mix for a required strength 


and slump.* 
If eq. (1) be written in the form f = A/B’ 


log fog ~ log A — xlogB . . (2) 


Plotting the values of f,, to a logarithmic scale, the curves become 
straight lines, Fig. 416, all of which pass through the point A = 14,000 
lb./sq. in., which represents the theoretical value of f,, when xz = 0. 
B, which depends on the quality of the cement, is indicated by the slope 
of the lines, and by suitably choosing B, the diagram will give the strength 
of the concrete at any time up to say 3 months. Abrams’f values for 
B are given in the Table, p. 595. 

* For corresponding experiments on British Portland and rapid-hardening 
Portland cements, and the application of these theories to practice, see Wynn and 
Andrews.*? Professor Abrams’ theory does not apply to aluminous cement, for 
which a small excess of water is not disadvantageous. 


¢ See Abrams in the discussion on ‘Some Long-time Tests of Concrete,’ M. O. 
Withey, Jour. Amer. Conc. Inst., 1931. 
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In determining the water ratio, any water absorbed by the aggregate 
should be deducted from the total quantity. 
Later experiment has shown that the compressive strength for a 
given water ratio decreases with fall in temperature. 
-The correct water ratio for a particular purpose is not the same for 
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all cements or for all aggregates. Experiments with the available 
materials are necessary. 

298. Manipulation.—Given the proper proportions of materials and 
water, the strength of the concrete will depend very largely on the 
workmanship. Careful measurement of the constituents is necessary. 
They must be thoroughly mixed so as to produce a homogeneous mass. 
For small quantities hand mixing is possible, for large quantities machine 
mixing is universal. The concrete must be carefully deposited in place 
in relatively thin layers before it commences to set ; it should be carefully 
rodded or tamped to consolidate it. Experiments on 12 x 6 inch 
cylindrical specimens have shown that 20 to 30 strokes with a 3-inch rou 
pushed into the concrete, or a similar number of blows with a 2-lb. 
tamper, will increase its compressive strength from 2,200 to 2,800 lb. /sq. 
in. Very dense strong concrete can be made by vibrating the forms by 
means of a pneumatic hammer. The work of concreting should be 
carried on continuously. When it is necessary to bond new work on to 
old, the surface of the latter should be carefully cleaned and roughened, 
thoroughly wetted, and cuated with 1:1 cement mortar. Portland 
cement concrete should not be deposited during freezing weather. 

It may be pointed out that compressive tests on concrete, made under 
practical working conditions, show that a reduction in strength of the 
order of 20 %, compared with that made in a laboratory, is not uncom- 
mon * (cf. Fig. 413). 

299. Curing.—To obtain a strong durable concrete it is necessary to 
keep the freshly deposited material moist and at a suitable temperature 
for at least 7 days, to permit it to harden. A low temperature during 
curing reduces the strength. 

300. Tests on Concrete.—The commonest test on concrete is the 
crushing test. Shearing, tensile, and bending tests are sometimes made, 
and a determination of the elastic constants is of importance in con- 
nection with reinforced-concrete. 

301. Crushing Tests.—The test-piece usually employed in this country 
is a cube with from 6to 10inch sides. In America, for aggregates which will 
pass a 2-inch mesh, a cylindrical test-piece 6 inches diameter and 12 inches 
long is preferred, for the reasons discussed in § 274. The crushing strength 
for a 6-inch cube will be from 15 to 20 % greater than for a 6 x 12 inch 
cylinder. The test is made in a similar manner to that used for stone 
specimens, § 274, and the fracture is of the same type. Some values 
for the crushing strength (laboratory tests) of a 1: 2:4 concrete, made 
(a) with ordinary Portland cement, (b) with rapid-hardening Portland 
cement, and (c) with aluminous cement, are as follows : 


24 hours. 7 days. 28 daye. 


Ordinary Portland Cement, 6 % water : : — 2,860 4,440 
Rapid-hardening Portland Cement, 6 % water . 1,750 5,360 6,810 
Aluminous Cement, 7 % water . : 6,200 8,100 8,800 


Alli in Ib. /sq. in. 


* See for example Proc, Amer. Soc. C.E., January 19265. 
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The aggregate used was ballast. The strength of concrete on a job may 
fall well below these figures. 

In making a test cube, the mould, which should be of metal with plane 
parallel ends, is placed on a glass plate and the concrete is deposited in 
2-inch layers, each layer being rodded 25 times with a pointed 34-inch 
rod. The top should be struck off level, and after two hours, made per- 
fectly flat and level by means of a thin layer of neat cement mortar. 
After 24 hours the cubes should be removed from the moulds and placed 
in water at from 58° to 64° F., or buried in damp sand, until required for 
the test. In practical work, the concrete for a test cube should be taken 
from a form immediately after depositing, or from the mix immediately 
before depositing. 

Fig. 417 shows the variation in crushing strength with age in labora- 
tory specimens with different kinds of cement. 





aoe years 


Fic. 417. 


1. Ordinary Portland Cement Concrete. Mix 1:2: 4, 6-% water, 6 in. cubes. 


2. Rapid-hardening Portland Cement Concrete. Mix 1:2: 4,6% water, 6 in. 
cubes. 


3. Early tests on Ciment Fondu (Ponts et Chaussc¢es Lab., Paris, 1916). Mix 
400 kg. cement, 300 litres sand, 900 litres gravel, 7:9 % water, 200 mm. 
cubes, stored in air. 


4. High Aluminous Cement Concrete. Mix 1: 2: 4, 6 in. cubes. 


302. Elastic Constants.—Fig. 418 (Davis and Troxell ®*) represents 
a typical compressive stress-strain diagram for a concrete specimen at 
the age of three months, and also the corresponding lateral expansion 
diagram. The specimen was s 6-inch cylinder, 12 inches high, capped 
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with neat cement, and bedded on a thin layer of plaster of Paris. 
The concrete was graded to ap- 
proach maximum density. The 
secant modulus E was found to 
increase with the age of the 
specimen, rapidly at first and then 
slower, but decreased as the stress 
increased. The value of E was 
higher for richer mixes and denser 600 
aggregates. There was no direct 
relationship between E and the 
compressive stress which could be 
generally applied; but with con- 
stant conditions, the higher the 
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secant modulus at a given stress. 0 2 4 6 8 10 
At 800 lb./sq. in. the values ob- Lateral Deformation in. 
tained for this modulus were : Fia. 418. 

1:34 mix. 1: 4$ mix (by weight). 
At 200 days . 4,400,000 4,800,000 
1000 days . 5,200,000 _—_ 5,100,000 Ib. /sq. in. 


Defining Poisson’s ratio as the ratio of unit lateral extension to unit 
axial contraction immediately on application of the load, the values 
obtained at a stress of 800 lb. /sq. in. were : 


1 month. (i; months. 1 year and beyond. 
0-15 to 0°17 0-19 0-20 


Poisson’s ratio increases with age at a gradually decreasing rate. 
It does not vary materially with the richness of the mix, or kind of 
aggregate. 

From experiments on 6 x 12 inch cylindrical specimens at 28 days, of 
sand and pebble concrete proportioned by sieve analysis, for a variety 
of mixes ranging from 1 : 7 to 1 : 3, Stanton Walker gives for the average 
value of the secant modulus at 25 % of the ultimate strength : 


Compressive Strength 


at 28 days. Modulus, 
1,000 2-38 x 10 
1,500 2:79 
2,000 3:21 
3,000 3-87 
4,000 4-36 
5,000 4-86 


As average values, he suggests for the initial tangent modulus 
K = 33,000 (f2.)?; and at 25% of the compressive strength E = 66,000 (f2,)t. 

Professor Lea @ suggests the formula E = 1-8 + 7-5(1 — z) mil- 
lion Ib./sq. in. as a mean value for E at 5-600 lb. /sq. in. ; x is the water- 
cement ratio. The value of E was found to depend more upon this ratio 
"(than on the mix or materials. 
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308. Shrinkage.—As in the case of many other substances, the volume 
and length of a concrete specimen increase when it absorbs moisture and 
diminish as the moisture dries out. Such changes take place for at 
least 20 years. From the moment of setting, a concrete structure drying 
in air will shrink, at first rapidly, and then more and more slowly. Such 
shrinking may, in certain circumstances, produce cracking and severe 
internal stresses in the structure. Similar shrinkage phenomena take 
place in neat cement and mortar specimens, and in the aggregate. The 
magnitude of the volumetric changes depends on the materials, the mix, 
the manipulation, and apparently on any influence which affects the 
porosity of the concrete. It also depends on the size and shape of the 
specimen, and whether or not it is reinforced. It is greater in rich mixes 
than in lean ones, and less when the aggregate is of quartz or granite 
than when it is of gravel or sandstone. For 3” x 3” x 40” specimens of 
a 1.2:3 mix, water-cement ratio 0:9, fineness modulus 5-58, R. E. 
Davis 7° gives the following figures for the percentage change in volume 
in three months : 














ee ae ——_——— 
Aggregate. Contraction in Air. | Expansion in Water. | 
| 
Seinen cise! arecotlnncetinastiets 
Gravel . ; : 0-079 | 0-0074 
Sandstone . ‘ 0-075 0:0055 
Limestone : , 0-039 0-0050 
Granite. ‘ : 0-037 0-0131 
Quartz. ‘ ; 0-036 00-0094 | 
1 - 





The effect of reinforcement is to reduce the shrinkage. According to 
Matsumoto * the shrinkage stress in the steel of a reinforced-concrete 
specimen may reach the working stress if the percentage of steel is less , 
than 1-5; and the ultimate strength of a 1 : 2 : 4 concrete may be exceeded 
if the percentage of steel is greater than 1-5. 

304. Plastic Flow or Creep.—As will be seen from Fig. 418, the 
elasticity of concrete is imperfect, and plastic flow or creep takes place 
under sustained loads (cf. Fig. 274, Vol. I). Asin mild steel also, partial 
recovery takes place on removal of the load, Fig. 304, Vol. I. The rate 
of creep depends on the mix, the materials, the age, -the magnitude of the 
stress, and the reinforcement if any ; it decreases with time, but continues 
for at least 2 years. The rate of creep is greater the leaner the mix, and 
is less the higher the fineness modulus of the aggregate, i.e. for the denser 
concretes. For a 1:7 mix, fineness modulus 3-62, the total creep per 
100 ft. in 5 months exceeded 3 inch, but for a 1 : 4 mix it approximated 
to finch. The rate of creep increases with the water-cement ratio. It 
is least for aggregates of granite and quartz, and greatest for gravel and 
sandstone. At 800 lb./sq. in., the total creep per 100 feet in 2 years 
ranged from } inch in limestone concrete to 14 inches in metamorphic 
sandstone. It is greater for concrete stored in air than in water. Longi- 
tudinal reinforcement considerably reduces both shrinkage and creep in 
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specimens stored in air; but the combined effect of shrinkage and creep, 
in a column supporting a long sustained load, is to transfer the stress from 
the concrete to the steel until the yield point of the steel is reached. 
The effects of shrinkage and creep in producing shrinkage stresses are 
opposed to one another, and the stress developed depends on the relative 
rates of shrinkage and creep ; see Refs. Nos. 79 and 80, Bib. 

305. Temperature Effects.—The coefficient of linear expansion for 
Portland cement concrete is usually taken as a = 0:0000055 per degree 
Fahrenheit. It varies” with the aggregate used, averaging about 
0:0000065 for sandstone; 0-000060 for gravel; and 0-9000038 for 
limestone concrete ; increasing with the richness of the mix, but is slightly 
less for wet than for dry mixes. The average value for concrete made 
with high aluminous cement is about 0-0000052; the variation with 
mix and range of temperature is not large. 
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CHAPTER XVII 
REINFORCED-CONCRETE 


306. The Material.—The resistance to tension and to shear of ordinary 
plain concrete is small, hence the material cannot be employed in situa- 
tions where these stresses are of considerable magnitude. , By embedding 
steel bars in the concrete, so arranged that they carry the tensile and 
shear stresses which the concrete by itself is unable to resist, a very 
valuable constructional material is obtained, with a wide field of applica- 
tion. This is called reinforced-concrete. Three circumstances render 
such a combination useful for practical work : (i) the concrete contracts 
slightly while setting in air, and tends to grip the steel, causing the two 
to adhere ; the concrete is able, therefore, to transmit to the steel those 
stresses which it cannot carry ; (ii) the linear coefficient of expansion by 
heat of concrete and steel are very nearly equal, hence no serious stresses 
due to variations in temperature occur; (iii) the coating of cement 
protects the steel and tends to preserve it from corrosion. 


307. Advantages and Disadvantages of Reinforced-Concrete.—The 
advantages are : 


The materials are easily obtained. It is easy to make. It is very 
durable. The cost of maintenance is practically nil. No painting is 
required. It is impermeable to moisture, but special precautions are 
necessary to resist a head of water. 

Its monolithic character gives great rigidity. 


Its fire-resisting properties are good, and it is a poor conductor of 
heat. 


Some of the disadvantages are : 


Its own weight is a considerable percentage of the load to be carried 
and must always be taken into account in design. Reinforced-concrete 
construction is heavier than steel construction (but lighter than mass 
construction in stone or plain concrete). 


A considerable quantity of timber is required for the forms and false- 
work necessary during erection. 


308. Materials and Manufacture.—The concrete used for reinforced 
work should be of a high qualty, carefully prepared from clean and good 
‘materials. Ordinary Portland or a rapid-hardening cement may be used. 

The coarse aggregate should pass a j-inch mesh and be retained on a 
fs-inch mesh. The fine aggregate should pass a j-inch mesh. The 
aggregate should be well graded, hard and non-porous, and for preference, 
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proportioned by the methods described in § 296. It is common 
practice for ordinary work, however, to use a 1:2:4 mix (1 of 
cement, 2 of sand, and 4 of coarse aggregate, by volume). The mixing 
is done in a concrete-mixer. A moderately wet mix is necessary for 
reinforced-concrete work in order to get the concrete between the 
reinforcement and into the small spaces to be filled. A slump, 
§ 297, of 5 to 6 inches is permitted. The concrete must be deposited 
and well ‘rodded’ in position before setting commences, otherwise the 
quality of the concrete will be adversely affected. Test cubes should 
be made at intervals to check the strength of the concrete. At joints 
between old and new work, the old work should be cleaned, roughened, 
thoroughly wetted, and coated with 1 :.1 cement mortar before the new 
concrete is deposited. 

Forms.—The forms or moulds are made of timber (sometimes of 
metal) of a size and shape suitable for the finished work. They must be 
of sufficient strength and rigidity 
to support the wet material and 
allow it to be proverly tamped, 
and so constructed that they may 
be easily removed when the con- 
crete has hardened. A typical 
arrangement of formwork for a 
slab and beam floor is shown in 
Fig. 419. The interior of the 
forms must be oiled or soaped 
to prevent the concrete adhering 
to the wood. Care must be taken 
that the reinforcement is not 
pushed out of position while the Fia. 419. 
concrete is being placed. Small 
blocks of concrete called bar spacers are employed to hold the bars in 
place and at the correct distance above the forms. 

The Reinforcement.—Round bars of mild steel, of the ordinary quality 
used in structural work and complying with the British Standard 
Specification, are commonly used for reinforcement; but hard-drawn 
steel wire and high yield-point steels are also employed. The main 
longitudinal members in tension should not be less than 3 inch diameter, 
and the main longitudinals in columns should not be less than 4 inch 
diameter. No bar should exceed 2 inches in diameter. All bars should 
be carefully cleaned of rust, loose scale, oil, etc., before being used. 
Unless otherwise effectively secured (see Anchorage, § 317), the ends of 
all tension and shear members should be provided with a hooked end, 
(i) Fig. 420. If a bar be hooked tightly over a main reinforcing bar 
running transversely to it, (ii), it may be regarded as securely anchored. 
An alternative method of anchoring the end is shown at (iii) Fig. 420. 
Square bars and special shapes for reinforcement have been extensively 
employed. These include various patterns of bars with notches and 
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projections intended to increase the bond between the concrete and the 
steel. Such material is usually strain-hardened during the process of 
notching. Wire meshes are largely used for floor slabs, reinforced- 
concrete roads, and in other positions where it is convenient to introduce 
the reinforcement in sheets instead of single bars. 

Cover and Arrangement of Bars.—The cover is the thickness of 
concrete outside the reinforcement, (iv) Fig. 420. .In interior beams 
and columns this should not be less than 1 inch, and not less than 
the diameter of the longitu- 
dinal bar covered. In slabs = “!) o min.2 or 2 
and walls, not less than 
4 inch anywhere, and not less 
than the diameter of bar 
covered. The end cover out- 
side a hook, (i) Fig. 420, 
should not be less than 
2 inches, nor less than twice 
the diameter of the bar. The 
space between two bars 
should not be less than 
1 inch(size of coarse aggregate Fic. 420. 
plus } inch), nor less than 
the diameter of the bars, and the minimum space between two tiers of 
bars should be 4 inch. These minimum spaces may be increased with 
advantage. Splices in mild steel tensile reinforcement should be over- 


lapped a distance | = Silfs’, where ¢ is the diameter of the bar, f, the 


tensile stress therein, and f,’ the permitted bond stress. 

309. Working Stresses.—It is now becoming customary to divide 
concrete into grades, depending on the degree of control exercised on 
the works. In the ordinary grade, no rigid control or field tests are called 
for. In high grade concrete, effective field control, field tests for strength, 
and daily slump tests are required. In special cases where, in addition, 
the water content is rigidly controlled, and the aggregate is graded, 
certain specifications propose to base the working stresses on the strength 
obtained in the preliminary tests, subject to specified limitations. 

The permitted working stresses in each grade are usually based on 
the minimum compressive strengths, expected or ascertained, at 
28 days. 


OrpinaRY Grape. Expected ultimate strength at 28 days in field 
tests : 

1915 L.C.C. Rules. f = 2,800 — 200V lb./sq. in., where V is the 
added volume of the aggregates, measured separately, per volume of 
cement. 

1934 Proposed British Code of Practice. f = 3,600 — 226V Ib. /sq. in. 


approx. 
‘ 
% 
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The Table on p. 608 gives the allowed working stresses in ordinary 
grade 1: 2: 4 concrete according to different authorities. 


HicH Grape. Ultimate strength at 28 days, in field tests : 
1934 Proposed British Code of Practice. f = 4,650 — 300V lb. /sq. in. 
approx. 


The following rules are laid down by the Ministry of Transport (1931) 
for road bridges: 


rene 











Crushing Strength of 6 in. cubes. 








eet 








Working 
Mix. Streas fo 


Ib. /sq. in. 










Normal Test.* | Additional Test. 
lb. /sq. in. Ib. /sq. in. 





Ib. : cu. ft. : cu. ft. 


A:2:4 15A + 900 

90:2:4 2,250 
120:2:4 2,700 
150:2:4 3,150 
180:2:4 3,600 







* At 28 days, ordinary Portland cement ; at 7 days, rapid-hardening Portland 
cement. 

+ At 7 days, ordinary Portland cement; at 3 days, rapid-hardening Portland 
cement (if required). 

The cement must comply with the current B.S.I. specification for Portland 
cement. Concrete taken from the mixer or from between the forms must consis- 
tently show the specified crushing strength. The cement must be weighed and not 
measured by volume ; 90 lb. of cement = | cub. ft. 


Modular Ratio.—L.C.C. (1915), m = 9,000 = safe f, ; U.S.A. (1936), m = 
30,000 — ult. str. at 28 days; 1934 Code of Practice, m = 40,000 ~ ult. 
str. at 28 days; assumed value to take account of creep. 

310. Experiments on Reinforced-Concrete.— Space considerations 
prevent a detailed account of the experimental work done on reinforced- 
concrete. Summaries will be found in Taylor, Thompson, and Smulski,® 
and in Morsch.! 

311. Stresses due to Bending.—The simple theory given in § 38, 
Vol. I, for the stresses in a beam will not apply to a beam of reinforced- 
concrete, composed as it is of two materials with different moduli of 
elasticity. The usual theory for such beams is as follows: It is assumed 
(a) that plane and normal sections of the beam remain plane and normal 
after bending, (b) that the resistance of the concrete to tension is zero, 
(c) that the compressive stress in the concrete 1s proportional to the strain, 
i.e. that Ec, the modulus of elasticity of concrete, is constant over the 
range of working stress, and (d) that the grip or adhesion between the 
concrete and the reinforcement, supplemented by the anchorage of the 
bars, is sufficient to make the two materials act together in resisting 
the straining forces. It is probable that none of these assumptions is, 
strictly speaking, accurate, but the successful design of reinforced- 
concrete structures proves that no serious error results from them. 
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1:2:4 Ordinary Grade Concrete 
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| nec. | us.a* | Code of Prac. 
| (1915). (1936). tice (1934). 
Unit: Ib./sq. in. Sa ieiates +t bind, dat 
| % |Stress. %f (Stress.| %f | Stress. 
ee a pss scant pete cee alae an te ae 
Ultim tte Crushing Strength. | 
Preliminary Test at 28 days ses wie 150 | 3,375 
Field Test at 28 days . | 1,600 100 2,000§! 100 | 2,250 
100 |2,400t] ... | ow. |e ie 
Permissible Working Stresses. | 
In Beams: | , 
Compression in extreme fibres 25 | 600 40 | 800] 333} 750 


Shear, without web reinforcement 
Shear, with web reinforcement . 


| 

I 

t 

| 

| 

| 2} | 60 | (a) 2 40 34; 75 
Bond or Adhesion, plain bars . i 2 

| ave 

| 

| 

| 


(200)| (6)6 | 120 (134) (300) 
60 4 go} ... | 100 0H 








Ditto, Bars hooked each end 100 ‘s sat 
Ditto, Deformed bars — 5 |; 100; ... sa 
Modular Ratio { 15 sag 15 Sas 18 
In Short Columns with lateral | | 
reinforcement. 
Direct Compression . 25 | 600 | 15:4 | 308 26%; 600 
Hooped Columns Bs (c)22 | 440 | ae 


| See Regulations, and § 321. 

* Proposed Regulations, Amer. Cone. Inst. Proc. vol. 32, p. 407. 

+t At 4 months. 

{ “he same percentages can be used for other mixes and for high-grade concrete. 
|| Shear stress + 25 lb. 

§ Strength of concrete with specified water content ; mix not specifiod. 

(a) = ordinary eer ; if special anchorage take 3 7 

(6) = 29 
Special anchorago = = - every Tongitudinal bar with "standard hook, or made 

continuous with reinforcement for reversed bending. 
(c) On gross area. 


teeter ee ee ee nee me eee nn er ee -—- “8 =~ 


(i) Fig. 421 represents the cross-section of a reinforced-concrete beam 
of breadth 6 and effective depth d. The effective depth is the distance 
from AB, the outer edge of 
the beam in compression, to 
the centre of area of the ten- 
sile reinforcement, repre- 
sented in the figure by the 
three round bars. 

If NN be the neutral axis, 
that portion of the cross- 
section above NN is in com- 
pression, the portion below Fic, 421. 
is in tension, but any tensile 
stress in the concrete below NN is neglected (Assumption b). The beam, 
in effect, is assumed to consist of the rectangular area ABNN in com- 
pression, and the bars forming the reinforcement in tension. 

, If plane normal sections remain plane and normal after bending, it 





REINFORCED-CONCRETE 600 


follows, exactly as in the ordinary beam, § 38, Vol. I, that the strain at 
any point on the cross-section varies directly as the distance of that point 
from the neutral axis. The strain diagram will therefore be the double 
triangle shown at (ii) Fig. 421, and eq. (1), § 38, Vol. I, : = will hold 
for the reinforced-concrete beam ; f is the stress at any ae distant v 
from the neutral axis, E the modulus of elasticity, and R the radius of 
curvature. It follows that the stress in the concrete on the compressive 
side of the beam will vary from zero at the neutral axis to a maximum 
fe at the edge AB, (iii) Fig. 421. If f = fc, where v = rv, f . - = ; Ke 
is the modulus of elasticity of the concrete in compression. Eq. (1), 
quoted above, will likewise apply to the tensile reinforcement, and if fr 
fe_E& 
~ R 9 
where E;, is the modulus of elasticity of the tensile sineeaaent vt is 
measured from the neutral axis to the centre of area of the tensile 
reinforcement, and the small variation in the stress in the reinforcement 
is neglected. The equations for fe and fe may be written thus : 
l_ fe fe_ (1) 
R Ecve Ext " " " 

The variation in stress over the cross-section is shown at (iii) Fig. 421. 
Since the stresses on a cross-section are produced by a bending moment, 
and no longitudinal force exists, it follows that the sum of all the forces 
on a cross-section must be zero, exactly as in the case of the ordinary 
beam. That is to say, the total compressive force Fc on the cross-section 
is equal in magnitude to the total tensile force Fz on the cross-section. 
Now the compressive force on an elementary strip of width dv distant v .« 
from the neutral axis, (i) Fig. 421, is fb .3v. Hence the total compressive 


eee - f Ec fe 
force on the cross-section is Fe = | fb. dv. Bute = R73: therefore, 
0 e 
Ve 5 
Fe = vie » dy — Seve 
Re 0 2 
The total tensile force on the cross-section is Fz = a¢f:, where 2, is the 
area of the tensile reinforcement. But since Fe = Fy, 


be the stress therein and vw its distance from the neutral oe 











Of = = aft, and %¢ == f a : : ‘ . (2) 
Cc 
From eq. (1), i= i == me, where m = E is the modular ratio. Also 
Vc + v¢=d, from which = = ee ; and fn m= —"e Substituting 
Cc 
in eq. (2), 


Ve? = antigo and v= mat | + 2bd _ 1! ° (3) 
b b | mat [ 


an equation which determines the position of the neutral axis. 
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The moment of resistance can be obtained by taking moments about 
the neutral axis. The moment about NN of the force on the elementary 
strip 5 . dv is fbu . dv. Hence the total moment of the compressive forces 


on the cross-section is J bv . dv - El’ v8. dv - Yee ov" or f - = 

The moment about the feat axis of has ‘Grails force in a epee 
is atfivz. The moment of resistance, which is equal to the bending 
moment M on the cross-section, is the sum of these two moments. Hence, 


= ere’ cue" + arfrve. But from eq. (2), aft = Ofcevc/2, and ve = d — ve. 

Therefore, M == Bfove! + Lea — v — Y%) = une fel d — it ; . (4) 
3 2 3 

where — 3 = V is called the arm of the moment of resistance of 


the cross-section, see Fig. 428. Eq. os can also be written 








= Wha + vp} = ai = i ; : : . (5) 
Let the ratio ft/fe = &. Then, from eq. (1), 
fe_ Eo o_o. ana te 
fo Evve = Oe =k ; and ~ . = mi , . ° (6) 
But ve + vt = ad; hence 
m k 
—— = Sieh e . . ° 
vc igi and v¢ ieee (7) 
From eq. (2), ie bfeve l md bd m (8) 
Of Sb eed" 3 ee 4 
and from is (4), 
bue - I = _ fe md { md ) 1 (2m + 3k)m 
M = -— =. 3d — ——_... = . bd*f, ~___--——_.___ (9 
5 fe 6mtiki . m+k| 6 Je (m+ k)? “ 


Eq. -: is - i same form as the moment of resistance equation for 
an ordinary rectangular beam, except that the stress f, is multiplied by 
a coefficient depending on the relative properties of the steel and concrete. 
For a given bending moment, and given values of f,, m, and k, the value 
of bd? can be obtained from it. A suitable section can then be chosen. 
The value of d should not be less than »/;th the span, nor should b be less 
than th the span, unless adequate stiffening against lateral bending 
be provided. Knowing } and d, the necessary area of tensile reinforcement 
is obtained from eq. (8). 

Theoretically, other things being equal, f, and f, should reach their 
maximum allowable values at the same time. Thus, for a 1:2:4 
Portland cement concrete, and ordinary mild steel reinforcement, if 
m = 15, f, = 750 lb./sq. in., and f, = 18,000 lb./sq. in., the value of & is 
18,000 + 750 = 24. Inserting these values for m and & in eqs. (7), (8), 

and (9), 
ae Ue = 0:38d ; a, = 0-00801bd; and M = 125-7bd* in.-lb. (10) 


* 
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If the same values for the stresses and for k be used, but m be taken 
as 18, 
v, = 3d/7 = 0°43d; a = mee 0-00893 bd ; 
and ' M = 137-7bd? in.-Ib. : ? . (10a) 


Corresponding figures for other stresses and values of m are seus obtained. 
The area of tensile steel reinforcement is usually expressed as a 
percentage of the area bd, thus, 


percentage of steel = p = a : . . (11) 
‘From eq. (3), a ; 
Me fe Oe”. 
cae ht 2m(d — ve) © (12) 
and the percentage of steel 
— ret (13) 
p= md(d — ve) 
which may be written 
Ve = 1 00 | pm" 200 . ; . (14) 


In sections where f; and fc reach their maximum allowable values 
simultaneously, the value of az is given by eq. (8), and the percentage of 
steel is 
100az 100m 
P~ bd Bem + 


For a 1: 2:4 Portland cement concrete, m = 15, k = 24, p= 0-801 %, 
or if m == 18, k = 24, p = 0:893 %. 

312. Use of Graphs and Tables.—The application of the above 
formulae is greatly facilitated by the use of graphs and tables. Such 
aids to calculation are to be found in all the standard books on the 
subject. Some useful curves for rectangular beams and slabs, with 
single reinforcement, are given in Fig. 422. From eq. (14), § 311, 


14/2 | 
d = 100! +I1l—1 
whence it will be seen that v¢/d is a a of m and of, p, the percentage 


reinforcement, and can be plotted on a base line representing p; see 
(i) Fig. 422. From eqs. (5) and (4), § 311, 


. (15) 


(1) 


weeds Sp ao Bele 
sabes} pag 


whence, 


M p ; Ve M lv, vc ) 
sas ion ~ 3 naa ey 
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ve/d has been shown to be a function of p and m, so that M/bd* is also 
a function of p and m, and may be plotted on the same base line, using 


220>“ . 

Pb ff tL ff | tefrace, maT 
Me ttt tt nfl 
ca ear 


asta 





0-8 1:0 1:2 1:4 
Fra. 422. 


.. “the values of v¢/d just found, (ii) Fig. 422. In these curves, f; = 18,000 
» -'Ib./sq. in. and fo ranges from 750 to 1,200 Ib. /sq. in. as indicated. At-points 


K baka % Reinforcement = p = OSt 
Q 0:6 : 
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such as Q, both steel and concrete will work at the specified maximum 
stresses ; for lower values of p the concrete will be understressed ; for 
higher values of p the steel will be understressed. For given values of 
M; 6, and d, M/bd* can be found, and p and ve read from the curves. 
From eq. (11), § 311, a¢ = pbd/100. Applications will be found in the 
worked examples. 

313. Tee Beams.—In most reinforced-concrete floors the floor beams 
are moulded in one with the slabs forming the floor proper, Fig. 423, the 
whole forming a monolithic construction. : In these circumstances it is 
evident that part of the slab will be compressed when the floor beam 
bends, and in consequence, will act as part of the floor beam. For the 
purposes of calculation, therefore, the shape of the floor beam should be 
taken as that shown hatched in (i) Fig. 423. Such a beam is called a 
tee beam, from its outline. It is not possible to determine exactly how 






WLLL 


(1) 






Fic. 423. 


much of the sectional area of the floor slab should be counted in as 
forming part of the floor beam, but certain empirical rules have been 
laid down which give reasonable results in practice. For example, the 
breadth B of the flange or table of the tee should be taken as not more 
than (a) one-third of the effective span of the tee beam, (b) the distance 
between the centres of the ribs of the tee beams, or (c) twelve times the 
thickness D plus b, the breadth of the rib, whichever- be the least. 
When finding the moment of resistance of a tee beam, two cases occur : 
In the first, the neutral axis NN falls above the bottom of the slab, as 
shown at (ii) Fig. 423. The concrete below the neutral axis is in tension 
and is neglected in the analysis. Hence the fact that the beam is shaped 
as shown at (ii) makes no difference to its moment of resistance, and 
the formulae found in § 311 for plain beams are applicable, except that 
B, the width of the table, should be substituted for 6. In the second case 
the neutral axis falls below the bottom of the slab, as shown at (iii), and 
the expressions for the plain beam no longer apply, for now the compres- 
sion area is affected, being no longer rectangular. The exact expression 
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for the moment of resistance of the compression area shown in (iii) is 
complicated. To obtain an expression suitable for use in practice, 
therefore, it is usual to neglect the small area between the bottom of the 
slab and the neutral axis, and to assume that the compression area is the 
rectangle B x D. The stress on the area neglected is small, and its 
moment about the neutral axis trifling ; the error introduced is negligible. 

In (iii), as in the plain beam, the position of the neutral axis is 
determined by the condition that the total longitudinal force on the cross- 
section is zero. The expression for Fe, the total compressive force on 
the cross-section, is identical with that given in § 311, except that the 
lower limit is (ve — D) instead of zero. Hence 


Fe= |" {B.dv= BE \" v. do = S(2veD D) = BD (ve — 3). 
— D te—D 





Uc 
The tensile force F; = asf¢ as before. aes if Fo = Fy, 
BD( ve ~ = Je af. we 
As in § 31], fe_ nd 8 
fe me Vc 
and BD dt s¥e 
— [ve — —}| = agm—— , 
Vc Vc 
from which , 2mard + BD? i 
° Qmae+ BD) 


which determines the position of the neutra! axis. 
The moment of resistance is obtained by taking moments about the 
neutral axis. The moment of the compressive forces about NN is 


Ve ¢ 
\ fbv dy = Bfe \" dv = Blesy,3 = (ve re D)>} 
te—D Ve e-—D 3 : 


= =e Tue 3%" — 3veD +- D%}; for = 2 
Cc 


The moment of the aan ee in the reinforcement is azfivz. Hence 
the moment of resistance, which is equal to the bending moment on the 
cross-s¢ “tion, is 





M = ze ee auet _ 3ucD + D*} + aefere . . (3) 
D\ fe 
But, from eq. (1), agf: = ni -- 5) and 4 =d— vc. Hence, 
BD D 
M = (Bue? — 3veD + D*} + BD( ve — 3) — Uc) 
_3 Se 


y, (oved — 3ueD ~ 8Dd + 2%} 


= ~@ +5, 8dr — D) — Dio —- 2D}. 4) 
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BDf. 
3vc 








if: Gat es Gy; = he eats top in eq. (3), this 


3 D 
(7) 


D 3ve — 2D) 
M — aufeld eet : 


reduces to 





5 
3 2v. —D, (5) 


If m = Ee/Ee; and & = ft .fe as before, eq. (1) reduces to 
BD ( ] Dm sf k | 
a k {. ~ d Wm ; 





and eq. (4) to 
BD, (. k =D? m+ ki 
M = “ese 84 — D) - 3D 2 27 

For the values of k when the stresses in concrete and steel both reach 
their maximum value at the same time, see § 311. 

The above expressions are awkward to apply without the aid of graphs, 
and it is often assumed, as a first approximation, that Fr acts at the 
centre of area of the area BD, and F, at the centre of area of the rein- 
forcement. The arm of the couple resisting the bending moment is then 


V= (4 - a and 


(7) 





M = agt(a ~ 3) _ 2 & wi) 


From this equation the area a, for a given depth d is at once determined. 
Knowing d and a;, the value of ve should be found from eq. (2), and hence 
the value of fe checked from eq. (3). Better still, the values of fc and fe 
can be obtained by the methods of § 315 (see p. 634). 

314. Beams with Double Reinforcement.—When it is desired to 
reduce the depth of a reinforced-concrete beam to a minimum, reinforce- 
ment is introduced on the 
compression side, as shown be ba 2 TE/E, i 
at (1) Fig. 424. To balance T ae 
the resulting increase in - oS 
compressive resistance, . a [N 
larger area of tensile rein- 3 
forcement is provided, and -° 
for a given bending moment | _ 
a shallower beam can be 
used. This is not usually an Fic. 424. 
economical proceeding, for 
the steel in compression works under disadvantageous conditions. 

The method of finding the moment of resistance of the beam is similar 
to that of § 311, but the resistance of the steel in compression must be 
taken into account. Let ac’ be the area of this steel, and fe’ the stress 
therein. Then f,’ = E x strain in the elementary strip of which ao’ 





bf, --+4 
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forms a part. The strain at the top edge of the beam is fco/Ec; at a 
distance g below it is fe <4 “¢ = 9 “This is the strain in both steel and 
Cc 





concrete ; for steel, E = Ez; and fc’ = Ey. fo et mfeo——2 
Ee Vc 
m= K,/E,. The total force in the compressive steel is, therefore, 
ac fe’ = mac’ fo--_—2 zs y. 
displaces an equal area of concrete in which the stress. is fe(ve — g)/ve, 
and the force is a¢’fce(ve — g)/vc. Hence the net increase in compressive 
force due to the compressive steel is (m — 1)de’fc(vc — g)/vc. The 
compressive force on the area bue of concrete in compression is buef;/2 
(see § 311), and the ae compressive force on the cross-section is 


, where 


A correction is necessary in that the steel 





Ke = ee + (m — l1)de Ge =. The tensile force on the cross-section 
is F; = a¢ft, and since Fr = Fy, 

b 

Bove + (m — (1) 





From eq. (1), § 311, t = a whence 
fe Ue Uc 


— 2(m — 1)ac’ 
8b 


Ue? = ——(d — v¢) - (vc — g) . . (2) 
The moment of resistance can be obtained by taking moments about 
the neutral axis. The moment of the forces on the compressive side of 
the section is 
bfcve ; 2v¢c 7etc—- Q 
Spe PO nae L)ae'fe ae (Yc — g) 


and on the tension side is a¢fzvz. Hence the moment of resistance is 
bfcvc? 
3 





M =- + (m — 1)ac fe-~ ve eng ————— + arfive. 


Inserting the value of asf¢ from eq. (1), and putting ve = d — Ue, 
bv¢ | 
M = >. d— + (m— Iya —9 4d — 9) |fe . (3) 


Knowing the dimensions of the beam and the size of the reinforcement, 
ve can be obtained from eq. (2), and, for a given value of fc, M from eq. (3) ; 
the corresponding value of ft is fe = mfevt/vc, eq. (1), § 311. The reverse 
operation, given the bending moment to find the dimensions of the beam, 
in the absence of graphs, is tedious. In cases where v¢ is not very different 
.from 3g, simplification without great error can be effected by assuming 
that the force on the compressive reinforcement acts at the centre of 
pressure of the compressive side of the beam, i.e. that g = 0/3. The 
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arm of the couple resisting the bending moment will then be V = d — v¢/3, 
as in a singly reinforced beam. If then a singly reinforced beam of the 
required depth and width be taken, in which fc and f; both attain their 
maximum values, p. 610, and a compressive reinforcement de’ be inserted, 
and also the area of the tensile reinforcement be increased so that the 
neutral axis is not moved, vc will be the same in the two cases and the 
ratio k = ft/fo will be unaltered. From § 311 the safe bending moment 
M, on the singly reinforced beam can be calculated; if the doubly 
reinforced beam has to carry a bending moment M, the difference (M — M,) 
must be carried by the extra reinforcement. The arm of the couple 
(d — v¢/3) is known from the singly reinforced section, hence the force 
to be carried by the compressive reinforcement is 

M — 2 

Tah 7 he = (m — I)ae' fo —2 f = 





gi™ — l)ac fe 


(see above), from which ae’ is aoe ery aaa increase az’ in the 
ant = at’ ft; this area az’, added 


to the tension area of the singly deed beam, gives the area a of 
the doubly reinforced member. 

Example.—A 12” x 6”, d = 10-6 in., 1:2: 4 mix, P.C. r.-c. beam, 
m = 18, doubly reinforced, has to carry a bending moment of 140,000 in.- 
lb. Find the necessary areas of tensile and compressive steel. From 
eq. (10a), § 311, for a singly reinforced beam of these dimensions, M, = 
137-7bd? = 137-7 x 6 x 10-6? = 92,850 in.-lb. ; ve = 34/7 = 3 x10-6/7 = 
4-54; d — v¢/3 = 10-6 — 1-51 = 9-09; ag = bd/112 = 10°6 x 6/112 = 


area of the tension steel is given by qe 


; 47,150 x 3 
0-568. M— M, = 140,000 — 92,850 = 47,150 ; ae’ = pS ae 
— 47,150 


All the necessary details of the cross-section are thus determined. 
The actual stresses in the materials should then be checked by the 
methods of § 315, with the compressive reinforcements in their proper 
place. 

An exactly similar procedure can be adopted in the case of tee beams 
with double reinforcement, but as in § 313, when the neutral axis falls 


below the slab, the arm V may be taken as (4 —_ 3) instead of ( _ 7) : 
as a first approximation. 


315. Moment of Inertia and Section Modulus of Rejnforced-Concrete 
Beam.—-As shown in § 40, Vol. I, the moment of resistance of the forces 


on @ cross-section of a beam is the integral of the expression abet . §v 


summed from top to bottom of the beam, i.e. it is equal to the integral 
%; . 

\ bet do, When Fis constant, this reduces to EI/R = M, the well-known 
Os 
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% 
formula. If E be not constant, the integral becomes M = 5 Ebv? . dv. 


— 
In a reinforced-concrete’ beam, let E = mEc, where m is a coefficient 
depending on the material; m = 1 7 concrete: and m = Ez/Eo for the 


tensile reinforcement. Then M = 7 "mEcbu? . dom | “mb . dv, the 
8 
limits ve and vz, which replace v, and v,, signifying that the integration 
te 
is carried over the whole cross-section. Let \ mby? . dv=I-¢. Then the 


57] 
equation becomes 


IL Rv . . . ° ° (1) 





for from eq. (1), § 311, 5 = a . Now eq. (1) above is identical in 
form with eq. (1) of § 40, Vol. I. It follows that I, can be regarded as 
the equivalent in a reinfourced-concrete beam of the moment of inertia I 
in an ordinary beam, and may therefore be termed the moment of inertia 
of the reinforced-concrete beam. Also, from eq. (1), 


M 
fe = i ° ° ° e ° (2) 


analogous to eq. (2) of § 40, Vol. I; and if Ic/vc = Zc, Zc is the section 
modulus of the beam on the concrete side, and 


M=fele . . «.  « « 3) 


In a layer of concrete distant v from the neutral axis, the stress would 
be fc == Mv/Ic. The stress in a similarly situated steel bar would be 
m times this, where m = E;/Ec. Hence the stress in a steel bar distant v 
from the neutral axis is f == Mmv/Ic. This applies to steel in tension 
or in compression. For the tensile reinforcement, f = f¢ and v = 4 ; 
hence, 


M 
tt = i . . . . . (4) 
or, if Zz = to M = ftZz ; , . . (5) 


Mvt 


If, as in Fig. 435, there be two (or more) layers of tensile steel, v¢ and ft 
in eqs. (4) and (5) have reference to the lower layer. In such cases the 
total tensile force on the cross-section Fy; = 2 azf?, in which expression 
the appropriate values of a¢ and f¢ for each layer must be inserted. Then 
since M = F;V, the arm 


V = M/Dagft = Ic/mL ag: . , ; . (6) 


For the compressive reinforcement, v = ve — g, Fig. 424, and f = fe’. 
Hence 


a feo =Mm(ve—g)ley. © + es) 
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where g is the distance of the compressive reinforcement from the top of 
the beam. 

Now just as I in an ordinary beam can be determined by a tabular 
method of calculation, § 48, Vol. I; by the same method of tabular 
calculation I, can be determined, except that each area in the calculation 
for I; must be multiplied by the appropriate value of m, for the integral 
for Ic includes the factor m, which the integral for I does not. The process 
is exactly similar to that for an unsymmetrical section, Vol. I, p. 82, and 
need not be further elaborated. A typical calculation for the section 
given in Fig. 424 is set forth below. For convenience, moments are taken 
about the top of the beam. The value of m for concrete is ] ; that for 
steel in tension is E;/&,, taken in the Table as 15; that for steel in com- 
pression less the replaced concrete is (E;/Ec — 1) = 14 in the Table 
(cf. § 314). 


MoMENT oF INERTIA OF CRoss-SECTION wiTH DOUBLE REINFORCEMENT. (i) Fie. 424. 


ee rN 

















Part. | a’ 





Concrete in compres- bv,* 
sion a et ee 12 
Steel in compression . 
Steel in tension 
= ma'(h’)* | I mI’ 





weer me 





= mz ma’ h’ . oe : (Xma’h’)? 
Vc = Sona’ Ie = 2 ma (h ) + uml — > ina 
ve = (d — ve) Ze = re and = de 
Vc MvUt 
M Ic 
r Pe es ase, ee 
The arm \ adh imag since, from eq. (5), 
pa MM 


The determination of ve involves the solution of a ‘*« 
quadratic equation, 


ve( ma’) = Lma'h’ . : . (8) 


Unless suitable graphs are available, the above 
is one of the quickest methods of finding the 
stresses in any r.-c. beam, excepting a plain rect- Fic. 425. 
angular section with single reinforcement. 

Worked Example.—To find the safe bending moment on the section 
dimensioned in Fig. 425 when fe = 18,000, fc = 750 lb./sq. in., and 
m= 18. Take moments about the top of the beam. 
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Part. 


Concrete in com- 
pression 

Steel in compres- 
sion ‘ , 

Steel in tension . 





73-8 + 12v¢, 1018-7 + Bue} 22,050 - 5 + 3v¢3| ve? 


er ree + ne EOE cons snes —s ee — omen 


1018-7 + 6ve", Sees sigs ties 
Ye ™= “aaa fay, 7 8°28; vw = 22-56 8:26 = 14-3. 


(1018-7 + 6ve2)2 


_ . g s_ \t¥ = 
Te = 22,050-5 + Bue? + ve 72-8 + 12ve 12,510. 
= TOO = 1614; Safe M = 1614 x 760 = 1,135,500 in_Ib, 
12,510 — _ es 
Zt = 18x 143 = 48-60 : Safe M =: 48:6 x 18,000 = 874,800 in.-lb. 


The latter figure is the safe bending moment on the section. ; 

The above example, although primarily intended to elucidate the 
method of calculation, serves also to illustrate the ineffectiveness of com- 
pressive steel as a means of increasing the moment of resistance, unless 
balanced by extra tensile steel. The section without the three top 
j-inch bars satisfies eq. (10a), § 311: ag = bd/112 = 12 x 22-56/112 = 2-42 
sq. in.; and the safe bending moment is 137-7bd* = 841,400 in.-lb., or 
only 4 % less than the section of Fig. 425. 

To make this an economical section, ag must be increased until 
ve = 34/7 = 3 x 22°34 + 7 = 9-57 [see eq. (10a), § 311; an increased 
cover will be necessary]. The required value of a; can be found as 
follows. Take moments about the top of the beam. 


Part. a’ m ma’ h’ ma’‘h’ 


Concrete in compression = 12v¢ | 114:8 l 114:8 4°79 | 649-9 
Steel in compression ; : 1°8 17 30-6 1-44 44-1 
Steel in tension ; ; ae 18 18a; 22:34 | 402-1 ay 


145-4+ 694°0+ 
18 a; 402: lag 


ee = 9-57, whence az = 3-47 sq. in. 


146-44 18a, 


Four, 1,/, bars will be required, and by the tabular method above, 
safe’ = 1,230,400 in.-lb., a 46 % increase. 


c= 
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316. Combination of Direct Stress with Bending.—Many cases occur 
in practice, for example, columns and arched ribs, in which a reinforced- 
concrete member has to resist both direct stress and a bending moment. 
In the following consideration of these conditions, it will be assumed 
that bending takes place about one of the principal axes of the cross- 
section only (uniplanar bending). The general formulae for such com- 
binations of stress are given in Chapter VIII, Vol. I (cf. § 354 of the 
present volume). 

In reinforced-concrete construction it is necessary to distinguish 
between members in which the stress on the cross-section is wholly com- 
pressive, and those in which the stress is wholly or partly tensile. 

Case I. Stress Wholly Compressive—In Fig. 426, suppose that a 
normal force F act on tae cross-section at a distance e from the centre 





(i) 8 i) Reming. SW) 
Fia. 426. 


of resistance C. As in § 354, the effect will be equivalent to a direct 
compression F producing a uniform strain éq all over the cross-section, — 
plus a bending moment Fe. The corresponding diagram of stress in the 
concrete is shown at (iii) Fig. 426: fa = Ecsq is the stress due to the direct 
compression, and fp the stress due to the bending moment. As in § 321, 
the equivalent area of cross-section, allowing for the different values of 
KE, is bd, + (m — 1)(ac’ + az),* where d, is the overall depth of the cross- 
section. The direct stress in the concrete is, therefore, 


F ‘ 
rer ne ete 1 
Ja bd, + (m — 1)(ae’ + ae) ) 
The maximum stresses in the concrete due to bending, § 315, at A and 
B respectively, are : 


fom = Ps fe= Flew) = Fl —m) 


Ic and v¢ are found exactly as in § 315, except that the whole area of the 
concrete is counted in; since both az and ae’ are in compression, use 
* These symbols have been retained to correspond with those of § 314, but there 


is no tension anywhere; the neutral axis lies outside the crogs-section, and does 
not coincide with CC. 


x 
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(m — 1) instead of m for both areas (see the worked example below). The 
maximum and minimum stresses in the concrete at A and B respectively 
are : 
I Uc | 

~ max. = -+- ya Ri to 
Me aaa | bdy + (m — 1)(ae’ + at) = Te} 

. ] e(do — “2 
min. == ~~ Se ha Na 
ain. fo = fa — fob {5 + (m — 1)(ac’ + at) Ic 
The stresses in the steel are : 


a 1 e(ve — 9) 
his Soest, oe ee 


(3) 


(4) 


( ] | 

In az, = mF , ———_____-______. — |, . . (6 

f= mS lid, + (m= Was + a) To re 

Worked Example.—In Fig. 426, b = 12, d, = 24, 9 = 1-44, d = 22-56, 

dc’ = 2:4, ag = 1-8, and m= 18. If a force F = 90 tons be applied 10 

inches below the top of the cruss-section, find the stresses in the concrete 
and steel. Taking moments about the top of the section, 







Part. | a’ 
































| ma’ (h’)*| mI’ 
Whole area of the concrete aa 41,472 | 13,824 
Top Steel (a,’) | 2-4 85 
Bottom Steel (a) .  . | 1°8/ 17 
| 13,824 
4,205:-0 : 
Ye = -aRa =11-7; dy— ve = 24 — 11:7 = 12-3; e= ve — 10 = 11-7—10 
= 1-7 in. 
is (4,205 -0)? _ 
Ie = 67,130 + 13,824 — 7 21,755. 
Then, see eqs. (3), (4), (5), and (6), 
90 x 2,240 9D x 2,240 x 1-7 x 11-7 
max. fe = fa + fo = 359-4 en) W 51 150 2=C~” ee 
: 90 x 2,240 90 x 2,240 x 1-7 x 12-3 
min. fo = fa — fo= —g5q-g— — 31765. 387. 
.  , 18x 90x 2,240 18 x 90 x 2,240 x 1-7 x 10-26 Qe 
_ Stress in ac’ = ——359-a + ——-—- “31.768 — = 13,006. 
: 18 x 90 x 2,240 18x 90 x 2,240 x 1-7 x 10-86 
Stress im a= —- 350-4. —~C Saat RR = 7,017, 


for (ve — g) = 11:7— 1°44 = 10:26; and vg = 22:56 — 11-7 = 10-86. 
Uinitg : Ib. ; in. ; Ib. /eq. in. 


t 
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‘Validity Limst.—In the limiting case, before tension appears on the 
cross-section, min. fc from eq. (4) becomes zero, when 


a a ea 
(dq = ve){bdy + (m — 1) (ae’ + a4)} (dy — vc) B(ma’) 


bdy® — 3bdq ve (dy — Ve) + (m — 1){ae'(ve — g)* + aeve*} . (8) 
 Bldy = velfbdy (rn = 1)(ae’ + a} — 


for Ie = bdg®/B — bdgte (dy — ve) + (m — l){ae! (ve — g)* + aev%} (9) 


e= [from table] (7) 


— 
—— 


Case II. Stress wholly Tensile.—When F is tensile, and falls between 
the reinforcements, (iv) Fig. 426, the stress on the section is entirely 
tensile. In this case the concrete is neglected altogether, and the distribu- 
tion of stress in the reinforcement is determined by taking moments 
about J or K. 

Case III. When both Tension and Compresston occur.—In cases where 
e exceeds the value given by eq. (7), both tension and compression will 





cet 


(iii) 


Fic. 427. 


occur, and the above formulae no longer apply. In (i) Fig. 427, let F be 
a compressive force acting on the cross-section at a distance r from the 
top compressive edge. If r be sufficiently great, sh, the strain due to 
bending, will exceed sg, the strain due to direct compression, (iv), the 
neutral axis NN will fall within the cross-section, and the lower edge of 
the member will be in tension. The distribution of stress on the cross- 
section will be as shown in (ii). If Fe be the total compressive force on the 
cross-section, 


on TE. aglfel = PEE sm — 1) ac'fo =F. (10) 


and the total tensile force on the cross-section will be Fz = aeft (of. § 314). 
For equilibrium, the difference between F, and F; must equal F, Fe — F: 
=: F; and the moment of Fe plus that of F; must equal the moment of F 
about any point. Take moments about the line of action of Fy, then 
FeV = F(d + 1). 


& 
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From the first relation, 


F= Fo — F; = Fm nae Y _ anfs 
= ele (m — 1)ae'fo = 2 0 ay . (i) 
for agf; = maz fed — ve)/ve (cf. § ae : 
From the second relation, using eq. - 1), 
Fd+r)= [mee (om -- 1) ae'fe —— 9 _ marfe * — hd +1) 


ny Ptah nach t= Ig — q) 
whence, 
Pee (ve + Sr) = mag (d + 1) (d — ve) — (m — 1) ae’ (9 + 1) (ve — 9) (12) 


To obtain vc, plot graphs of the expressions on each side of the equation 
On & Ue base line, using a series of values for ve. The intersection of the 
two curves gives the required value for ve. Knowing v¢, the stress fe is 
obtained from eq. (11), and Fe from eq. (10). Since. 


¥; = arfe = matfe (d = Uc) [Ve ; ft = mie (d _ Uc) /Ve ‘ (13) 


Note that when F acts below the top of the section, 7 is to be given a 
minus sign. If the section be only singly reinforced, the same equations 
hold, but a¢’ is to be put equal to zero. 

It will be found by trial that when F is a tensile force, (v) Fig. 427, 
the same formulae apply, but r, which still denotes the distance of F from 
the compressive edge of the member, must be given a minus sign. 

Worked Example.—If b= 12, d = 22:56, g = 1:44, ac’ = 2-4, and 
aj = 1-8, find the stresses if F = 70,000 lb. (comp.), r= — 6 in., and 
m = 18. Substituting in eq.(12), 
uc® (ve — 18) 

== §,918-2 — 175-25 v¢, 
and vc = 22-15; whence from 

eq. (11), 
re 95-36, fc = 70,000 lb., and 
Sc = 734 lb./sq. in. From eq. 
(13), fe = 0°333fc = 245 Ib./ 





eq. in. 
317. Shear Stress.—In a plain 
rectangular reinforced-concrete 
beam with single reinforcement, (i) Fig. 428, let M denote the bending 
moment at any section distant 2 from some origin. From eq. (5), § 311, 
M = a¢ft(d — v¢/3), and therefore the shearing force on the cross-section is 


Fia. 428. 


° 


Se tale Saale] 
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whence 
d 
aarp V8 ee OD 


for . (aéft) is the rate of increase in the force in the tensile reinforcement 


with respect to z; that is to say, it is s, the shear per unit of length of § 81, 
Vol. I. From eq. (1), ¢ is equal to the total shearing force divided by 
the arm V = (d — v¢/3). If 5 be the breadth of the beam in the neigh- 
bourhood of the tensile reinforcement, the shear stress in the concrete 
there is 


sa : : - (2) 


Bond Stress.—In a reinforced-concrete beam, if Xg be the total 
perimeter of the tensile reinforcement, and f,’ the shear stress or adhesion 
per unit of area between the concrete and the steel, then (2 q x 1 x fe’) 
is the increase in the force in the tensile reinforcement per unit of 
length = s. Then 

8 S S 


a= (2q) fe’ ; and fe =55= 7, w\..  VEq . (3) 


and the value of fs’, thus calculated, must not exceed the safe bond stress 
given in § 309. Should the reinforcement bars not be all of the same 
diameter, it is necessary to consider the adhesion of the largest bars 
individually. From eq. (3), the necessary perimeter of the tensile re- 
inforcement is 

S S 


ES Vi,’ - 
fe’ ( d oe 3) I 8 
Anchorage.—If f; be the stress in a bar of diameter ¢, the force in the 


bar is af" fe. The perimetrical area of a length / is ml ; if fs’ be the safe 
bond stress, the length 7 necessary to form an effective anchor is 


b= oft + mbfe’ = Ghelfe' ; 


and such a length of straight bar may, in suitable cases, replace a hook. 
Distribution of Shear Stress.—On the compression side, the reinforced- 
concrete beam is in exactly the same condition as a rectangular beam of 
any other material, the compressive stress varying from zero at the neutral 
axis to a maximum at the extreme fibres. The distribution of shear 
stress over this part of the cross-séction is found exactly as in § 81, Vol. I, 
ard the equations there given will apply. Thus eqs. (4) and (5) of that 
article will give s, the shear per unit of length, and fs, the shear stress, 
28 


uq= (4) 


x 
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respectively, at a point distant v, from the neutral axis, (i) Fig. 428. 
For the reinforced-concrete beam these equations become 


9 = 92171 g (te? — raN)d 





i L oo. BS 
- Sat, _ (v2 — v,*) 


As in the case of the beam of ordinary material, Fig. 138, Vol. I, 
each of these equations represents a parabola as shown at (ii) and (iii) 
Fig. 428, the maximum ordinates occurring at the neutral axis, where 
v, = 0; the maximum values are 


max.s=S85) = ——- = 9% . ; . (7) 
g— 
3 
2 
Brief Pe eee eo . (8) 


These values are the same as those given by eqs. (1) and (2), and it will 
be evident that since the concrete is assumed unable to resist tension, 
the shear stress on the tension side will be the same for all values of », 
as shown in (ii) and (iii) Fig. 428. These figures represent, therefore, the 
distribution of vertical or horizontal shear over the whole cross-section. 


From eq. (7), § 311, ve = i and the arm 
m + 





k 
Vc ( m 2m + 3k 
Frags OV A Voce i eg 
’ ( a |" 3(m4 a} SB 
Hence, from eqs. (1), (2), and (4), | 
, - 8/8im+ Bg aiees By 
 @(2im + 3k) °° bd |2m + Bk} ’ 
S 3(m 4+- k)) 
Aes 9 
a q eritlacs 3k) ue 


For a beam of 1:2:4 Portland cement concrete (see § 311), if m= 18 
and k = 24, 
78 78 


78 
“ a= 633 fe= gra and 49 = a7 


the arm V = 6d/7 == 0-857d. 
Eas. (1), (2), and (4) hold for either rectangular or tee beams, but for 
tee beams in which the neutral axis falls below the bottom of the slab, 
: bye D /2) may, as an approximation, be substituted for (d — v¢/3) as the 


(10) 
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value of the arm V. Also, 6 is to be replaced by 5,, the breadth of the rib. 
It is always necessary to ascertain that the shear stress in the rib does 
not exceed the allowable stress in the concrete. 

More general expressions, applying to any type of beam, can be deduced 


from eq. (5), § 315: fe= a7 = Tmo, For a single layer of tensile 


steel, arf; = Dt hei and 


Ic 


dM may S| 
F-(auft) = yma s . (12) 


an equation rae to eq. (4), § 81, Vol. I. It follows that, in the 
neighbourhood of the tensile ‘nese 


fs= smacve : , . (12) 
and the requisite perimeter of the tensile reinforcement is 
S 
ug = p,m (13) 


When there are two (or more) layers of tensile steel (cf. Fig. 435), 
if a¢ and vz in eqs. (11), (12), and (13) have reference to the lower layer, 
these equations give the values of s, fs, and Xq at or for that layer. 
Kgs. (11) and (13) will give s and Xq for the upper layer if az and vz have 
reference to the upper layer. To find max.s and max. fs, Fig. 428, 
eqs. (11) and (12) must be written 


max. $ = pm Saver max. fs = i m 2 agve . (14), (15) 
in which expressions the appropriate values of az and vz for each layer 
must be inserted. 

It is proper to remark that the above theory presumes that the 
stresses in a reinforced-concrete beam are developed in a similar way to 
those in an ordinary solid beam. When bars are bent up to carry part 
of the shearing force, § 318, and so-called ‘truss action’ takes place, 
the conditions approximate rather to those in a lattice girder. 

318. Shear Reinforcement.—If the shear stress fs exceed the permis- 
sible value for the concrete employed, it is necessary to introduce 
reinforcement to carry the shear. This takes the form of diagonal 
and/or vertical bars arranged as shown in Fig. 429. These bars are the 
equivalents of the tension members of the web of a lattice girder, the 
concrete itself acting as the compression members. There is little doubt 
that the state of affairs existing in the web is roughly as represented in 
Fig. 429, where the probable lines of diagonal compressive stress in the 
concrete are indicated by the thin parallel lines. It is customary to 
turn up the tensile reinforcement bars, when the reduction in bending 
moment towards the ends of the beam will permit, to form the diagonal 
shear members, (i) and (iii) Fig. 429. The vertical members shown at (ii) 
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and (iv) are called stirrups ; they are introduced especially to resist the 
shear. Stirrups are generally made of round bar, usually smaller in 
diameter than the tensile reinforcement, but not less than } inch. Typical 
shapes are shown at (v) to (viii) Fig. 429. 

If the shear reinforcement is to develop anything like the permissible 





Fia. 429. 


tensile stress for the steel, the resulting tensile strain in the concrete will 
exceed that which the concrete can safely carry, and it will crack. Its 
resistance to shear proper will then be small, and it is customary to 
neglect it altogether, sufficient reinforcement being provided to carry 
the total shearing force; but in no case should the value of fs, found 





Fia. 430. 


from eq. (2), §317, exceed four times the permissible shear stress in the 
concrete. 

Safe Shearing Force.—The vertical shearing force which a system of 
diagonals, (i) Fig. 429, will safely carry can be determined from the 
parallelogram of forces in Fig. 430. AB represents the force in the 
diagonal, AD the force in the horizontal branch, the resultant AC is the 
diagonal compression in the concrete. Then GC = ACsing represents 
the vertical shearing force which the system will carry. Let ag be the 
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sum of the areas of the diagonal bars AH, and f; the safe tensile stress 
therein. Then aaf¢ is the maximum safe value of either of the forces 
ABor AD. Two cases may be distinguished. In (i) Fig. 430, AB > AD, 
and ¢> (90 — 0/2). Then AB = agft, and if S he the safe vertical 
shearing force, 


S = deft sin 0 : . (1) 
In (ii) Fig. 429, AD> AB, ¢ < (90 — 6/2). Then AD = agft, and 
S == deft sin 6 sin d/sin (0 + ¢) . (2) 


It is simpler to draw the parallelogram. 

In cases like (iii) Fig. 429, the vertical shearing force whic. each 
system will safely carry should be separately determined, and then added 
together. 

In (ii) Fig. 429, the vertical shearing force is equal to the vertical 
component of the diagonal force in the concrete, which component is 
equal to the tension in a stirrup. Hence, if as be the area of a stirrup, and 
fe the tensile stress in it, the shearing force S is 


S == deft . . (3) 


The stirrups are here spaced V = the arm of the resistance moment 
apart, and the diagonal force in the concrete is assumed to be inclined 
at 45°. If an intermediate stirrup be introduced between each existing 
stirrup, as shown at (iv) Fig. 429, this is equivalent to superposing a 
second web system on the first, and the double web system will carry 
a shearing force S of twice the magnitude of the single system ; S = 2agft. 
If now 7 intermediate stirrups be introduced, spaced at a distance 
p =. V/(n + 1) apart, the total shearing force which the system will carry 
will be S = (n+ l)agf;. But (n + 1) = V/p, hence 


V S 
S= ; dsft; or, deft = yP= 8p , . (4) 


This formula may be written in a different way. Suppose that at two 
sections of the beam, p apart, the respective bending moments are M, 
and M,, and that the corresponding stresses in the tensile reinforcement are 
f, and f,. Then 

M, M 

ae v = af, — af, = sp =S. 


for (a¢f, — azf,) is the increase in the tensile force in a length p. Hence, 
from eq. (3), 

2»— M, 
7 
From either eq. (4) or (5) the pitch and area of the stirrups can be found 

(see the worked example, § 319). 

If both stirrups and diagonal bars be provided, Fig. 435, the safe 
shearing force which the combination will carry is the addition of the 
safe shearing force on each system. 


ae (5) 


» 
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When the beam is continuous over a support, the reinforcement will 
be arranged after the manner shown in Fig. 431, the shearing force being 
carried by diagonal bars and vertical stirrups as before. The diagonal 
bars are carried over the supports to act as the tensile reinforcement at 
the top of the beam, in order to withstand the reversed bending moment 
at the supports. Such beams are often provided with a haunch as 
shown in Fig. 431. Owing to its inclination, the compressive force in 
the haunch helps to resist the shearing action at the ends of the beam. 
If Fc be the compressive force in the haunch, its vertical component 
will be Fe sin 8, which is the shearing force carried by the haunch. The 
inclination @ should not exceed 30°. 

In designing shear reinforcement the following points should be noted. 
This reinforcement should extend from the tensile reinforcement at least 
to the centre of pressure of the concrete in compression. Stirrups should 
be passed round the tensile reinforcement and hooked over longitudinal 
bars provided for the purpose in the compression area, (vii) Fig. 429, or 








Fia. 431. 


else passed round both the tensile and compressive reinforcement as 
shown in (viii) Fig. 429. This serves the additional purpose of preventing 
the compressive reinforcement from buckling. The ends of diagonal 
reinforcement should be hooked, (i) and (iii) Fig. 429, unless it is carried 
over a support as shown in Fig. 431, or otherwise provided with an effective 
anchorage. To obviate too great a compressive stress on the concrete 
at the bend, the radius of a bar where it is turned up to form the diagonal 
should not be too sharp, say from 4¢ to 6g. The distance centre to centre 
of the stirrups should not exceed the arm of the resistance moment. 
They must of course be placed closer together if required to carry the 
shearing force. If in a slab or beam the concrete alone will carry the 
shearing force, the tensile reinforcement should be carried to the ends of 
the beam and, for preference, one-half the bars should be bent up in 
the form of shear resistance. 

319. Design for a Slab and Beam Floor.—As a simple example of 
reinforced-concrete design, the calculations for a warehouse floor to 
carry 200 lb. /sq. ft. will be outlined. The arrangement proposed is shown 
in Fig. 433. Beams, spaced 10 ft. centres, and resting on 18-in. brick 
Walls, support the floor slabs ; the slab reinforcement runs at right angles 
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to the beams. A granolithic finish, 1 inch thick, applied after the slabs 
have hardened, is to be provided. A 1:2: 4 Portland cement concrete 
will be used, and the normal working stresses of § 309 adopted. 

Design of the Floor Slabs.--The weight per square foot carried by the 
floor slabs is estimated to be : 


Applied load. : ; 200 . 
5 in. reinforced- concrete at 144 Ib. leub. ft. . . 60 (assumed ) 
lin. granolithic finish, at 12 Ib. faq. ft : 12 

Total : : ah 4 272 Ih. ssq. ft. 


A strip of the floor slab, | ft. wide, may be regarded as a continuous 
beam resting on the walls at the extreme ends of the building «nd con- 
tinuous over tne floor beams. According to the conventional rules, 
for the intermediate spans the slab must be designed to carry a bending 
moment of WL/12 at both ends and middle of the span, which moments 





must be increased to WL/10 for the end spans, since the end span is 
merely supported at the extreme end. Dealing with an intermediate 
span, L-- 10 ft., 
W =1 x 10 x 272 = 2720 lb. 
WL/12 -- (2720 x 10 x 12) + 12 -= 27200 in.-lb. 


If fe 750; fe = 18,000 lb./sq. in. ; and m-- 18; from eq. (10a), § 311, 
since b= 12 1n., 

M- WL/12 = 137-7bd? = 27,200 

d? = 27,200 + (137-7 x 12), and d = 4:1 in. 


Assuming an overall depth of slab of 5 in., 4 in. diameter bars, 
and } in. cover (see § 308), the effective depth will be 4} in., or slightly 
: . M 27,200 
a e}e 
deeper than is required. bd? 12 x 40962 125-5; and from Fig. 422, 


p = 0-812 and ve = 0:414d = 1-76 in.; whence, from eq. (11), § 3ll, 
_ pod © 0-812 x 12 ~ 4-25 
~ 100 — 100 


It will be found that } in. diameter bars, spaced 54 in. centres, will 
give this area. These will be arranged as shown in Fig. 434. To 
carry the reversed bending moment at the ends of the span, the same 
number of bars will be required as at the centre. This is accomplished 
by bending up every alternate bar of the adjacent spans. These hars 
are carried over the supports and about one-quarter the way along the 
adjacent span as shown. In addition, transverse bars, } in. diameter, 


=: 0-42 sq. in. per ft. 
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spaced about 4d = 17 in. apart, should be provided in the positions 
indicated, to help distribute the load and prevent cracks. 
From eq. (2), § 317, the maximum shear stress in the concrete at the 


ends of the span is fs =- 8/6 (« ~ 3) . Taking S = W/2 = 1360 lb., 


le= x, «i300 
°~ 12(4-25 — 1-76/3) 
which is well within the allowed shear stress of 75 lb./sq.in. No reinforce- 


ment against shear, therefore, is necessary. 
To carry the increased bending moment WL/10 in the end spans, 
the slab must be made thicker, or the pitch of the reinforcement may be 


reduced. 


= 31 Ib. /aq. in., 
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Design of the Floor Beams.—-Assuming that the weight of the ribs 
of these beams is 120 lb./ft., the total load per ft. on a beam (at 10 ft. 
spacing) is 

10 x 1 x 272 + 120 = 2840 lb. 
The clear width between the walls is 16 ft., hence the load on the beam 
is 16 x 2840 = 45,440 lb., and the maximum shearing force is 22,720 lb. 
Assuming that the beams are carried 13} in. into the brick wall at 
each end, the actual span is 12 x 16+ 134 = 2054 in. The bending 
moment at the centre of the span is 


gi a ce = 1,243,920 in.-Ib. 


The shearing-force and bending-moment diagrams are shown in Fig. 
435. From the rules given in §313, the width of slab which may be 
counted in as forming part of this T beam is 


12D + 6, = 60 + 8 = 68 in. 
Using eq. (10a), § 311, as a first approximation, M = 137-7bd? = 1,243,920, 
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where 5 = 68, hence d = 11-6 in.; also ag = bd/112 = 7-04 aq. in. 
Eight 1, bars would be required. Although this is a possible section, a 
much more practical design will be obtained by increasing the depth. 
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Fig. 435. 
; 1,243,920, : 
Try V = 16 inches. Then a; = 16 x 18,000 ~ 4-48q. n. Either 8 bars 


i in. diameter, or 6 bars 1 in. diameter, would be suitable. Choosing 
the latter alternative, try the section shown in Fig. 435. From eq. (2), 
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§ 317, the shear stress in the rib of the beam is fz = S/b,V, which must in 
no circumstances exceed 4 x 75 = 300 lb./sq. in. Hence 8,, the width 
of the rib, must be at least 


22,720 


+= 16 x 300 7 *°P 
From eq. (4), § 317, if fs’ be limited to 2 x 100 Ib. /sq. in., 
Se ee ee 


Vf 16x 2x 100 


If the three bottom bars are carried to the ends of the beam, their peri- 
meter is 9-42 in., so that the proposed section is quite suitable in these 
two respects. A breadth of 8 in. is sufficient to contain the bars and 
give the prescribed clearances. 

The moment of resistance of the cross-section is calculated as follows : 
Since the neutral axis falls below the slab, the whole depth D will be 
counted in as forming the compression area. Take moments about the 
top of the beam. 


NTS, SA A ETTORE LS NR ON ie Ge ON me eter a i aR fe me ne a eee ne tee, ee me ee ree ee 

















Part. | a’ | m | ma’ | hi’ mah’ | ma'(h’y | mI’ | 
| | 
fe fem 4 | 
Concrete in compression, 
68 x5 . ‘ : 340 1 ; 340-0 4 | 850-0 | 2,125-0 | 708-4 
Steel in tension (upper) | 2-34 | 18} 42-1 | 17 715-7 | 12,166-9 | -— 
Steel in tension (lower) | 2-34 | 18, 42-1 | 18h 778-8 | 14,407- ‘8 | — 
eos ad Sern ee RS Siren Em Tene. os 
see 424-2 Pree | 28,699 -7 0-7 [rome 
2344-5 
we om Be = 18-5 — 5-53 = 12°§ 
Ye = 40479 5:53 ur = 18-5 — 5-53 = 12-97 
Ic = 28,699-7 + 708-4 — (2344-5? + 424-2) = 16,450 
Zy = _ 10:40 _ _ 70-46; Safe M = fiZt = 18,000 x 70-46 = 1,268,200 
+ 18 x 12°07 irene, Maen s 3 Se 


in.-lb., 
which is sufficient. After turning up one of the upper layer of bars, 
safe M = 997,200 in.-lb., and when all three bars of the upper layer are 
turned up, safe M = 719,910 in.-lb. ; ve = 4-21, and V = 17:1 in., which 
is satisfactory. Lines representing these moments are plotted on the 
bending-moment diagram, Fig. 435, and determine the positions of the 
turning-up points. 
From eq. (15), § 317, if the maximum shearing stress in the concrete 
be limited to 75 lb./sq. in., the safe shearing force near the centre of the 
beam, without shear reinforcement, is 


- a5" 18 (2-34 x 12- 07 + - 2-34 x 11-47) 


e 


= 9590 Ib. 
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The approximate value of V for the central cross-section is (mean d — v¢/3) 
= 17-75 — 5-53/3 = 15-91 in. Hence, from eq. (2), § 297, 


S = 0,Vfs = 8 x 15-91 x 75 = 9550 lb., 
which checks the above figure. 

The horizontal line representing this shearing force cuts the S.F. 
diagram at the point 1, which is 3 ft. 5 in. from the centre. Over the 
middle 6 ft. 10 in. of the beam, therefore, the stirrups can be spaced at 
their maximum pitch = V, say about 16 in. apart. One bar of the top 
layer of reinforcement can be bent up at 45° at the point 2, which is 5 ft. 
from the centre, and the other two bars at the point 3, which is 6 ft. 9 in. 
from the centre. It will be seen from the B.M. diagram that points 12 
and 13 are well outside the curve; and, from the elevation, that the arrange- 
ment forms a suitable truss. Applying the test of Fig. 430, it will be 
found that it is safe to stress the turned-up bars to 18,000 lb./sq. in. 
Hence from eq. (1), § 318, the shearing force one bar will carry (area of 
bar 0-78 sq. in., 6 = 15°) is 

S -= deft sin 0 = 0:78 x 18,000 x 0-707 = 9930 Ib., 


represented in the S.K. diagram by the area 2.6; and, where two bars 
turn up, twice this value, represented by the area 3.8. The shearing 
force which must be carried by the stirrups is indicated by the shaded 
area. From eq. (4), § 318, % in. diameter stirrups with two verticals 
(area 2 x 0:11 sq. in.), p inches apart, will carry a shearing force of 


15-91 — a 


8 = Fadft = x 0-22 x 18,000 = 

A convenient arrangement of stirrups is shown in Fig. 435. At 84 in. 
pitch a two-branch stirrup will carry a shearing force of 63,010 — 84 = 7,413 
lb., so that if the stirrup at 2.5 is assumed to carry the whole shearing ° 
force of 14,200 lb., a double (four-branch) stirrup must be used. At 
74 in. pitch a two-branch stirrup will carry 8,400 lb., and a four-branch 
stirrup will also be necessary at 6.7. 

320. Design for a R.-C. Retaining Wall.—The wall is to support a 
bank of earth sloping upward with a gradient of 1 : 2 from the top of the 
wall, which is 25 feet above ground level. The earth weighs 100 lb./cub. 
ft., and its natural slope is 35°. The soil on which the foundations rest 
is capable of carrying a pressure of 2 tons/sq. ft. ‘A 1:2: 4 Portland 
cement concrete will be used, and the following working stresses adopted : 
fc = 750 Ib. /sq. in.; f¢ = 18,000 Ib. /sq. in. 

1., Proporttons.—-The foundations will be carried down 4 ft. below 
the ground level on account of frost, so that the total height of the wall 
will be 25+ 4 = 29 ft. For a wall of this height a counterfort design 
will be the most economical. The width of the base will be taken as 
0-6 of the height of the wall, 29 x 0-6 = 17 ft., and the vertical face will 
be set back 0°3 of the width of the base, 0:3 x 17 =5 ft. These are 
normal proportions for such a wall. The proposed outline will then be as 
shown in Fig. 436. 
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2. Earth Pressure.—The pressure on the back of the wall will be found 
from the Rankine theory given in § 325. In this example, tan a = 1/2; 
a = 26° 34’; ¢ = 35°; and from eq. (3), § 325, or from the construction 


given in Fig. 447,” = 0-427, and p’ = 0-427wh cos a = 0-427 x 100 


x 0-894h = 38-2h lb. /sq. ft., where h is the depth below the surface. 
This is the pressure parallel to the sloping upper surface. The 
corresponding pressure normal to the back, of the wall is 


p cosa = 38-2 x 0-894h = 34:2h Ib. /aq. ft. 

3. Vertical Wall._—Suppose the counterforts to be placed L ft. centre 
to centre, and consider a strip of the vertical wall as a beam spanning 
from counterfort to counterfort. If the strip be 1 ft. wide and h ft. 
below the top of the wail, the load on it will be 


W=Lx 1 x 34-2h = 34-2LA lb. 


Since the strip is continuous over many spans, it may be regarded as a 
continuous beam, when the maximum bending moment anywhere will 
be WL/12. For erd bays, or where, due to expansion juints or other- 
wise, the continuity is lost, the maximum bending moment must be taken 
as WL/10, or else properly determined. For the normal bays, 
WL 34-2LA x 12L aps 

M = 2 = ae oe = 34-2L%h in.-lb. 
Suppose that at a point just above the toe, where h = 25-7 ft., both steel 
and concrete work at their maximum permitted stresses. Then, for 
single reinforcement, from eq. (10a), § 311, if m= 18, M = 137-7bd?, , 
where in this case 6 = 12 inches. Hence, 

34-21? x 25-7 = 137-7 x 12 x d?; and L= 1-37d. 

For a wall of the dimensions under consideration, the spacing of the 
counterforts would range from 8 to 10 ft., and the total thickness of 
the wall would normally not be less than 10 in. When an ordinary 
1:2: 4 concrete is used, it is customary in structures like retaining walls, 
which are continuously exposed to wet, to allow a thicker cover for the 
reinforcement than is usual in buildings; say 14 to 2 in. in a case 
like the present. Fora wall 10 in. thick, therefore, d might be taken 
as 8 in., when L=8 x 1:37 = 10:9 ft. Alternatively, if L = 10 ft., 
d= 7-3 in., not a very different value. As a practical compromise, a 
thickness of 10 in., with a spacing of counterforts of 10 ft., will be 
adopted ; the wall will be kept of uniform thickness top to bottom, i.e. 
not less than 10 in., but the steel bars will be spaced out towards the 
top, as the load and bending moment fall off. Assume § in. diameter as 
the size of the reinforcement, area 0-307 sq. in., and let p be the required 
pitch of the bars at any point y ft. from the top. Then the area of the 
steel per 12 in. of depth is 0-307 x 12 + p=3-684/p. Allowing | 
1} in. of cover for the § in. bars, the value of d will be (10 — 14 — +5) 
= 8-18 in.; bd = 12 x 8-18, and the percentage reinforcement will be 

p= (100 x 3-684) + (12 x 8-18 x p) = 3°753/p, 
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or if Pp = 5 6 8 10 
>» = 0-751 0-626 0-469 0-375 
= 117-2 98-5 715+] 60-7 
M = 94,120 79,090 60,300 48,730 


The third line in this Table is obtained from Fig. 422, using the value of p 
in the second line, or may be calculated from eqs. (1) and (2), § 312. 
The value of M in the fourth line follows from the known values of b, d, 
and f;: 6= 12; d= 8-18; fe = 18,000 lb./sq. in. The proper arrange- 
ment of bars may be determined graphically, (i) Fig. 436. The bending 
moment M = 34:2 L*h = 3,420h in.-lb.; this is represented by a triangle, 
the ordinate of which at ) = 25-7 ft. is 87,990 in.-lb. If the safe bending 
moment for each different pitch of bars, from the Table above, be plotted 
on this diagram, the necessary extent of each pitch is evident, and the 
bars can be arranged accordingly. Since the pressure is on the back of 
the wall, the face of the wall will be in tension near the centre of the span, 
and in compression opposite the counterforts. The bars should therefore 
be bent as shown in (iii) Fig. 436. To obviate bending the bars, the main 
reinforcement is sometimes run right through at the face of the wall, and 
a second set of longitudinal bars is provided at the counterforts to carry 
the tensile stress there, (v) Fig. 436. 

The counterforts will be made 14 in. wide (see below). Hence the 
maximum shearing force on a vertical strip of wall, 1 ft. wide, just above 
the toe, is 

4 x 34-2 (L — 1-16)h = $ x 34-2(10 — 1-16)25-7 = 3890 lb. 
‘The allowable shear stress on a 1 : 2 : 4 concrete is 75 lb. /sq. in., and the 
actual shear stress given by eq. (2), § 317, is 
= S _ 3890 

fe= b(d — ve/3) 12(8-18 — 0-134 x 8-18) 
for, from Fig. 422, when p = 0-751, ve = 0:402d. No shear reinforcement, 
therefore, is required, for the stress gets smaller higher up the wall. 
Had the allowable shear stress been exceeded, it would have been more 
economical to thicken the wall than to introduce stirrups. The thickness 
could then have been reduced higher up the wall as the stress falls off. 

4. Pressure on the Base.—In order to design the base of the wall, and 
the counterforts, it is first necessary to estimate the pressure on the 
bottom and top of the base. The weight and centre of gravity of the 
wall proper, per foot of length, is calculated as follows, moments being 
taken about the front of the toe T. 


= 45-8 lb./sq. in. 


Cub. ft. Leverage. Moment. 


Toe ; é . ; . 11-25 2-87 32-3 
Vertical Wall . : : . 24°17 5-42 131-0 
Base Slab and Fillet . ; . 18-28 11-0 201-1 
One-tenth of the Counterfort - 17-91 9-56 171-2 

71-61 (7-48) 533-6 


Weight = 71-61 x 144 = 10,310 lb. 


C. of G. = sat =: 7°48 ft. from the front of the toe T. 
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The weight of the superincumbent earth, UY, (i) Fig. 436, on the 
base is 29,750 lb. ; its C. of G. lies 11-61 ft. from the front of the toe T. 


The total earth pressure on the surface XZ, (i) Fig. 436 [cf. eq. (2), 
§ 327], is 
38-2 


H 
Ps \ p .dh= 38-2) h.dh= oe x (34-6)? = 22,870 lb., 
0. 0 

since p’ = 38-2h/ lb./sq. ft., and H = 34-6 ft. The horizontal component 
of P’ = P’ cos 26° 34’ = 20,460 lb. The vertical component of P’ = P’ 
sin 26° 34’ = 10,230 lb. The horizontal component acts 34:°6=3 


= 11-53 ft. up from Z; the vertical i acts through Z. Taking 
moments about T. 








lb. ft. ft.-lb. 
Wall . é . 10,310 7°48 77,120 
Earth . : . 29,750 11-6] 345, 400 
40,060 10-54 422, 520 
Vertical Component ‘ . 
of Earth Prossure ¢ 12230 17-0 173,910 
50,290 596,430 
Less moment of horizontal component of 
earth pressure, 20,460 x 11:53 : . == 235,900 
Total moment about T ; ‘ ‘ . = 360,530 
360,530 


The resultant cuts the base line at -: 


80,290 = 7-17 ft. from T. 


This point lies well within the middle third of the base. The graphical 
confirmation of this calculation is given in (i) Fig. 436. 
596,430 


* Factor of Safety ’ against overturning = 535,900 = 2-53. 


5 — T1T = 1-33 ft. 
From eqs. (3) and (4), § 354, the maximum and minimum pressures 
on the underside of the base (max. allowable = 2 tons/sq. ft.) are 
P= G{itp| 50,290 | 6 x 1-33) 


“axial = aT 


Pmax. = 4350 lb./sq. ft. ; pmin. = 1570 Ib. /sq. ft. 


The variation in pressure is shown by the figure tmnz, (iv) Fig. 436. 

The pressure acting downward on the base slab is made up of three 
parts: (i) its own weight ; (ii) the weight of the superincumbent earth ; 
(iii) the vertical component of the pressure p’ acting on the top of the 
slab. The slab is 18 in. thick, hence its own weight is 18 x 144 + 12= 
220 lb./sq. ft. The depth of the earth at Q is 27-5 ft., it weighs 100 lb. /oub. 
ft., hence the pressure on the slab is 2750 lb./sq. ft. At Y the depth is 
33-1 ft., hence the pressure is 3310 lb./sq. ft. The vertical component 
of the pressure p’ is 38-Zh(sin 26° 34’). At Q, h = 27-5 ft. and the 
vertical component = 470 lb./sq. ft. ; at Y, h = 33-1 ft. and the vertical 
component = 570 \lb./sq. ft. These pressures are also plotted in (iv) 


Eccentricity = e = 


s 
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Fig. 436; their sum at Q is 220 + 2750 + 470 = 3440 Ib./sq. ft.; and 
at Y is 220 + 3310 + 570 = 4100 lb./sq. ft. The difference between the 
upward and downward pressure on the base slab is represented by the 
shaded figure in (iv), and reaches a maximum of 2530 Ib./sq. ft. at Y. 
The slab must be designed to carry this load. 

5. Base Slab—The thickness of this slab has been assumed to be 
18 in.; the shear stress in the concrete will usually be the determining 
factor. Considering a strip 1 ft. wide at the edge Y of the slab, where 
the load is 2530 lb./sq. ft., the maximum shearing force on the strip is 


4 x 2530(10 — 1-16) = 11,180 lb. 


Assuming that ve = 0-43d, and that the lever arm V = 0:86d; from 
eq. (2), § 317, if the shear stress is not to exceed 75 lb. /sq. in., 


11,180 j 
4= 13x 0-86 x 75 ~ 1475 in. 
An overall depth of 18 in. as assumed will be ample. 

The total load on the above strip, considering it as a continuous beam 
of 10 ft. span, is 10 x 1 x 2530 = 25,300 lb. ; and the maximum bending 
moment, WL/12, is 


25,300 x 10 x 12 


M = Seager 253,000 in.-lb. 
M 253,000 
whence, bd = id x (16-0)? = 82:4 


for d may be taken as 16-0 in. From Fig. 422, p = 0-522 %; whence 


en = a =: 1-01 sq. in. per foot. 


Bars }? in. diameter (area 0-442 sq. in.) at 5 in. pitch will provide 
this area; as shown in Fig. 436, this pitch may be increased to 12 in. 
as the pressure falls off towards Q. A diagram similar to that for the 
vertical wall (i) will serve to fix the proper spacing. As the bottom of the 
slab near the centre of the span will be in tension, and opposite the 
counterforts will be in compression, the bars should be bent as shown 
in (ii) Fig. 436. Alternatively, a second set of reinforcement might be ° 
provided at the counterforts, as indicated in (v) Fig. 436. 

6. Counterforts—These may be regarded as cantilevers projecting 
27-5 feet above the base slab, and supporting an area 10 x 27:5 aq. ft. 
of vertical wall against the horizontal component ‘of the earth pressure, 
viz. p’ cosa = 34-2h lb./sq. ft. The total horizontal pressure on this 
area is P’ cosa = }p’H? cosa = } X 34:2 x 27-5? x 10 = 129,320 Ib. 
This force acts at a point 9-17 ft. (4 the way up) above the base plate. 
The moment it produces is resisted by a tee beam, shown in (iii) Fig. 436. 
The arm of the resistance moment at the base, measured at right angles 
to the reinforcement [see (i) Fig. 416], is approximately 10-4 ft. Hence 


a= 
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the force in the tensile reinforcement is F = (129,320 x 9-17) + 10-4 lb., 
and at 18,000 lb. /sq. in. the area required is 
129,320 x 9-17 

oa 18,000 ~ 6-34 sq. in. 
Six 1}-in. diameter bars, giving an area of 7-32 sq. in., will be required, 
atranged in two layers, 4 in the outer and 2 in the inner layer. The 
points to which the bars must extend can be determined from the 
bending-moment diagram, (i) Fig. 437, a cubic parabola, maximum 
ordinate 129,320 x 9-17 = 1,185,860 ft./lb. If Fy = F cos y, (ii) Fig. 437, be 
the vertical component of the force 
in the tensile reinforcement, the 
bending moment at any horizon- 
tal section is Fyh, where h is the 
horizontal arm of the resistance 
moment (cf. § 180). Plot a dia- 
gram showing Fy = M/h at every 
cross-section, (i) Tir:. 437, maxi- 
mum ordinate = 1,185,860 = 11-3 
= 104,940 lb.; the value of Fy 
per 1} in. bar is Fy = azft cos x = 
1-22 x 18,000 x 0-926 = 20,330 
lb. If a series of lines be plotted 
from the base line of (i), repre- 
senting the value of 2, 4, and 6 
bars, the necessary length of the 
bars is at once determined. 
Strictly speaking, the counterfort 
is equally a cantilever projecting 
from the vertical wall and sup- — n3ft — ° 
porting the base slab, and the ie — 104,940 1b. —+4 | 
lower portion of the counterfort Pegi ie ogee ene ee 
reinforcement should be designed en 
from this point of view, but it is customary to anchor all the reinforce- 
ment in the base slab, as indicated in (i) Fig. 436. 

It has been assumed in the above calculation that the compressive 
stress in the concrete is within the permitted limits. At a point 25-7 ft. 
from the top of the wall, the value of Fy trom the diagram is 91,650 lb. 
To this must be added the vertical component of the pressure acting on 
the face of the wall, which is 


P’ sina = $ X 38-2 x 25-72 x 10 x 0-447 = 56,390 lh. 


Hence the total vertical compressive force on the compression flange of 
the counterfort is 91,650 + 56,390 = 148,040 lb. Counting in the whole 
10 ft., the area carrying this force is 120 x 10 sq. in. and the compressive 


148,040 
120 x 10> 124 lb. /sq. in. 





= 


pie) Te 8G ee, eee 


stress in the concrete is only fc = 


27 
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The maximum shear stress in the counterfort rib can be found thus: 
At 25-7 ft. below the top, the total shearing force on the rib is 


P’ cosa = 4 X 38-2 x 25-72 x 10 x 0-894 = 112,780 lb. 


Subtract the component perpendicular to the wall ‘of the force in the 
tension flange, which is 
F sin x = Fy tan x = 91,650 x 0-406 = 37,210 lb., 


and the shearing force to be resisted by the web is 112,780 — 37,210 
= 75,570 lb. From eq. (2), § 317, the maximum shear stress is 
S _ 8S _ 75,70 

Je= 9 @— Dd) ~ 0,V 7 14 x 126: 
No stiffening for shear proper is therefore necessary, but ties must be 
provided to carry the tensile stress Letween the wall and the rib, and 
that between the rib and the base slab. These ties will be carried right 
round the main tensile reinforcement in the rib, and anchored round 
bars in the slabs. The load per fuot of height, tending to part the vertical 
wall from the rib, is 34-2 x A x 10 xX 1 = 342A Ib./ft. The diagram 
showing the variation in this load will be a triangle, (vi) Fig. 436, 
maximum ordinate = 8790 lb. The safe tensile load on a two-branch 
stirrup, } inch in diameter, is 2 x 0-196 x 18,000 = 7060 lb. If these 
be spaced p inches apart, the safe load per foot of height is 7060 x 12/p Ib. 
If lines corresponding to different values of p be plotted, the necessary 
pitch of stirrups is easily determined. A similar diagram will determine 
the pitch of the vertical stirrups, (vii) Fig. 436. The load ranges from 
0 at q to 2530 Ib. /sq. ft. at y, (iv) Fig. 436. 

7. Toe.—The toe forms a cantilever projecting 5 ft. from the vertical 
wall and loaded with an upward pressure ranging from 4170 lb./sq. ft. 
at T to 3060 lb./sq. ft. at the face of the wall, (iv) Fig. 486. The load 
per foot of length of the cantilever is 18,080 lb. ; it acts at 31-5 in. from 
the face of the wall. Hence M = 569,600 in.-lb. ; 6 = 12in.; d = 37in.; 
anc M/bd? = 34:7; p=0-21 %; at= pbd/100 = 
0-94 sq.in. per foot. {-in. bars spaced at 74 in. pitch 
will provide the necessary area. The shear stress in 
the toe is small. 

321. Reinforced-Concrete Columns.—If a short re- 
inforced-concrete column of length L, such as is 
shown in Fig. 438, be compressed by a load W, and 
6L be the contraction in length, the strain every- 
where is L/L. Hence the compressive stress in the 
concrete is E, x strain = Ee .d5L/L= fe. The strain in 
the longitudinal reinforcement is also L/L, and the 
compressive stress therein is E;.d5L/L = f;”. Let A 
be the area of the column, and ade¢ the total area of 
the longitudinal reinforcement. Then the area of the 
concrete is (A — dc}, and the load which it carries is Fia. 438. 


ace 43 lb./sq. in. 
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(A — ac)fc; that carried by the steel is acf,”. The total load carried by 
the column is, therefore, 


(A _ ac) fe +- Ache” = (A — ae)" .oL 4- der! 5L = W. 


Putting Ez == mEc¢, this reduces to 
Sie 


= {A — de + mao} > {A + (m — l)achfe . (2) 
ion L’ .OL = fe. It follows that : 
f 
fe WL _ fe’ 
on ~ Eef{A+ (m= l)ach Ee 2 1) 
and 
fe” = mfe . (3) 


Such an elementary member as is discussed above would not be 
suitable for practical columns, in which the longitudinal bars are of 
considerable length compared with their diameter, 








and it is necessary tv tie them together with lateral [| 4 bs 
binding to prevent buckling. Further, questions of ls 
creep and shrinkage, §§ 303 and 304, come into et 
consideration. et 
For the safe load on axially loaded columns | 7™=jF—~LJ 
(qL/D < 15) with lateral ties, Fig. 440, the L.C.c. | TER 
Code of Practice lays down certain rules which may eS 
be expressed by the following formulae : Lr} 






W = 0:8fc(A — ac) + facft . . (4) 


where W denotes the safe axial load, fe and ft the 
permitted stresses in bending (see § 309), A the area 
of the column proper, and a, the total area of the 
longitudinal steel. 
When the lateral reinforcement takes the form 
of a continuous helix, Fig. 439, this lateral reinforce- 
ment, if of suitable dimensions, tends to prevent the Fic. 439. 
concrete which it encloses from expanding laterally, 
and, in consequence, the concrete ‘core’ will safely carry higher stress. 
The safe axial load is given by the formula 


W = 0:8Adfe + Hac/2+ Pfr. - .  « (6) 


where Ac denotes the area of the core, and the volume of the helix 
in cubic inches per inch of length of the column. The larger of the 
values given by eqs. (4) and (5) is to be taken as the safe axial load, which 
nevértheless is not to exceed $(A — de) fe. 

If the leagth of the column is such that gL/D > 12, or gL/x > 50, the 
above values are to be multiplied by a reduction factor x given by 


x= $—-L/90D=$=qhble . . . (8) 
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In a column with helical reinforcement, the value of D or « is to be found 
from the dimensions of the core. 

The above formula may be used for all internal columns supporting 
an approximately symmetrical arrangement of beams. Where, as in the 
case of an external column supporting 
the end of a beam, the column is sub- 
jected to a bending moment, it must be 
designed to resist both the bending mo- 
ment and the longitudinal load. 

The following practical rules regarding 
the reinforcement of such columns should 
be observed. The longitudinal bars should 
not be less than 4 inch diameter, nor 
greater than 2 inches. There should not 
be less than four longitudinals in a square, 
nor six in a column with helical reinforce- 
ment. The total area of longitudinal! 
reinforcement should be at least 0:8 % 
of the area A, and not more than 8 %. 
At joints (see Fig. 440), the longitudinals 
should overlap a distance 1 = 44fo" /fs’, 
max. = 246, where ¢ is the diameter of 
the bar, fc” the compressive stress therein, 
and fs’ the permitted bond stress. The 
diameter of any lateral binding should 
not be less than }~; inch. The pitch of 
the lateral ties should not exceed the 
least lateral dimension D, or 12 times the 
diameter of any longitudinal bar. It 
should not be greater than 12 inches or 
less than 6 inches. The pitch of the helix, 
Fig. 439, should not exceed 3 inches or 
one-sixth the diameter of the core; it 
should not be less than 1 inch, or three 
times its own diameter. The volume of 
the lateral binding should not be less than 
0-4 % oi the gross volume of the column. 

Fig. 440 shows a typical reinforced- 
concrete column as used in the interior 
of a building, with its footing. The Fia. 440. 
method of attaching the column to the 
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. latter by means of splice bars should be‘observed, and the method of 


changing section at a floor. The inclined part of the vertical bars should 
be kept within the region of the floor beams. The arrangement of the 
lateral binding in an eight-bar column should also be noted. 

322. Design for a Reinforced-Concrete Arch with Direction-fixed 
Ends.—1. Particulars.—Span T00 feet, width of roadway 20 feet, two 5 feet 
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sidewalks. To carry the standard M.T. loading,* see § 23. Foundations 
in compact gravel, safe bearing pressure = 4 tons/sq. ft. Some regard 
to appearance is desirable. 

2. Dimensions of Arch—The proposed construction is shown in 
(i) Fig. 441. For a 100-ft. span, an open-spandrel arch will be used, with 
columns 10 ft. apart. These will be carried by two arched ribs with a 
ratio rise to span of 1: 5. 

3. Materials and Stresses ——To make as light a design as possible, a 
180 lb. : 2: 4 cub. ft. concrete will be used for'the arch ribs and roadway, 
fe = 1200 |lb./sq. in. Ordinary B.S. mild steel round bars will be used 
for the reinforcement, f; = 18,000 lb./sq. in.f; m= 10. For the abut- 
ments proper, a 1:6 mass concrete will be employed; and a 90 lb. :2:4 
concrete for the abutment walls. 

4, Design of Roadway Slabs.—As shown in (iii) Fig. 441, the roadway 
wil consist of a continuous slab supported by transverse girders 10 ft. 
pitch, which are carried by the columns. A 2-in. asphalt wearing surface 
will be provided. Assume a thickness for the slab of 74in. The weight 
per sq. ft. of the roadway is: 2 in. asphalt = 20 lb. + 7} in. concrete 
= 90 lb., total 110 1b. If 6-inch fillets are provided, the span may be 
taken as the distance between the ribs, viz. 10 — 1-17 = 8-83 ft. The 
slab is continuous over many spans, so that the maximum dead load bend- 
ing moment per foot of width = wL?/12 = 110 x 8-83? + 12 = 715 ft.- 
Ib. From the M.T. curve, Fig. 50, for a loaded span of 8-83 ft., the 
prescribed live load is 335 Ib. /sq. ft., plus a knife-edge load of 2700 Ib. /ft. 
placed in the worst position, in this case transversely at the centre of the 
span. These values include impact. The live load bending moment at 
the centre of the span, per foot of width, is, therefore, 

wL?/8 = 335 x 8-83? + 8 = 3265 

WL/4 = 2700 x 8-83 + 4= 5961 

9226 ft.-lb. 

To allow for continuity, an empirical coefficient of 0-8 will be taken. 
The same reinforcement will be used top and bottom of the slab, and both 
sets of bars will be carried right through to allow for the altering position 
of the moving load. The maximum bending moment anywhere will then 
be 715 + 0-8 x 9226 = 8096 ft.-lb. per ft. of width. By the methods 
of § 319 it may be shown that a 7}-in. slab, d = 6-37 in., p = 1-28 %, 
fe = 1200, fz: = 18,000 lb./sq. in., m = 10, 3-in. bars at 5-in. pitch, will 
safely carry this bending moment. The effect of the reinforcement on 
the compression side of the slab has been neglected. The shear stress 
is small and no shear reinforcement is required. 

From Fig. 50, for a span of 8-83 ft., distribution steel, running trans- 
versely, equal to 57 % of the main reinforcement is to be introduced. 
If ?-in. bars are used, the spacing should be 5 in. ~ 0°57 = 8:8 in. 
An 8}4-in. pitch, as indicated in (iii) Fig. 441, will be convenient. 

* For Ministry of Transport practice, refer to Reinforced Concrete Bridge Design, 


Chettoe and Adams, London, 1933 
T fe = 16,000 Jb. /sy. in. (Ministry of Transport Regulations). 
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In the end panels of the roadway, and at transverse beam V, no 
reduction in bending moment on account of continuity is permissible. 
The 5-in. spacing of the main reinforcement must be reduced to suit. 

5. Design of Sidewalk Slabs.—The sidewalks are supported on brackets 
in line with the transverse beams, and the span of the floor slabs will be 
8-83 ft. They must carry a load of 100 lb./sq. ft., but provision is to be 
made for a vehicle mounting the pavement. It will therefore be assumed 
that the sidewalk slab carries a bending moment equal to # of the live 
load bending moment on the road slab ; i.e. it will carry the same loading, 
but at 50 % increased stresses. A 64-in. slab will be found suitable, 
with a l-in. asphalt wearing surface. Weight of floor (10 + 78) lb./sq. ft. ; 
max. bending moment 5492 ft.-lb.; d-=5-37in.; p= 1-22; }-in. 
bars at 6}-in. pitch will be required. The shear stress is small. 

6. Transverse Beams.—The cross-section is shown in (iii) Fig. 441. 
Span 20 ft. The allowable width of slab to be counted in is } x span * 
= 5 ft.; weight of beam per foot of width: slab, 10 x 1 x 110 -= 1100 Ib. ; 
rib, 19 x 14 in. = 266 lb.; fillets, 6 x 6 in. = 36 lb.; total, 1402 lb. 
Uniformly distribute1 live load on span of 20 ft. = 220 lb./sq. ft., 
Fig. 50, i.e. 1 x 10 x 220 = 2200 Ib. /ft.; knife-edge load, end to end of 
beam, 2700 Ib. /ft. Total load per foot = 1402 + 2200 + 2700 = 6302 lb. 
Bending moment at centre = wL?/8 = 6302 x 20? =~ 8 == 315,100 ft.-lb. 
This will be reduced by the weight of the overhanging footpath, 5430 lb. 
at 2-5 ft., and parapet wall 2100 Ib. at 5-25 ft., = 24,600 ft.-lb., so that 
the maximum bending moment on the transverse beam is 290,500 ft.-lb. 
The calculation for the moments of inertia and resistance of the central 
cross-section, (iii), is as follows (see § 315). 


Moments about top of slab. Inch units. 
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Slab, 60 x 7} . | 450 ] 450 | 3-75} 1687 | 6,826 | 2110 | 
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wy = 24°68 — 7-34 = 17-34 Ip = 32,257 + 2110 | 
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= == 4682 ; moe oe "25 3 34,367 
Ze = aay = 46825 Ze = 55 47254 = 198-2: 34,367 
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The design of the beam is similar to that of Fig. 435, but the ae 

shear stress = 120, and the safe bond stress = 145 lb./sq. in. The 

bending-moment and shearing-force diagrams are given in Fig. 441. 
* tof span; pitch; or 12 x slab thickness, whichever be the least. 
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In setting out the latter, it should be noticed that since the live load 
(2200 + 2700) lb./ft. may be applied anywhere on the beam, it is 
equivalent to a uniform load, longer than the span, crossing the beam 
transversely (see § 18), and the shape of the shearing-force diagram is 
as shown. The maximum shearing force is 63,020 lb. ; V = 21-2; breadth 
of rib, 6, = 14in.; from eq. (2), § 317, the maximum shear stress is 
S 63,020 . 
fs = b.V = Ga oT 213 Ib. /sq. in., 

or less than twice the safe shear stress on plain concrete. The width 
14 in. is therefore permissible. The turn-up of the bars is indicated in 
Fig. 441. 

7. Cantilever Brackets—The cross-section through the cantilever 
brackets is shown in (iv) Fig. 441. The bending-moment acting thereon 
is 24,600 ft.-lb. due to the dead load (see above), plus that due to ¢ the 
live load on the transverse beam (# <x 4900 = 3270 Ib./ft.), i.e. a bending 
moment of 5 x 3270 x 2} = 40,880 ft.-lb.; a total bending moment of 
65,480 ft.-lb. The stress in the concrete is 501 lb./sq. in., and in the 
steel is 9990 lb./sq. in. This stress has been kept low to avoid cracking 
in the sidewalk slab above the bracket. The shear stress is 76 lb. /sq. in. 

8. Vertical Columns.—These will be made 15 in. square with four 
l-in. longitudinal bars; equivalent area = 15 x 15+ 4 x 9 x 0-785 
== 253 sq. in. Taking the sidewalks for this purpose as loaded with 
100 lb. /sq. ft., the maximum load on a column is: 


Vertical shear from transverse bbam = 63,160 lb.. 
Dead load from sidewalk = 7,530 lb. 
Longitudinal beam top of column == 1,650 Ib. 


Live load on sidewalk, 10 x 5 x 100 = 5,000 lb. 
77,240 Ib. 
so that the direct stress is only 77,240 ~ 253 = 307 lb./sq.in. The ratio 
L/D for column IV is 14 -- 1-25 = 11-2. These columns will be subjected 
to secondary bending moments in both directions due to frame distortion, 
wind pressure, etc., and the direct stress should not exceed 50 % of that 
allowable (960 lb./sq. in.). Columns IV and V are cross-braced trans- 
versely to give lateral stiffness. 

9. The Arched Ribs. --As stated above, the roadway will be carried by 
two arched ribs, ratio rise/span == 1 : 5, so that the rise of the arch will 
be 20 ft. According to Williams’ proportions, § 357, with a 1:1:2 
concrete, fc = 1100 |b. /sq. in., the most economical depth at the crown 


would be 2:5 5 -+ I, = 3-75 ft.;. the total area of cross-section 
necessary would be ee x 25* = 12-5 sq. ft.; and the depth at the 


200 
springings 2 x 3-75 = 7-5 ft. Such proportions, though economical, 
would make the arch look very thick and heavy, and the ribs would be 
only 1-67 ft. wide, which is undesirably narrow in proportion. Chiefly 
for the sake of appearance, a rib 2-5 ft. deep at the crown and 5 ft. wide 
* Equivalent width, taking reduced load on sidewalks into account. 
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at the springings, will be tried. This is 33} % shallower, and from § 367 
a 33} x 1°25 = 42 % increase in area must be provided, i.e. a total area 
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of 12-5 x 1-42 = 17-7 8q. ft. With the assumed 1 % of reinforcement 
and (m — 1) = 9, the equivalent area of concrete = 17:7 x 144 x 1-09 
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= 2778 sq. in., or 1389 sq. in. per rib. Since the permissible stress is 
increased from 1100 to 1200 lb./sq. in., this area may be reduced to 
1273 sq. in. A convenient section will be as shown at (ii) Fig. 442, for 
which the equivalent concrete area is 30 x 30 -+ 32 x 1-227 x 9 
ss 1253 sq. in. This will be tried. 

10. Calculation of 31, x, and y.—Divide the half centre line into ten 
equal parts, (i) Fig. 442. The ribs will be made segmental, and the radius 
of the centre line is R=- L?/8D+ D/2; L-= 100; D-=20; and 
R = 72:5 ft. The angle subtended at the centre by the half arch 
= 43° 36-17’; the half length of the centre line //2 = 55-17 ft.; and 
6} = 5-517 ft. Further, x = R sin @ and y = R(1 — cos 6), whence the 
value of x and y at the centre point and end of each segment can be calcu- 
lated. The values for the centre points are entered on Table I; those for 
the end points are required later for the values of z, Table II. Work in feet. 

11. Depth of Rib.—The depth of the rib is 2-5 ft. at the ¢rown and 
5 ft. at the springings. It will be assumed to increase proportionately 
to the cube of the distance from the crown, measured along the arc. 
Hence, if d, be the depth of the rib, at the centre of the nth segment 
from the crown d, = 2:5 +- (2n — 1)*/3200 ft. Calculate the value of 





d, at the centre of each segment (n == 1. . . 10). 

Half Arch: Feet Units. TaBLe I. 
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0-175; 0-482|0-009| 1-33/ 0-00! 0-02/ 0-115 
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13-71; 1-31] 6-98; 8-80 


t 
| 19-08 2-56| 6:43| 8-9710-156) 2-967/ 0-308 66-62) 1-02) 7-60/0-111 


24°37| 4-21 7-29) 9-27 0-137! 3°343; 0-578) 81:47) 2-43° 14-07) 0-108 


0-114 
0-089 
0-066 
0-047 
0-082! 1-528; 0-578) 73-31 uae 27-72) 0-071 


® | 


| 
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34:42; 8-69; 11-19) 10-42 3-076 | 0-777| 105-87 6-75 | 26-73 | 0-096 
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39-17) 11-49; 15-10] 11-34 2-594) 0-761} 101-61 $.74' 29-81 | 0-088 


10 equal segments: 5! = 5-517. 
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[Reference should here be made to § 231, p. 514.) 
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12. Calculation of I and a.—The equivalent I of the cross-section is 
given by the expression I = ,yBd,°+ % (m — 1)ar?, where B, its breadth, 
= 2-5 ft.; d, is its depth in ft.; m= 10; (m — l1)a for sixteen 1}-in. 
bars = 9 x 16 x 1:227/144 = 1-227 sq. ft.; r= (d,/2 — 0-16), and 
(d,/2 — 0-84) ft., for the outer and inner layers respectively. Hence, 


I = py x 2-5 x dF + — (do/2 — 0-34)? + (dy/2 — 0-16)%} 
= 5dy*/24 —- 0-613(do — dy + 0-282), 


from which the value of I at the centre of every segment can be obtained. 
These values ure entered on TableI. The equivalent area of cross-section 
is 24d, + 2-454 sq. ft., from which the areas at the centre points of the 
segments can be “alculated. These are also entered in the Table. 

13. Table I. Calculation of A, to A,—Table I can now be completed 
as indicated. The addition of the columns gives A, ... A,. As it is 
intended to take into account the effect of the direct compression, 
columns a and l/a are included. Great accuracy is necessary in the 
computation. 

14. Table II. Calculation of B, to B,—In order to find the values 
of B, . . . By, it is unnecessary to write out supplementary tables for 
each load point as has been done for demonstration purposes on p. 514 


Tas.Le II. (Figures from Table I.) 
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| iB, B B, B, ! Bs 
lout | -—— afew) 
Point 1 ‘ | y 2 ; zy 
| I l I I I 
a eee 
9 0-032 1-528 0-578 {| 173-31 27-72 
(z = 45-86) | 0-047 2-045 0-686 ‘§ 89-36 29-96 
8 0-079 3-573 1-264 ' 162-67 57-68 
(z = 41:46) | 0-066 2-594 0-761 © 101-61 29-81 
7 0-145 6-167 2-025 | 264-28 | 87-49 
(2 = 36-82) 0-089 3-076 0-777 + 105-87 26-73 
6 | 0-234 9-243 | 2-802 , 370-15 | 114-22 
(z = 81:97) | 0-114 3-364 i 0-715 99-14 | 21-06 
5 | 0-348 12-607 | 3-517 469-29 135-28 
(se _ 93) | 0-137 3-343 0-578 + 81-47 14-07 
| 0-485 15-960 4-095 550°76 =| 149-35 
esate 73) | 0-156 2-967 0-398 56-62 7-60 
3 0-641 18-917 4-493 , 607-38 + 156-95 
(z = 16-41) | 0-167 2-203 | 0-219 ' 32-43 | 3-00 
2 | 0-808 21-210 4°712 638-81 | «(159-95 
(z = 10-99) | 0-174 1-436 0-082 | 11-87 | 0-67 
1 0-982 22-646 4-794 | 650'68 i 160-62 
(g= 5-51) | 0-175 0-482 0.009 | 1:33 | 0-02 
0 { 1-157 23-128 4-803 ‘: 662-01 160-64 
| (2 =0) | = A, = Ay =A, =A, = A, 
| 
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for load point 3. The totals B, ... B, can be at once obtained by 
the process of continued addition given in Table IJ. The required values 
for load point 9 are copied direct from the bottom line of Table I; the 
addition of the second line from the bottom gives the values for load 
point 8, and so on. The totals for load point 0 at the bottom of the 
table should check with A, ... A,inTableI. The value: for z already 
found for each load point should be added. 

15. Equations for H, Vy, and My. Effect of Direct Thrust —It the effect 
of the direct thrust be neglected, the values of H, V,, and M, are given by 
eqs. (21), (22), and (23) of § 222 ; for the purpose of constructing influence 
lines it is convenient to modify these equations as explained in § 231. 
If, as in § 223, the effect of direct thrust be taken into account, the term 
Ly?/I in these equations is changed to (Xy?/I + 21/a), which is equivalent 
to replacing A, in the equations of § 231 by (A; + A,) = A,’ (see Table I), 
when the equations become 





_ (By = 2B)Ar— (Ba = 2BAs. y _ Ba = 2Bs, 
“OT A,’ A, — A,?] 2 Rs 
(B, — zB,)A, — (B, — zB,)A,’ 
Mo ay A A 


16. Calculation of H, M, and V,.—The denominator in all cases for 
H and M, is 


2[A,’A, — A,?] = 2[45-26 x 1-157 — 4-8037] = 58-59. 
Typical calculations for load point 4 are : 


H = [(B, — zB,)A, — (B, — zB,)A,] + 58-59 
== [(149-35 — 21:73 x 4:095) x 1-167 
— (15-95 — 21:73 x 0-485) x 4-803] + 58-59 
= 0-749. 
M, = [(B, — 2B,)A; — (B, — 2B,)A,'] + 58-59 
== [(149-35 — 21-73 x 4-095) x 4-803 
— (15:95 — 21-73 x 0-485) x 45-26] + 58-59 
= 0-768. 


Note that the expressions enclosed in the ( ) brackets are the same for 
H and M,. 


V, = (By — 2B,) = 244 = (600-76 — 21-73 x 15-95) > 1304 = 0-157. 


The values for the half-arch are as follows : 


Load ‘ 


H 0 | 0-019} 0-080) 0-187) 0-342} 0-536] 0-749) 0-955) 1-125) 1-237) 1-277 
M, | 0 |+0-053)+0-202)+0-420| +0- 659] +0-827|+0- 768] +-0- 335) —0-657| — 2-312) —4-697 
Ve | 9 | 0-002) 0-011) 0-029) 0-057) 0-100; 0-157) 0-228} 0-311; 0-403; 0-500 
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17. Construction of Influence Lines.—Plot the above values under the 
appropriate load point on an z base line, (iii) Fig. 442, to a large scale. 
These curves are the required influence lines for H, M, and Vy. Measure 
accurately the ordinates at the points where the vertical columns occur, 
which are spaced 10 ft. apart. These ordinates are given in the top three 
lines of Table III. 

18. Influence Lines for M,, Mu, V, and V,.—Using the values thus 

obtained, the bending moment at any point on the arch can be found. 
It is convenient to draw the influence line for M,, the bending moment at 
the left springing, and for an intermediate load point, say at Column II. 
From Fig. 348, the bending moments at A and at B are 
M, = W(L/2 — 2) — HD — V,L/2 + M, = (50 — z) — 20H — 50V,+ M, 
M, = — HD+ V,L/2 + M, = — 20H + 650V, -+ Mp. 
Place the load W = 1 successively at each column (0 ... V), and find 
the values of M, and M,; plot them under the respective load points, the 
values of M, to the left of the centre, those of M, to the right, as shown in 
(v) Fig. 442. The resulting diagram is the influence line for M, ; for the 
value of M, for a toad point to the right is equal to that of M, for a 
symmetrically placed load point to the left. 

Example.—Load at Col. III, z= 30, H = 0-414 (see Table ITI), 
M, = (50 — 30) — 20 x 0-414 — 50 x 0-071 + 0-743 = + 8-913 
M, = — 20 x 0:414+ 50 x 0-071 + 0-743 = — 3-987 = M,, Col. III, right. 
The values for M, for the complete arch are given in Table III. 

The co-ordinates of the centre line at Col. II (left) arex = 20, y = 2:88, 
and the bending moment there, Fig. 348, is 

Mi = — Hy — V,x + M, = — 2-88H — 20V, + M,. 
When W crosses to the right-hand side of the arch, V, becomes negative 
as indicated in Table III. This equation holds for all load points except 
when W is between IT and the centre, when 
My = — 2-88H — 20V, + M, -+- W(z _ 2). 
Placing W successively at the top of each column, the value of My; can 
be calculated from the above formulae, using the values of H, My, and 
V, from Table IIT. The results are entered in line 5 of that table and 
the influence line is plotted in (v) Fig. 442. 
Examples : 
Load Point IV (left) : 
Mr = — 2°88 x 0-108 — 20 x 0-016 + 0:263 = — 0-368. 
Load Point I (left) : 
[le — 2) = 10] 
Mn = 1 x 10 — 2:88 x 1-151 — 20 x 0-326 — 0-925 = — 0-760. 
Load Point IV (right) : 
Mr = — 2°88 x 0-108 +- 20 x 0-016 + 0-263 = + 0-272. 
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Whole Arch ; Units : Feet : Ib. 
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ORDINATES OF INFLUENCE LINES. 





ForH =h. 0 ' 0-108; 0-414 | 0-817 
Mn, 0 ‘+ 0-263|4+ 0-743 T+ 0-677 
Vo. 2, 0 i+ i 0-071 |4+ 0-178 
M, =m, 0 + 7-303|+ 8-013 |4+ 5-437 
Mir tan 0 (\— 0-368/— 1-869 |— 5-236 
Vc ou 1-00 | 0-984) 0-920 | 0-822 
Ve ea, 0 0-016! 0-071 | 0-178 

Deavp Loabd EFFEcts. 

LoadW  . ~—.__ Ib. | 40,700} + 51,230, 41,670 , 39,120 | 
H==UWaA. |. 0| 5,580! 17,250 | 31,960 
M, = Wm, 0/4 13,470/+ 30,960 |4+ 26,480 
M, = 5Wm, 0 |4374,180/4371,410 |+212,700 
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1-151 
—0:925 
+0326 
—0+245 
—0-760 

0-674 

0:326 


34,240 | 
39,410 
—31 70 
— 8,390) 





Live Loap Errecrs. Distributed Load 2700 lb./ft.; Knife Edge Load 27,000 lb. 


Q (left) to Q (right) loaded. 
Reactions 5 — 0:09 0:69 
K.E. x cal — 100 1,520 
M, = 2700 E rmy-+ 
on KE. x (— 4-697) } — 180° |+ 1260 
V to I (left) loaded. 
Reactions r . | 3-93] 11-40] 9-45 10-80 
= ee y o-arat! 9 3,320 nia 23,820 
M,= sa a o13;| 9 | +224,790 ety aah | |+168,640 
V, = 2700 Drv, + 23,700 
i KE’ x 0-929} (10.610 | 30,200] o4’pgq}| 23,970 
I (left) to V (right) loaded. 
tions : ‘ : — 0-4) 
H = 270029 a 
K-E.x 1: is | = M00 
M, = 2700 Urm,+ ae 
, KE. x (-.'7-645)} 6,020 
V,= 2700 2 rv,+ 
: KE x 0-326} — 910 
V (left) to Q, loaded. 
Reactions r .  . | 3-68] 11-38] 9-52 10-58 
H a 2700Drh+ 23,340 
My = 2700 Srmq + —~ 149,570 
“KE. x- (6 236)t| 9 [711310 |— 48,040 |" y47'379 
V, = 27002 rv + 5,090 
; K.E.x 0-178)| 9 490 1,830 4,810 
Q, to V (right) loaded. 
oan ‘ pan : — 0-28 
= 2700 L rh + 
K, Bx 1-151! — 620 
My= 2700 Aiea 
: K.EX 2-28) + 3,960 


K.E. x 0> $26! 


9-26 
28,780 


— 23,180 
4-82 

| 14,980 
— 3,190 
8,770 


+ 4-87 
15,130 


— 3,220 
8,860 


7-31 
22,720 


} | —15,000 


1} 6,430 
2°47 
, 7,680 
— 8,070 
4,500 
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Il. 
© (Crown | I | I] | III | IV 
1-277, 1-161 . 0-817 | 0-414; 0-108 
— 4-697 |— 0-925 !+ 0-677 |+ 0-743 |+0-263 
4+ 0-500 |— 0-326* |— 0-178 |— 0-071 oe 
— 5-237 : 7-645 |— 6-763 |— 3-987 |—1-097 
+ 1-625 |+ 2-280 {+ 1-884 |+ 0-971 !+0-272 
0-500 0-326 ' 0-178; 0-071 | 0-016 
0-500 | 0-674 : 0-822] 0-929! 0-984 
| 33,950, 34,240 , 39,120, 41,670; 51,230 
43,350| 39,410 | 31,960 17,250] st 
|—159,460| — 31,670 |+ 26,480|+ 30,960 |+13,470 


|-~177,800 | —261,760 | 


| 10-28 
35,440, 
34,880 


—130,370 
~ 126,820} |~ 23,130 


9-26 
28,780 


0:40 


1,380 
+ 5,660 


5,400 


-+ 10°70 |+ 9:78 


sso | a8 

—151,300 | 7996420 |— 
14,440 | Ba90 

— 0-22 

—~ 760 

— 970 

— 300 
10-39 | 9-89 
so | He 

+ 45,500 |t Br'560 
14,030 | 09} 


' —- 264,570 | — 166,140 | —56, 200 | 


0-69 1-- 0-09 | 
1,520 — 100 
+ 1,260 '— 


_ 
oO 
> 











+ 10:15 |+ 9-63 |+ 11-34 
22,390| 10,760) 3,310 
185,340 | — 103,670 | — 33,590 
j 

4,880| 1,850 490 

{ 

1 | 

| 
10-12, 9-63 | 11-34 
22,320| 10,760! 3,310 
51,480| 25,250| 8,330 
4,860} 1,850} 490 


+ 3-94 
0 


U 


0 


* V, to the right acts downward. 


ae 








655 
(See Fig. 442.) 


Totals. 





W = 447,870 lb. 

== 231,650 Ib. 
M, = — 80,980 it.-Ib. 
M, = + 23,380 ft.-Ib. 


7 


| 
| 
| 
| 


| 
| 


H = 130,320Ib. 
My 


— 301,290 ft.-lb. 


H = 62,480 lb. 
M, = +853,870ft.-Ib. 
V, = 117,020 lb. 


H = 149,050 lb. 
M, 


— 891,430ft.-Ib 
V, = 47,020 Ib. 


H = 81,320 lb. 
Mn = — 366,260 ft.-1b. 


V, = 18,350 lb. 


H = 141,090 lb. 
Mn = + 251,980 ft. -Ib. 





a aE 
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From Fig. 348, V, = V,; also V,+V,=W=1. The values of 
V, and V, are, therefore, as given in Table III, and the influence lines 
as set out in (v) Fig. 442. 

19. Dead Load Effects—-From the dimensions of the arch as deter- 
mined, calculate the proportion of the weight thereof acting on one rib 
at each load point 0... V. These are given in Table III, line 8. 
A typical case is appended : 





Con. ITI. 
Rib proper ; ‘ : 11,610 
Half Transverse between ribs 7 : : 3,680 
Column i : ; ; 2,420 
Half Transverse Beam ‘ : : ‘ ; 2,980 
Longitudinal Beam . : : ; ‘ 1,550 
Half Roadway Slab. : ; : . 11,900 
Bracket. ; : : ‘ ’ 1,030 
Sidewalk Slab. : ; : . 4,400 
Parapet Wall. : : ; : : 2,100 
Total . . P : ; ? 4],670 lb. 


The values H = & Wh = 231,650 lb. ; M, = 2 Wm, = — 80,980 ft.-lb. 
are obtained by multiplying the loads W by the ordinates of the influence 
lines, Table III, and adding. The values of V, and V, are each } the 
total weight of the arch = 223,940 lb. The moment at the springings 
M, = M, = & Wm, (Table III) = + 23,380 ft.-lb. 

20. Inve Load Effects —Any ‘ loaded length ’ which need be considered 
in the present design will be over 10 ft., and from Fig. 50 the prescribed 
uniformly distributed load is 220 lb./sq. ft. plus a knife-edge load in the 
position producing the greatest effect of 2700 lb./ft. In addition, the 
sidewalks will carry 100 lb./sq. ft. On one rib, therefore, the uniformly 
distributed load per foot of length will be 10 x 1 x 220+ 5x 1x 100 = 
2700 |b. /ft., plus the knife-edge load of 10 x 2700 = 27,000 lb. 

Of the efforts stressing the arched rib, by far the most important is 
the bending moment, and the bending-moment influence line will deter- 
mine the load position producing the worst effects. 

Crown.—The maximum live load bending moment at the crown will 
evidently occur when the live load covers the arch between the points 
QQ, (iii) Fig. 442, on each side of the centre, and is negative. Here the 
effect of the continuity of the slab floor becomes of importance, because 
any load between Cols. I and II produces a reaction on Col. II which 
lessens the bending moment at the crown. If a load W = | cross the 
span between I and II, and, treating the slab as continuous, an influence 
line be drawn for — Mj, using the values of m, from Table ITI, it takes 
the form shown in (iv): Fig. 442, the curve cutting the base line very 
close to Q, whence it appears that the continuity does not much affect 
the position of the load for maximum bending moment. For simplicity, 
it will be assumed that the load half covers span I to II, viz. the middle 
30 ft. of the arch, and that the bending moment in the floor slab at IIT is 
zero. The reactions for a uniform load of 1 unit per ft. run, found by 
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means of characteristic points,* (vi) Fig. 442, are then as shown in the 
figure and tabulated in line 12, Table III. For a uniform load of 2700 
lb./ft., and a knife-edge load of 27,000 lb. at the crown 


H = 2700 E rh + 27,000 x 1-277 = 130,320 Ib. 
M, = 2700 Zrm, + 27,000 x ( — 4-697) = — 301,290 ft.-Ib. 


These values are calculated and tabulated in Table III. V, at the centre 
= zero. 

Springings.—At the springing A the bending moment is M,; two 
cases must be considered, (i) when the load extends from V (left) to Q,, 
producing a + moment at. A, (v) Fig. 442; and (ii) when the load extends 
from Q, to V (right), producing a — moment at A. By a process similar 
to that employed above, (iv) Fig. 442, it may be shown that when a unit 
load crosses span II to I (left), the influence line for M, cuts the base line 
close to Q,, and again the effect of continuity is small. For practical 
purposes it may be assumed that the load for condition (i) extends from 
V to I (left), and that the bending moment at 0 is zero ; and for condition 
(ii) that the load ex‘ends from I (left) to V (right), and that the bending 
moment at II (left) 1s zero. The reactions for a load of 1 unit per ft. run, 
for these two cases, found by characteristic points, are given in lines 
16 and 20 of Table ITI, and the values of H, M,, and V, are calculated 
as before. The knife-edge load is placed above the maximum ordinate 
of the M, influence line. 

Column II.—¥From Table III it will be seen that the maximum 
bending moment at II will occur when the load extends from V (left) to 
Q,, (v) Fig. 442. Taken for practical purposes as extending 2} ft. from 
I (left) towards 0, and assuming that the bending moment at 0 is zero, 
the reactions found by characteristic points are as given in line 25 of 
Table III, and the value of My: is calculated therefrom as before. The 
knife-edge load is assumed to occur at II (left). 

21. Temperature Effects—-The bending moment and thrust due to 
change in temperature can be found from eqs. (5) and (6), § 225. Modified 
to suit a division of the centre line into finite equal segments, these 
equations become 


el 
H, = ey _ Ellat.x A, 
Seg a ea er a A 
2[ 2% sc: = Ipey 5] 2|A;A, — A,?]dl 
I I {| ‘I 
oy 
aoe “aT ELat x A; 


* The characteristic pointa for a uniform load partly covering a span, (vi) Fig. 442, 
are 


2 2 
piti= Se n§(2 —n'*); rr= ee nt (2— n)*; and R,= “ n?; R= en (2 —n). 
2u 
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Note that when dividing through by 61, this factor still appears in the 
denominator. In this country it is considered sufficient to allow for a 
variation in temperature of + 30° F., i.e. above and below the mean 
temperature. For the concrete to be used, take E = 3,000,000 Ib. /sq. in. 
and a = 0:000006; 5/7 = 5-517 ft. Then, for a rise of 30°, 


3,000,000 x 144 x 100 x 0-000006 x 30 x 1-157 
2[44-26 x 1-157 — 4-8037] x 5-517 = 56-28 
ioe — a 30 x 4°803 _ 120,290 ft.-lb. 
Mt = — HiD+ Mot = — 28,980 x 20-+ 120,290 = — 459,310 ft.-lb. 
Mit = — Hy + Mgt = — 28,980 x 2-88 + 120,290 = + 36,830 ft.-lb. 

Vi = Ve =— Vo = O. 


22. Shrinkage Effects ——As concrete hardens, it contracts an amount 
ranging from 0:03 to 0:05 % of its length, depending on the conditions. 
This contraction takes place more rapidly at first, getting slower and 
slower. About one-half of the total contraction takes place within the 
first three months in the case of Portland cement concrete, and within 
the first week with aluminous cement. To mitigate the effects of shrink- 
age in the case of an arched rib, it is common to leave gaps in the ribs 
when concreting, usually at the. springings or the crown, and to splice 
the reinforcement at these points, in order to leave the rib free to contract. 
At the end of a month the arch is finally keyed up and the spaces made 
solid with concrete.* In these circumstances, it is considered sufficient 
to allow for a 0-01°% contraction in length,f which is, practically speaking, 
equivalent to a change in temperature of — 15° F., the two contractions 
producing similar effects. In other words, the effect of shrinkage is to 
produce thrusts and moments of one-half the magnitude of those found 
in J 21 for a 30° fall in temperature. 

23. Calculation of Stresses.—It is now possible to calculate the stresses 
in the arch. 

At the Crown.—Live load extends from Q to Q. The worst combina- 
tion of effects will be: dead load + live load + 30° fall in temperature 
+ shrinkage. The forces and moments are given in the top Table, p. 659. 

Assuming in the first instance that the concrete does not crack, the 
stresses therein will be given by the expression fmax,. = H/a + Mv,/TI. 
From { 9, @ = 1253 sq. in.; from | 12, [= 5-73 ft4; ve = 1-25 ft. 
318,500 , 562,710 x 1-25 1107 comp. 

1253 ~~ 5-73 x 144 599 tension 
Under a tensile stress of 599 lb./sq. in. the concrete would certainly 


Hy = = 28,980 Ib. 


Then fmax. = lb. /sq. in. 


* An alternative method of reducing the effects of shrinkage, proposed by 
Considére, is to introduce temporary hinges at tho crown and springings. which are 
concreted up solid when the arch is complete. The arch thus carries the dead load 
as a 3-hinged arch, and the live load as a direction-fixed arch. For the design of 
these hinges, and the method of calculation, see Reinforced Concrete Bridges, W. L. 
Scott, 3rd ed., London, 1931. 

t See Reinforced Concrete Bridge Design, Chettoe and Adams, London, 1933. 
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| 
Stress due to H (Ib.) M, (ft.-Ib.) ; Vo (Ib.) 




















Sa Sree Breen eee eeore eee ee 
Dead load (TableIII) . . 231,650 | — 80,980 : -— 
Live load (Table III) . . . 130,320 | — 301,290 °  -— 
30° fall temp. (4 21) | . | - 28,980 | -- 120,290 | -. 
Shrinkage ({ 22) .  . |= 14490 | — 60,150 | -. | 
aes i aaa as Sse iatee) ATE gett at ee Se ance ee wets tek, os | 

| 
| 


Total : : : ‘ 318,500 — 562,710 | — 


————s 


crack, and the stresses must be determined by the methods of § 316, 
Case III. Ineq (12), § 316, 


2 
2B (ug + Br) = may(d + 7)(d— ve) — (m — 1)ae'(g + 1)(v6 ~ 9) 


M, d 562,710 
=¢—d,/2=—— 2= | -_.- 
ee OO FT 2 {318-500 

b= 30; maz¢= 196-3; d=27; (m—1)a-’ = 176:7; 9 =3; whence 
vc? (18-6 + vc) = 36,168-0 — 1628-56 ve; and (graphically) ve = 16-42 in. 


From eqs. (11) and (13), § 316, 


— 1-25| x 12 = 6-2 in. 





: 30 x 16-42 13-42 10-58} 
F=H= 318, = et 176-7 x ——-~ — 196- 
ary da gee x 1e-4n 1°03 * Tey 
and fe = 1205 lb./sq. in.; ft = — sn = 7770 lb./sq. in. 


At the Springings. Condition (i), + Moment.—Live load extends from 
V to { (left). The worst combination of effects will be: dead load + live 
load -+ 30° fall in temperature + shrinkage. 


en? A EE LE Lt EE ORG A 





re ere actrees eae ee ep 

















: | 

Stress due to H (Ib.) M, (ft.-Ib.) © Vy (Ib.) | 

epic euet too ea ceceesae, eet ee eh eee al | 
Dead load (‘Table ITI) . 3 231,650 + 23,380 | 223,940 | 
Live load (TableIII) . .  . 62,480 + 853,870 | 117,020 | 
30° falltemp.(( 21). ~ 28,980 - + 459,310 — | 
Shrinkage ({ 22)  . .  — 14,490 » + 229,660 ee 
ee : 

Total . . .  . 1 250,660. + 1 900,220) 340,960 

: } 


! 
i 
{ 
i —— — ae 





| cer nema en 





Condition (ii), — Moment.—Live load extends from I (left) to V (right). 
The worst combination of effects will be: dead load + live load + 30° 
rise in temperature + shrinkage (see the top Table, p. 660.) 

Of the two conditior (i) produces the greater stresses. The normal 
force on the end cross-section is Fg = H cos @ + V sin @ = 250,660 x 52-5 
<- 72-5 + 340,960 x 50 ~ 72-5 = 416,660 lb.; for, from the geometry of 
the arch, cos 9 = 52-5 + 72:5; sin @ = 50+ 72-5. The eccentricity 
e = (1,566,220 — 416,660) x 12 = 45-1 in. 

Then in eq. (12), §316, given abovo, r = e — d,/2 = 45-1 — 30 = 15-10; 
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Stress due to H (Ib.) M, (ft.-lb.) 





























Dead load (Table III) 231,650 |+ 23,380 | 223,940 
Live load (Table III) 149,050 |— 891,430 | 47,020 
80° rise temp. ({ 21) 28,980 |— 459,310 ae 
Shrinkage (J 22) — 14,490 |-+ 229,660 — 





395,190 |— 1,097,700 270,960 


gE YET E On oe a tl A AP 


b= 30; maz= 196-3; d= 57; (m— l)a-’ = 176-7; g =83 in., 
whence, 5v,?(45-30 + ve) = 196°3 x 72-1(57 — ve) — 176°7 x 18-1(ve—3) 
and (graphically) ve = 29-02 in. From egs. (11) and (13), § 316, 





— ee, 





30 x 29-02 26-02 27-98 
F = Fa = 416,660 = fo) + 276-7 X 196-3 x 
fo zg 7 * 99-02 08 
10 x 1031 x 27-98 


and fe = 1031 lb./sq. in.; fr = - 





39:02 OO 9940 lb./sq. in. 

Ai Col. II. Condttion (i), — Moment.—Live load extends from V (left) 
to Q,. The worst combination of effects will be: dead load + live load 
+ 30° fall in temperature + shrinkage. The bending moment at II, 
x = 20, y = 2-88 ft., due to the dead load is 
My = 2 W(x —z) — Hy — V,z+ M, 

== (33,950 — 2) x 20+ 34,240 x 10 — 231,650 x 2-88 — 80,980 

= — 66,230 ft.-lb. (See Fig. 442 and Table III; V, = 0) 
Vix = (33,950 ~ 2) + 34,240 + 39,120 — V, = 90,340 lb. 
The bending moment due to a rise in temperature of 30° (see J 21) is 
Mne = — Hey + Moe = — 28,980 x 2:88 + 120,290 = + 36,830 ft.-lb. ; 
that due to shrinkage is — 4Mry¢ = — 18,420 ft.-lb. From Table ITI, 
for the live load, H = 81,320 lb. ; Mr = — 366,260 ft.-lb. 
Vir = & W (live) x r+ K.E. load — V, 

== (2700 ~ 2) x —0:22+ 2700 x 7:31 + 2700 x 10-58 + 27,000 — 18,350 

== 56,660 lb. 


Stress due to i Vir (Ib.) 


Dead load ‘ : : . : 231,650 90,340 
Live load ; : : ' ‘ 81,320 ; 56,660 


30° fall temp. . ‘ ‘ ‘ ; — 28,980 
Shrinkage ‘ : : ‘ — 14,490 


— 487,740 | 147,000 





Condition (ii), + Moment.—Live load extends from Q,.to V (right). 
The worst combination of effects will be: dead lead + live load + 30° 
rise in temperature + shrinkage. The values have all been calculated. 
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Stress due to 






eee rented EI ITD IP OTA ES ERNIE SEPP EG eM RE REA AS A PONE 


Dead load (above) . ‘ ; : 231,650 — 66,230 





Live load (Tabie ITI) : . 2 141,090 + 251,980 
30° rise temp. (above) , : 28,980 + 36,830 
Shrinkage (above) . ; ; — 14,490 — 18,420 

Total ‘ : ; ; 387,230 + 204,160 


a 


Condition (i) produces the greater stresses. The normal force on 
the cross-section is Fg == Hceos@+ Vsin#@ = 269,500 + 69-62 — 72-5 
+ 147,000 x 20 — 72-5 = 299,350 lb.; forcos@ = 69-62 — 72-5; sin@ 
= 20 + 72:5. The eccentricity e = (487,740 ~ 299,350) x 12 = 19-55 in. 
Ata = 20 ft.,d, = 3) -5in.; r= e— d,/2 = 3-8; b= 30; ma; = 196:3; 
d = 28-5; (m— 1) ac’ = 176-7; g = 3 in., whence, from eq. (12), § 316, 
Bue? (11-4 + ve) = 196-3 x 32-3 (28-5 — v-) — 176-7 x 6-8 (ve — 3), from 
which (graphically) ve = 18-06 in. From eqs. (11) and (13), § 316, 


30 x 18-06 15-06 10°44) 

= Fq = 299,350 = foot 178-7 2 — 196-3 x 

pen eraene fe g 7 is-06 °° * ig-06) 
and fe = 1092 lb./sq. in.; fr= ” oe 10°44 _ 6313 Ib. /sq. in. 


At the crown, springings, and at an intermediate point IT, therefore, 
the stresses in the arched rib are permissible in both concrete and steel. 
The cross-section proposed may be adopted. 

24. Foundations.—The abutments and the lines of thrust are shown in 
(vii) Fig. 441. 

A = Dead load + shrinkage. 

B = Dead load + live load + 30° rise in temp. + shrinkage (arch fully 
covered). 

C = Ditto, when — M, is a min. (see At the Springings, Condition (ii), § 23). 

Maximum pressure on the ground = 2-6 tons/sq. ft. 


ae 2 Eee 
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QUESTIONS ON CHAPTER XVII 


1. In a rectangular cross-section reinforced-concrete beam, the reinforce- 
ment is on the tension side only, the percentage of steel area is 0:8, and the 
centres of the steel bars are 18 in. below the compression face of the beam. 
Find (1) the distance of the neutral plane below the compression face, (2) the 
tensile stress in the steel if the maximum compressive stress in the concrete 
is not to exceed 600 lb./sq. in. Take Es = 15 E,. (U.L. modified.) 

Ans. ve = 6-92 in.; 14,410 lb./sq. in. 

«2. A reinforced-concrete beam, having tensile reinforcement only, is 12 in. 
wide and 18 in. deep from the top to the centre of the reinforcement. Stresses 
of 600 lb./sq. in. push in the concrete, and 16,000 lb./sq. in. pull in the steel 
are to be attained simultaneously. Find the area of steel required, the 
position of the neutral axis, and the moment of resistance of the section ; 
E; = 15 Ee. It is expected that this question will be worked from first 
principles. (U.L.) 

Ans. a: = 1-46 sq. in.; ve = 6°48 in.; M = 369,360 in.-lb. 

. 3. A concrete beam 15 ft. long x 12 in. broad x 15 in. deep is reinforced 
by four }-in. sq. steel bars, having their centres 2 in. from the bottom of the 
beam. Determine the uniform loading which may be applied without the 
stress in the concrete exceeding 600 Ib./sq. in., and ascertain the resulting 
stress in the steel. Take the steel-concrete modular ratio as 15. (U.L.) 

Ans. 722 \b./ft.; 9,900 lb./sq. in. 

4. In a ‘reinforced-concrete T beam the thickness of the slab is 5 in., and 
a width of 60 in. may be counted in. The tensile reinforcement tonsists of 
four bars 1 in. diam., and the effective depth d of the beam is 22 in. The 
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neutral axis falls 0-2 in. below the bottom of the slab. Find the safe bending 
moment on the beam if the stress in the steel is not to exceed 16,000 Ib./sq. in., 
or in the concrete 600 lb./sq. in. m = E,:E, = 15. (I.C.E.) 

Ans. 1,018,770 in.-lb. 


5. A reinforced-concrete T beam has the following dimensions : Compres- 
sion flange, 5 ft. wide, 8 in. thick, web 15 in. wide. Overall depth 42 in. 
Top of compression flange to centre of reinforcement 40 in. It carries a 
bending moment of 580,000 ft.-lb. The reinforcement consists of 10 steel 
rods whose total area is 14 sq.in. Take E;/E, = 15 and find (a) the position 
of the neutral axis, and (b) the unit stresses in the steel and concrete. (U.L.) 

Ans. Use method of § 315; ve = 14:96 in.; f; = 13,620 Ib./aq. in. ; 

c = 543 lb./sq. in. 

‘6. The cross-section of a doubly reinforced concrete beam is 15 in. wide 
and 30 in. effective depth. The area of the tension steel is 4-5 sq. in. and 
that of the compression steel is 2-25 sq. in. The latter is placed 3 in. from 
the top of the beam. Find the position, of the neutral axis, and the tensile 
moment of resistance of the section, if the tensile stress in the steel is 
16,000 Ib./sq. in. Tale Es/Ep = 15. (U.L.) 

Ans. vo = 11-46 in.; 1,895,000 in.-lb. 

7. Show by a diagram the distribution of shear stress over the cross- 
section in a singly reinforced concrete beam, the tension in the concrete 
being neglected. Fir.d the maximum value, and explain carefully the effect 
of vertical and diagonal shear members or stirrups. (U.L.) 

Ans. See §§ 317 and 318. 


-8. A reinforced-concrete beam 10 in. wide, and 22 in. deep has four 1-in. 
diameter bars placed with their centre lines 2 in. from the lower edge. The 
beam has a span of 16 ft. The compressive stress in the concrete is not to 
exceed 600 Ib./sq. in. The modular ratio is 15. Determine: (1) the load 
per foot run the beam will carry, (2) the stress in the steel, (3) suitable re- 
inforcements for resisting shear, (4) the maximum shear stress between the 
steel and the concrete. (U.L.) 

Ane. 1,280 lb./ft.; 9,370 lb./sq. in.; turn two bars up at 45°, 55,-in. 
stirrups, 16-in. pitch ; max. f’s = 98 Ib./sq. in. 

9. A reinforced-concrete T beam has to carry a uniformly distributed 
load of 1,500 lb. per ft. of span. The span is 20 ft. and the ends fixed ; it 
may be assumed that the bending moments at the ends and at the centre of 
the span are equal. There is tensile reinforcement only, and the bars are 
not to exceed {-in. diameter. The slab is 48 in. wide and 4 in. thick. The 
working stresses are 16,000 lb./sq. in. in the steel, and 600 lb./sq. in. compres- 
sion in the concrete, and the modular ratio is 15. Design the mid-section 
of the beam. (U.L.) 

Ans. M = WL/16; 14 in. overall; d = 12 in. (min.); 6b, = 8 in.; 
five {-in. bars. 

10. Design a reinforced-concrete beam with double réinforcement to the 
following particulars: Section rectangular, 10 in. broad. Depth from top 
of beam to centre of tensile reinforcement 18 in. ; depth from top of beam 
to centre of compressive reinforcement 2 in. ; moment of resistance 500,000 
in.-lb. Stresses of 600 and 16,000 Ib./sq. in. for the concrete in compression ' 
and for the steel in tension respectively are not to be exceeded. Ratio of 
the elastic moduli 15. Find the area of the tensile steel and of the com- 
pressive steel, and the position of the neutral axis. State the intensity of 
stress on both steel reinforcements and on the concrete. (U.L.) 

Ans. af = 1:98; a,.’= 2-17 in.; uso 5/}-in. rods for both; wv, = 
6°73 in. ; f; = 14,3840; fe = 571; f-’ = 6020 lb./sq. in. 

11. A reinforced-concrete column 6 ft. long is 8 in. square in section and 
is reinforced by four steel bars each 1 sq. in. in cross-section. The column 
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carries a load of 36 tons. Determine the amount of load taken by the 
concrete and steel respectively, and the shortening of the column. EH, = 
13,000 tons/sq. in.; Es/E, = 15. (U.L.) 

Ans. Each 18 tons; 8L = 0-025 inch. 

12. Explain how the longitudinal and hoop reinforcement is allowed for 
in calculating the safe load on a reinforced-concrete column. Such a column, 
supposed short, is to carry an axial load of 50 tons. The working stress of 
plain concrete is to be taken as 500 Ib./sq. in. and the nature and amount of 
the hooping reinforcement is such that the safe working stress will be in- 
creased 30 %. The longitudinal reinforcement is to be 4% and m = 16. 
Find the diameter of the hooped core. (U.L.) 

Ans. 12 inches. 


CHAPTER XVIII 
KARTH PRESSURE AND FOUNDATIONS 


323. Stability of Earthwork.—Failure in an earthwork is due to part 
of the mass slipping or sliding relatively to the rest. This tendoncy to 
slide is resisted by the adhesion and friction of the particles of earth 
between themselves. I» certain theories of earth pressure, the adhesion 
is neglected entirely, and it is assumed that the mass of earth is composed 
of particles which do not cohere, but are held in position by the friction 
one on another; that is, to assume that the mass is granular. While 
such a theory may represent with some degree of accuracy the condition 
of a mass of fine dry sand, it is evident that a stiff heavy clay, or well- 
rammed earth, would behave in a very different manner, § 331. When 
coherent earth is exposed to the weather, the action of the elements, air, 
rain, frost, and drought, tends to destroy any adhesion there may be 
between the particles, and it is then usual to place reliance on friction 
alone for stability. Stiff clay, not subject to the weather, may be other- 
wise treated, § 331 e¢ seq. 

324, Angle of Repose.—If a mass of earth be left to itself for a con- 
siderable time, with no lateral support, its sloping sides will be found to 
have weathered to a certain more or less definite angle. This angle is 
called the angle of repose. Assuming the particles of the mass to be 
without cohesion, this angle is evidently equal to ¢, the angle of 
friction between the particles, of which the tangent jz is the coefficient of 
friction. If a sloping bank be constructed, making an angle with the 
horizontal greater than the angle of repose, the upper layers of particles 
will, in time, slide down, until the slope becomes equal to the friction 
angle. A slope less than the angle of repose should retain its formation 
permanently. The following Table gives average values for ¢ aad p for 
a number of materials, together with their weight per. cubic foot. 


Angle of Coefficient Weight 
Material. Repose ¢. of Friction p. lb. /eub. ft 
Sand, fine, dry . 30° 0:58 100 
Sand, wet 25° 0-47 120 
Gravel. : : 40° 0-84 110 
Shingle. 35° 0-70 110 
Clay, dry 30° 0:58 110 
Clay, very wet . 15° 0-27 130 
Earth, loamy,dry .. 30° 0-58 90 
Earth, loamy, wet. 15° 0-27 110 


These values may vary considerably, depending on the material and 
its condition. 
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325. Stability of Loose Earth. Rankine’s Theory.—Rankine con- 
sidered a mass of loose earth of indefinite extent, having a plane top 
surface, and subjected to its own weight. He assumed that the earth 
is incompressible, homogeneous, and granular; and that the particles 
of which it is composed are without cohesion, but are held in place by 
friction, one on another. Then it follows that, for stability, the direction 
of the pressure on any plane surface within the mass cannot make an 
angle with the normal to that surface greater than the 
angle of repose of the earth, otherwise slipping will result. Pia / Q 
If AC, Fig. 443, be any plane surface within the mass, A 
OQ the normal thereto, PO the direction of the pressure 
on the plane, then the angle POQ = ¢ must be less than 
d, the angle of repose. Granting Rankine’s assumptions, C 
the ellipse of stress theory, § 17, Vol. I, may be applied 
to the problem. Two cases arise. 

Case 1. Horizontal Upper Surface.—In the first instance, UU, the 
top surface of the mass, will be supposed horizontal. Let ABCD, 
(i) Fig. 444, be a small rectangular element of earth within the mass. 
Suppose that, due to the weight of the earth above it, there be a pressure 
?, on the plane AB, which pressure is balanced by an equal upward 
pressure on the plane CD. The element is supposed so small that its 
own weight may be neglected. Since it is assumed that the particles 
of which the element is composed have no cohesion, equal and opposite 
pressures p,p, must be applied to the vertical surfaces AD and BC, in 


Fig. 443. 





Fia. 444. 


order to maintain the equilibrium. Then this element is in the same 
condition as that shown in Fig. 21, Vol. I, except that the direction of 
the stresses is reversed, and the theory there given can be used to discover 
the pressure on the interface AC. It is convenient to use Rankine’s 
construction, Fig. 23, Vol. I. It is there shown that the two pressures 
Pp; and p, will produce a pressure P’O = (p, + p,)/2 normal to the 
interface AC, (ii) Fig. 444, together with a pressure P’O = (p, — p,)/2 
in a direction making an angle P’OP” = 20 with the normal, where 6 is 
the angle which the plane AOC makes with the horizontal. Then PO, 
making an angle with the normal, represents the resultant intensity of 
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pressure on the interface AC. Now it is evident that, for given values of 
p, and p,, the angle will be different on different interfaces, but it will 
be a maximum when the angle OPP’ is a right angle, (iii) Fig. 444, i.e. 
when 

Pi — Pe 


PP PO 2 »p,-p, 
sind = BO ~ BO Dit Ps Pid Ps 
2. 





This gives the maximum angle which the resultant pressure on any 
interface can make with the normal to that interface, and by the p‘inciple 
enunciated abovo, this angle must not exceed ¢, the angle of repose, or 
slipping will resuit. Hence, 


sing =F Ba x sin 
from which, 
Pe = 1 — sing (1) 
Pp,’ 1+ sind * 


This equation determines the least value of p,, the intensity of pressure 
on the planes AD and BC, which will maintain a pressure p, on the 
planes AB and CD at. right angles thereto, if the angle of repose of the 
earth be ¢. 

The pressures p, and p, are ‘ principal stresses’ as defined in § 17, 
Vol. I. There is evidently a third principal stress, acting normally to 
the plane ABCD, equal in magnitude to pp. 

Cuse 2. Sloping Upper Surface —Next suppose 
that the top surface of the mass makes an angle 
a with the horizontal, Fig. 445. In this case, 
Rankine assumed that the pressure p on the faces 
JK and ML of a rhombic element JKLM, of which 
the sides JK and ML are parallel to the upper 
surface of the mass, would be maintained by a pres- 
sure p’ on the vertical faces JM and KL. It will 
be observed that each of these pressures is parallel 
to the face on which the other acts. Such pressures 
are called conjugate pressures, because they are re- 
presented in magnitude and direction by conjugate 
semi-diameters of the ellipse of stress. The ratio 
between these conjugate pressures, p and p’, can be 
found by Rankine’s construction. Let p, and p, be 
the corresponding principal stresses (pressures). The direction of these is 
at present unknown ; suppose, however, that in (i) Fig. 446, Oy and Ox be 
the directions of the greatest and least principal stresses, and OQ the nor- 
mal to the plane JOK on which the pressure is p. Then if P’O = (p, + 
p,)/2, and PP’ = (p, — p,)/2, PO represents the pressure p on the plane 
JOK. Further, since the pressure on the plane JK is parallel to the plane 





\ 
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KL, OQ, at right angles to PO will be the normal to the plane KOL. 
If, then, P,’O = (p, + p,)/2, and P,P,’ = (p, — p,)/2, by the same 
construction, P,O will represent p’, the pressure on the plane KL. But 
this pressure is parallel to the plane JK, therefore P,O must coincide 
with the line JOK. Consider the two triangles OP’P and OP,’P,. It 
is evident that since both the angles POQ, and QOP, are right angles, 
the angle POP’ is equal 
to the angle P,OP,’. 
But the angle POP’ is 
the angle between the 
plane KI and the nor- 
mal to the plane JK, 
le. it is the angle a 
which the sloping upper 
surface makes with the 
horizontal. Hence, the 
angle POP’ =- the angle 
P,OP,’ =a. Further, 
the length OF’ = OP,’ :- 
(Py-+ P2)/2, and PP’ -- 
P,P,’ = (pi — p2)/2. Uf, 
therefore, the two tri- 
angles OP’P and OP,’P, 
be superposed, (ii) Fig Vro. 446, 

446 is obtained, in which 

OP = p, OP, = p’, and the angle POF’ =a. From this figure the 
ratio of p’ to p can be found. It is evidently an example of the 
‘ambiguous case’ in the solution of triangles theory. Let the angle 
P’PP, = P,’P,P = 8; then the angle OP,P’ = 2—. Applying the 
well-known formula a= bcosC + ccosB to the triangle OPP’, 
p = OP’ cosa -- PP’ cos; and for the triangle OP,P,’, 

p' = OP,’ cosa !- P,P,’ cos (7 — B) = OP,’ cosa —~ P,P,’ cosB. Hence, 





cos a — a cos B 
P cosa 4. oe cos B | 
OP’ 


PP yp,-—p gh ew 
Now x, =‘. -*. But at the moment when slipping is about to occur. 
OP" pi t+ P2 i 5 
from eq. (1), Pi ~ P2 _ sin ¢, and, therefore, = sing. Further, 
Pit De OP 
c sin’ PP’ sina 


applying the formula b= sin B to the triangle OP’P ; OP’ ~ sing’ 


i : —-  —-e, gin 
Hence, sin B = sin ¢, “on er oo p=vV1l — al = ing and 
» egaie Vain® > —sinta Vcos? a — cos" ae 
sin sin 
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or, since 
PP’ PP’ ogre 
OP’ = sin ¢, Op” cos B = +/cos? a — cos? d. 
Inserting this value in eq. (2), 
a 27 —~ COR? 
p _ cosa, - - 4/cos' a — COS d 3) 





Pp  cosa-+ +/cos? a — cos? d 


For a given value of p, this equation gives the least value of p’ which will 
prevent slipping. It will be noticed that, if a = 0, this equation reduces 
to eq. (9), as it should. In this particular case, p = p, and p’ = p, are 
the principal stresses. If a = ¢, that is to say, if the siope of the upper 
surface is the greatest ponsible consistent with stability, p’ = p. In this 
case, therefore, OP, = OP, (ii) Fig. 446, ic. the two points P, and P 
coalesce, and the line OP,P becomes tangent to the circle through P and 
P, struck with P’ as centre. This leads to the construction shown in 
Fig. 447 for determining the ratio of p’ to p, which is due to Rankine. 
With centre P’, desr ribe the semicircle 
XRPY, and draw OR a tangent there- P 
to, making an angled with OY. Then R 
if OP,P be drawn, making an angle a 
with OY, On = = e. This figure is 0 ¢ 
evidently a reproduction of (ii) Fig, &% X p’ ZY 
446, OR representing the limiting case Fia. 447. 
when a = ¢, and OP, = OP = OR. 

Th» directions Ox and Oy of the principal stresses are given by 
Fig. 446. Their magnitudes can be obtained by the ellipse of stress 
theory, or graphically from Fig. 447. 





______ p(l + sin 9) 
ghire cos a + +/cos*a — cos*d ae a 
ieee) oa = OX. . (5) 





cos a + +/cos? a — cos? d 


The relation between p and p’, p, and pg, is shown at (iii) Fig. 446. 
As in Case 1 there is a third principal stress, acting perpendicularly to 
the plane ABCD, and equal in magnitude to py. 

Knowing w, the weight per cubic foot of the earth, the magnitude 
- of p for any depth h below the surface can be found. From Fig. 445, 
the weight of the prism of earth VJKV, supposed of unit length perpendi- 
cular to the paper, is wh . JK . cosa, where JK . cosais the area of a right 
cross-section. But this weight produces ths pressure p on the area JK. 
Hence p.JK ='wh.JK . cos a, and 


p=whcosa . . (6) 


If in Fig. 447, PZ be drawn perpendicular to OP, OZ represents wh to 
the scale of the diagram. 
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If the upper surface of the mass of earth be horizontal, Case 1, a = 0 


ang p=wh= p, ; ; : ; (7) 
326. Earth Pressure on Vertical Retaining Wall without Surcharge. 
Friction neglected.—Suppose that the earth be held up by a.retaining 
wall as shown in Fig. 448, its upper surface being horizontal, i.e. without 
surcharge. The lateral pressure of the earth will react against the 
vertical face EV of the wall, tending to overturn it. Consider the pressure 
on an elementary width 5h, at a distance h 
below the upper surface of the earth, and of =. Ec = 
length unity perpendicular to the plane of 
the paper. The intensity of pressure on this 
element will be equal to p,, the pressure on 
the plane BC of the element ABCD. But 
from eqs. (1) and (7), § 325, 
_,1l—singd | 1—sing 
Pa= Puy aing itsing ° 
where p, = wh is the pressure on the plane AB. 
Hence the pressure on the element dh will be 


1 —sing 
—_—_— oOo F ° 448. 


and the total pressure on the surface EV per unit of length of wall will be 


P, = [ P Meet = sel ee ee i 
0 1+sind Jo 2 1+sing 
where H is the total height of the retaining wall. If H be measured 
in feet, and w in lb. per cub. ft., P, isin pounds. From eq. (1) it follows 
that p, varies as h, hence the diagram of pressure cn the back of the wall 
1—sing 
1+ sing’ 
It follows that the resultant P, acts at a distance %H from the upper 
surface. P, is a horizontal force, and can be combined with W, the 
weight of the retaining wall per unit of length, which acts through G, 
the centre of gravity of the wall, to obtain the magnitude and direction 
of R, the resultant force on the base VI. Knowing the distribution of 
pressure ENV on EV, the back of the wall, the stability of the wall can 
be tested exactly as in the case of the masonry dam, § 363. 
In that it neglects the friction on the back of the wall, the above 
theory leads to an over-estimate of the overturning effort (see § 329). 
327. Earth Pressure on Vertical Retaining Wall with Surcharge.— 
When the surface of the earth slopes upward from the top of the retaining 
wall, as shown in Fig. 449, the formation is spoken of as a retaining wall 
with surcharge. To this, the formulde of § 325, Case 2, will apply. The 
lateral pressure p’, acting parallel to the sloping upper surfave,* will tend 














is the triangle ENV, of which the maximum ordinate NV = w 


* This is equivalent to assuming that the angle of friction on the back of the wall 
¢’= a. Inpractice ¢ ’= ¢ (approximately), and this theory also over-estimates the 
overturning moment, except when a = ¢, when it agrees with the wedge theory, § 329. 
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to overturn the wall. As before, consider an elementary width 5h at a 
distance h below the upper surface of the earth, and of length unity 
perpendicular to the plane of the paper. The intensity of pressure on 
this surface will be equal to p’, the pressure on the plane KL of the 
element JKLM. From eqs. (3) and (6), § 325, 

cos a — +/cos? a -- cos? d cos a — +/cos’a — cos’ 

r Be ee, ee ah pe ee eee ad 
Pe Pos a 4- +/cos? a — cos? d sree cos a + +/cos?a — cos? d ” 
where p = wh cosa is the pressure on the plane JK, and a is the 
angle of the surcharge. Hence the pressure on the element 5h will be 


p.dh, and the total pressure on the surface EV per unit of length of 
wall will be 





H SANS fc DONS H 
cos a — 4/cos? a — cos 
PL’ = { p é dh = 8 a. — cos” a — cos? d w .cos a| h dh 
0 cosa + +/cos? a — cos? d 0 
_ wH? cos q (O84. a/cos? a — cos? d (2) 
2 cosa -- 4/cos?a — cos? d — 






> 


WH 


AN 


NN 


Kwai 


Fia. 449. Fria. 450. 


H is the total height of the retaining wall. If H be measured in feet, 
and w in lb. per cub. ft., P’ will be in pounds. Since, from eq. (1), p’ 
varies as h, the triangle ENV represents the distribution of pressure on 
the surface EV. The maximum ordinate 
a cos a — +/cos* a — cos? ¢ 

NV = wH cosa cna /eaka cts . (3) 
The resultant pressure P’ will act, therefore, at a distance #H from E, 
and in a direction parallel to the sloping upper surface. The resultant 
force R on the base VT will be the resultant of P’ and the weight W of 
the retaining wall per uuit of length. The stability of the wall at every 
horizontal cross-section can be tested exactly as in the case of a masonry 
dam, § 363, but it must be borne in mind that the pressure everywhere on 


2s 


f 
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the surface EV is always parallel ‘to the sloping upper surface of the 
earth. 

Rankine has shown that the magnitude of the force P’ is equal to 
the weight of a triangular mass of earth EVI, Fig. 450, such that VI, 
OP, 
OP’ 
where OP, and OP are obtained from Fig. 447. The area of the 
triangle EVI is 4EV.VI sin (90 — a) = {HHO cos a = +H’ cosa x 


which is parallel to the sloping upper surface, is equal to EV. 


— a/cos? a — cos! d 
—— voce bap coe? . Therefore the weight of this triangular mass 
cos a -- +/cos? a — cos? d 
of unit thickness is 
LH? cos a (Oe t_VC08& — Cos? d 
‘ cos a + +/cos? a — cos? 
Thus, by the use of Fig. 447 and Fig. 450, the magnitude of P’ is easily 
obtained. The construction holds equally well if the upper surface be 
horizontal, a = 0. 
328. Earth Pressure on Retaining Walls. Special Cases.—If the 


back of the wall be stepped, as shown at (i) Fig. 451, P’ is the pressure 





= P” [see eq. (2) ]. 
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on the plane E,V, and is determined by the methods of the preceding 
article. In this case, however, W is the weight of the retaining wall plus 
that of the portion of earth E, EJ, and G is the common centre of gravity 
of these two weights. Otherwise the procedure is the same as before 
(see also Fig. 455). 

If the wall has to resist the overturning thrust resulting from an 
external load, in addition to the pressure due to the weight of the earth, 
as for example the weight of a building built close up to the wall, (ii) 
Fig. 451, the force P will be the resultant of two components, one due 


to the weight of the building, the second due to the weight of the earth. 
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Suppose that p, be the uniform pressure produced on the surface BC 
by the weight of the building. Then p,’, the lateral pressure on any 
vertical plane necessary to resist this pressure, is, from eq. (1), § 325, 
Po = Po + cand = at This lateral pressure p, will act on the back of the 
wall. It will be uniform from top to bottom and is represented by the 
rectangle CLMV. Its resultant per unit of length of wall is P,’ = 


Py’ CV = po’ -Hy = DoH, eae and will act halfway between C and V. 


The lateral pressure on the plane CV due to the weight of the earth will 

vary from zero at C to a maximum at V, and is represented by the triangle 

wH,? 1— sing 

LNM. Its resultant is given by eq. (2), § 326, P, = . ‘itan 4 

which acts at a distance {CV above V. Both P,’ and P, are horizontal 
forces. 

The total pressure P on the plane CV is the resultant of P,’ and P,, 


aes _ 1-—singd , wH,? 1-—sin¢g 
PaPy + P.= toleitanet 2 ‘T+sing 














wH,*\ /1 — sing 
= (potty + See =) = = in) ; . (Q) 
It will act at the centre of pressure of these two forces, that is to say, at a 
Hy wi + 3p - 
distance e 0" £° from V. 
wH, + 205 


“ 329. i. Pressure on Retaining Walls. Other Formulae.—While 
Rankine’s theory is probably substantially correct for a mass of material 
such as fine, dry, loose sand left to itself, § 335, it has been shown experi- 
mentally that the theory given in §§ 326-8 over-estimates the overturning — 
effort on the back of a retaining wall, even in the case of dry pulverulent 
materials. The pressure p, given by eq. (1), § 326, is accurately the 
pressure across an ideal vertical plane through such material, but when 
subjected to such pressure, the retaining wall, not being rigid, moves 
forward slightly, the earth slips, or tends to slip, down the wall, and the 
resultant pressure then makes an angle with the normal to the wall equal 
to the angle of friction between the earth and the wall. This-friction 
has not been taken into account in §326. Poisson, Boussinesq, Weyrauch, 
Résal, Cain and others (see Bib.) have given analyses which include the 
effect of the friction on the back of the wall. Of these, that of Résal is 
perhaps the most satisfactory, but it is complicated, and the simpler 
wedge theory given below is sufficiently accurate for. all- practical purposes. 
Recent experiments by Professor Jenkin °°, with dry sand, confirm the 
accuracy of these analyses. 

The Wedge Theory.—Fig. 452 is a sketch from a photograph of an - 
experiment by Professor Takabeya * in which dry loose sand was arranged 
in coloured layers behiud a model retaining wall about 50 cm. high ; 
the retaining wall was moved forward 2 cm., the sand slipped down 


‘ 
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behind the wall, and a definite inclined plane of rupture was produced. 
The pressure on the wall from the wedge of sand, included between the 
wall and the plane of rupture, is the force tending to overturn the wall. 


Ste 





Fra. 452. Fic. 453. 


Fig. 453 represents a retaining wall with surcharge. Let 
R’ = the reaction between the wall and the wedge. 


N’ = its normal component. 

Ik’ - the frictional resistance on the back of the wall. 
R= the reaction across the plane of rupture. 

N_ - its normal component. 

F = the frictional resistance along the plane of rupture. 
Fy the horizontal component of R’ or R. 

w  - the weight of-the earth filling per unit volume. 


W = the weight of the wedge. 

— the height of the wall. 

~ the anglo of the surcharge. 

- the inclination of the plane of rupture to the vertical. 

- the inclination of the back of the wall to the vertical. In 
Fig. 453, y is positive; in Fig. 454, y is negative. 


tang == the coefficient of friction aloug the plane of rupture. 
tan ¢’ = the coefficient of friction along the back of the wall. 


~ WR 7 


Then, for any angle B, it may be shown that 





,_ wHe sin (B + y) cos (B + ¢) 
Fe ieoghay ~” cox Br a) sin (B+y+¢+¢) MU) 
and Fy = R’cos(y+ ¢’) = = yor (a — y) X 
cos (y + $’) _8in {6 + ) « cos (B + P)_ . (2) 


cos (B + a) sin (B+ y+¢+ ¢’) 
The maximum value of R’ and Fy will occur when 


d sin(B + y)cos(B+$) = _eg 

dB cos(B+a)sin(B+y+¢+¢) 
Also the value of ¢’ cannot exceed ¢, or sliding would take place along a 
plane close up to and parallel with the wall, leaving a thin film of earth 
adhering thereto. The solution of these equations, even in the simplified 
cases, is rather unmanageable, and it is better to use the graphical 
gonstruction given in § 330. 


e 


(3) 
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When the value of y is positive and large, the earth may rupture along 
a second plane such as E’V, Fig. 453, making an angle y’ with the vertical, 
rather than slide down the back of the wall (cf. Jenkin °*), Eqs. (1) and 
(2) hold for this case also, if y’ is written for y, and ¢’ is replaced by ¢. 
The solution for maximum thrust is given as in eq. (3) by putting d/dB = 0 
and d/dy’ = 0, when 

B = 3(n7/2 —$6+ €—a) and y’ = f(7/2 —d —e€ + a) . (4) 
where sine =sina/singd . : ; . (5) 
If then y’ be Jess than y, from the given values of a and ¢ = ¢’ (usually 
taken as the angle of repose of the earth), « can be found from eq. (5), 
and B and y’ from eq. (4). Inserting the values of a and f, and the 
value y’ for y, in cqs. (1) and (2), the maximum force R’ (or Fy its horizontal 
component) which can be exerted against a rough wall is obtained. 
R’ will make an angie (y’ + $) with the horizontal (see Fig. 453). In this 
latter case, the wedge of earth Kk’ VE must be counted in as forming part 
of the wall. 

Experiment has shown that the point of application cf R’ is not of 
necessity 4 the way up VE. Jenkin suggests. 0-4 when y= — 10° 
to + 25°; 0-45 when y > + 25°; 4 when y = — 15° to — 30°; but if 
a = ¢ take 0:55 (see also Feld, § 335). 

7330. The Wedge Theory. Rebhann’s Construction.—The following 


D 
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graphical construction * was proposed by Rebhann (1871) to determine 
the value of R’ (for symbols see § 329). 

In Fig. 454 AV is the plane of rupture.. Consider the equilibrium of 
the wedge of earth AVE. The forces acting on it are its own weight W, 
the normal and tangential forces N and F on the plane AV, and the 


* For several modifications, see Cormack, Proc. Inst. C.E., vol. 234, 1931-32, 
p. 199. 
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normal and tangential forces N’ and F’ on the back of the wall EV, (i). 
Assuming as before that the earth depends on friction for stability, 
F/N = tang; F’/N’ = tan ¢’. These forces are represented in the force 
polygon, (ii). Draw a vertical 1,2 to represent W ; 2,3 perpendicular to 
AV to represent N ; 4,1 perpendicular to EV to represent N’; draw 2,6 
making an angle ¢ with 2,3, and 5,1 making an angle ¢’ with 4,1. Then 
2,5 represents the resultant pressure R on the plane AV, and 5,1 the 
resultant pressure R’ on the plane EV. The three forces 1,2 2,5 5,1 
must be in equilibrium, and their relative magnitudes are represented 
by the sides of the triangle 1,2,5. It is required to find the position of AV 
which will make R’ a maximum. Draw DV making an angle ¢ with VM. 
Since in (ii), 1,2 is perpendicular to VM ; 2,3 is perpendicular to AV ; 
therefore, ZZ. QVA= Z 5,2,1. 
Draw AQ such that the / QAV = / 1,5,2, and EK parallel thereto. 
Then the triangles QAV and 1,5,2 are similar, and 


WwW Qv. i. AQ 
R’ << AQ ’ or 9 R — W e QV ° ° ° ° ° . (1) 
w e Ww e QK 
= _E ={ _ ; oe 
But = W-=SAE. EV sin AEV ( SDE . EY sin ARV) a 
; go AE DE 
for the triangles DAQ and DEK are similar, and OK = DK’ Now 


2 
constant for any particular case. Hence, from eq. (1), 


(5 DE. EV sin ARV) is the weight of the wedge DEV = W,, and is 





DK * QV G—k'g¢ 
a DQ d—q, 
Further ’ oi = DK = d-k ; whence, 
»_ wd-k a-g e_ e (q — k) (d—-Q) 
ogee Gakeg > ahi = g  * 


It may easily be shown that the angle KEV = ¢ + ¢’, so that k and e are 
constant, and in the equation q is the only length which varies when 
' different positions of the plane AV are examined. The equation may 
be written ; dk 

R’ = W, -—-—- — 4d — — 

aml oe («+ 7) 

This is a maximum when (q + dk/q) is a minimum, i.e. when q = +/dk, and 
q is & mean proportional between d and k. Draw a semicircle on DV 


as base, and erect KI perpendicular to DV; then VI is the value of q 
which makes R’ a maximum, when 


R’ = Weg pild + k-2Wdhh ww. QQ) 
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This value of R’ represents the resultant pressure on the back “ the wall, 
and the corresponding position of the plane AV is the plane of rupture. 
Since the angle KEV = ¢ + ¢’, the point K is readily determined, and 
hence the value of qg which makes R’ a maximum is found from the 
construction given. 

Since the triangles DAQ, VAQ have a common vertex A, and stand on 
the same base line DV, their areas will be proportional to the lengths 
ADAQ d-q. 
A VAQ = - q ; and the 
ADAQ +A VAQ=ADVA =" -AVAQ 


ADVA DA DQ d-—gq 


of their bases, therefore 





For similar r easons, A EVA = EA = QK = q—k 

Hence, ADVA=".AVAQ="—1. ABVA 
AVAQ_ y@—-9_,. a 

and AEVA = d(q—k) = 1; since g* = dk. 


That is to say, the areas of the two triangles VAQ and EVA are equal, and 
the plane of rupture divides the figure AEVQ into two equal areas. 
Make QJ = QA; then since the triangles JAQ and VAQ have a common 
vertex A, and stand on the same base line VQ, their areas are proportional 
to the lengths of their bases, 
AJAQ JQ a _ AJAQ 
AVAQ VQ qg AEVA 
since the triangles VAQ and EVA are equal in area. From eq. (1), 
R’ : W = a:4q, therefore, 
Rk’ AJAQ 
W * ABVA’ 
and as the area of the triangle EVA represents the weight W, so the area 
of the triangle JAQ represents the maximum value of R’, i.e. the resultant 
pressure on the back of the retaining wall. 


R’ = w (A JAQ) per unit of length . , . (3) 


Rebhann’s construction can be applied to (ii) Fig. 451 if the upper surface 
of the earth be raised sufficiently to produce an earth pressure p, on BC. 


Experiment has shown that the reaction R’ does not in all cases act 
} the way up VE, as might appear from the above theory. The experi- 
mental positions are given in §§ 329 and 335. R’ will make an angle ¢’ 
with the normal to the back of the wall; as before explained, d’ cannot 
exceed ¢ and is usually taken as equal thereto. 

When the value of + y exceeds y’, § 329, set up VE’ making an angle 
y’ with the vertical, Fig. 453, and proceed with the construction of 
Fig. 454 as if VE’ were the back of the wall, assuming the wedge E’VE to 
form part of the wall as explained in § 329. 
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Fig. 455 shows the position of R’, as determined experimentally by 
Jenkin, due to the pressure of dry sand acting on the back of stepped 
retaining walls ; its magnitude is given by R’ = CwH?. This information 
may be used in preference to the procedure of § 328. 

331. Cohesion in Earth.—In all the preceding theories of earth pres- 
sure, the earth has been regarded as a granular mass depending for stability 
on friction between the particles, a condition to which dry sand approxi- 
mates. If the sand be wet, there will be a certain amount of cohesion 
between the grains, still more if it be mixed with clay, and the angle of 
repose will be increased. In firm stiff clays the cohesion may be con- 
siderable. Moist earth, well punned, will stand for a time at quite a steep 
angle. To such material the theory for a granular mass will not apply. 
In them, the friction between the particles is augmented by the resistance 
to shearing of the material. Both friction and shearing forces are 
tangential forces, but whereas the former is proportional to the normal 





C-0 283 
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pressure between the particles, the latter is assumed to be independent 
thereof, so that the expression for pz, the tangential resistance per sq. ft. 
opposing sliding, takes the form 


. pt == pn | fe . ‘ ; . (I) 
where » = tan ¢ is the coefficient of friction between the particles, pn 
the normal pressure, and fs the resistance of the material to shear ; 
an equation similar to that of the internal friction theory for materials in 
compression, § 228, Vol. I. It will be realised that this shearing resistance 
implies tensile and compressive stresses between the particles, in directions 
making angles of 45° with the direction of sliding, so that the effect is 
rightly spoken of as cohesion. A number of modifications to the theory 
of earth pressures have been given, introducing the effect of cohesion. 
The following is an approximate graphical treatment. It may be well 
to repeat that, in earth masses exposed to the weather, it would seldom 
be safe to rely on cohesion for stability. 

332. Equilibrium due to Cohesion.—Let IEV, (i) Fig. 456, be a bank 
of earth standing at a greater angle than the angle of repose, so that it 
depends for stability on cohesion. Consider the equilibrium of the 
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triangle IEV. The weight of this, acting vertically downward, must be 
resisted by normal and tangential forces N and Fr respectively, acting 
on the plane IV. These three forces must be in equilibrium, and can be 
represented by the triangle of forces jel, (ii) Fig. 456. The tangential 
force Fy will be made up of the frictional resistance F = N tan ¢ on the 
plane IV, plus Fs, the total shearing force on that plane. If e& be drawn 
in (ii), making an angle ¢ with el, the line lk will represent F = N tan d, 
and kj will represent Fs. In (i), draw VD making an angle ¢ with VM ; 


Plane of Rupture 
A ‘s 





Fra. 456. 


draw EJ at right angles to IV, and EQ at right angles to DV. Draw JL 
a horizontal line cutting EQ in K ; draw EL a vertical line. 
The weight of the triangle of earth IEV, per unit of length, is 


W = IV.JE. 


It will be evident that the figures EJKL and ejkl are similar (they have 
been lettered to correspond), and 


Fs jk JK 

W je JE 
Therefore JK represents the force F's to the same scale that JE represents 
the weight W ; hence, ‘ 


JK 


JK w,,, w 
Fs = Wir = g IV JE Sh = glV . JK 
and the average value of F's on the plane IV, per square unit, is 


_ Fs ow 
fe=FO= 9 JK. 


If w is in lb./cub. ft., JK must be measured in feet, and fs will be in 
lb. /sq. ft. Since the angle EJV is a right angle, the locus of the point J, 
for different planes similarly situated to IV, will be the semicircle EJQV 
on EV as diameter, and it is evident that the maximum value of JK will 
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be J, Ky, where J, bisects the arc QE, hence the maximum value of fs will 
occur on the plane AJ,V. But from eq. (1), § 331, fs = pe — ppn; that is 
to say, fs is the tangential or shearing force on the plane after allowing for 
the effect of friction, and if it exceed the shearing strength of the earth 
the triangle will slide along AJ,V, which is the plane of rupture. Since 
equal angles subtend equal arcs of a circle, whether at the centre or the 
circumference, and EJ, = J,Q, it follows that the angles EVJ, and 
J,VQ are equal, and AV bisects the angle EVD. Produce EJ, to 8, 
draw ST parallel to J,K,. Then EJ, = J,S, and ST = 2J,K,. Therefore, 


max. fe= 5.3 = 7 .ST. 
Produce DV to O, make VO = SQ, draw OY at right angles to DO, and 
YE parallel thereto. Then YE = OQ = VS= VE. But if YE = VE, 
E lies on a parabola for which O is the origin, OY the directrix, and 
V the focus. This parabola is called the parabola of cohesion. 


VO = SQ = ST cos ¢ = < (max. fs) cos ¢. 


If the ultimate shearing resistance of the earth be substituted for max. fs 
in the equation for VO, the resulting parabola will determine the maximum 
height of the point E consistent with stability, for this particular earth. 
333. Cohesive Earth. 
Ratio of Lateral to 
Direct Pressure.—The 
ratio p,/p,, of lateral 
to direct pressure, in 
the case of coherent 
earth, can be found by 
a method similar to 
Rankine’s construction, 
Fig. 447. In Fig. 457, 
as before, let P’O = 
(py + p2)/2, and PP" = 
(py — P2)/2; then PO 
=p is the resultant 
pressure on the plane 
AOC, and TO = pn and 
PT = p¢ are the normal 
and tangential compo- 
nents of this pressure. 
From eq. (1), § 331, for 
coherent earth, pt = pn tan d + fs : ; : . (2) 


Draw OS making an angle ¢ (the friction angle) with OQ, and LM 
parallel thereto and distant fs (measured along PT) from it. Then, in the 
particular case when LM is tangent to the circle at P, 


pe = PT = PS + ST = fe + pn tan ¢, 
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and the figure represents the pressure conditions for coherent earth. 
Further, PT is evidently the maximum ordinate of the semicircle which 
satisfies eq. (1). Therefore, for given values of p, and p,, PT represents 
the maximum value of pz; or conversely, for given values of p, and pz, 
the value of p, will be a minimum. Now the angle P’PT = 4; hence 
the angle PP‘Q = 90°+ ¢. But the angle PP’Q = 20 (cf. Fig. 446), 
therefore 20 = 90° + ¢, which determines the plane AC on which 7; is 
a maximum. From the figure, 


Pn = TO a P’O — PT = me De Pa Pgee — Pe sin d 
pt = PT = mai 3 1 PP? cog dh = fat pn tan ¢. 


These equations follow at once from eqs. (1) and (2), § 17, Vol. I, if 26 be 
nut equal to 90° + ¢. Hence, 


Pr Ft cos $ = fa + {Ps Ps Pi — 5 Pt sin $ tan g 


2 
__ Pill — sin ¢) — 2fs cos p 
and Ds ror (2) 


Equivalent formulae have been given by Résal, Bell, and others. 
If p,= 0, py = (2fecos¢)/(1 — sing), and according to this theory, 
until p, reaches this value, equivalent to a depth, 


= 2fs COs ‘9 
h nl and . (3) 
there can be no pressure on the vertical back of a retaining wall. No 
very satisfactory theory for the pressure of cohesive earth on a retaining 
wall has yet been evolved. 

334. Sliding.—The tendency of a structure such as a retaining wall, 
Fig. 436, or an arch foundation, Fig. 441, to slide, due to the lateral 
pressure on the structure, is opposed by (i) the blunt end resistance of the 
portion below the ground, (ii) the frictional resistance between the 
structure and the soil. The blunt end resistance is sometimes calculated 
from Rankine’s formula, § 349, from which the lateral resistance at a 
depth h below the surface is p = wh(1 + sin ¢)/(1 — sing) ; hence the 
total blunt end resistance, if D be the depth below the surface, is 
R = 4wD*(1 + sin d)/(1 — sin d), per foot of width. 

The following figures have been given for the coefficient of friction, 
which varies very greatly with the moisture content of the soil. 





Concrete on sand. ‘ . p=0°4 Concrete on wet clay . p=0-2 
vel . ‘ ‘ <= 0°6 hard rock . == 0:6 
dry clay ; : = 0°5 shale . . == 0-6 


335. Experiments on Earth Pressures.—Many experiments have been 
made to test the validity of the different theories of earth pressure. 
Most of these have been on a very small scale, boxes filled with sand, 
and the like. The vertical pressure at the base of a retaining wall 25 ft. 
high is of the order 1 to 14 tons per sy. ft., and it is more than doubtful 


® 
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if the behaviour of earth in such small models really represents its 
behaviour in practice. 

One of the early large-scdle experiments was made by General 
Burgoyne,® who built the two retaining walls shown in Fig. 458. They 
were constructed of rough granite blocks laid dry, and the filling was 
loose earth (not rammed) weighing 142 lb./cub. ft. Its natural slope 
was 14:1; the experiment was made during a wet winter. When the 
depth of earth filling behind each wall was 17 ft., it collapsed. Investi- 
gation shows that at the moment of collapse the line of thrust determined 
by means of Rankine’s theory, § 326, passes right outside the base, 
whereas that found by the method of § 330 just falls within it. 

Experimenting with sand under heavy pressure (his maximum pressure 
was equivalent to a depth of 1340 ft.), Wilson ® found that the ratio 
P,/p, for dry sand was constant and averaged 0-32, thus supporting 
Rankine’s theory. Moisture in the sand produced cohesive forces between 
the particles, and the ratio fell to a minimum of 
0-20 with about 9 % of water in the sand, rising 
again to 0-32 when the sand was saturated 
(184 % of water). In wet sands the ratio in- 
creased as the pressure was increased. 

The following is a summary of the results of 
some experiments made by Feld ™ on river sand : 
w= 100 lb./eub. ft., angle of repose 30° 15’, 
angle of internal friction 28° 20’. The sand 
was filled in horizontal layers into a concrete I'ra. 458. 
bin, closed at one end by a vertical timber door, 

6 ft. deep by 5 ft. wide. The door was free to move slightly ; the vertical 
component, and top and bottom horizontal components, of the thrust were 
measured separately. 

For a horizontal upper surface, the total horizontal pressure on the 
back of the door can well be represented by the expression Fy = 0-13wH? 
lb. /ft. of width. When the depth of the filling was greater than 4 ft., the 
vertical pressure on the door was Fy = 0:084wH? Ib./ft., so that the 
coefficient of friction was 0-084 + 0-13 = 0-65, and ¢’ = 33°. For 
depths up to 3 ft., Fy = 0-l0wH?, so that p’ = tan ¢’ = 0-10 + 0-13 
= 0:77, and ¢’ = 374°, which suggests that the coefficient of friction 
may vary with the pressure (see Fig. 459). The centre of pressure occurred 
from 0-35H to 0-40H up from the bottom of the door. 

Moncrieff shows *! that the experimental values for the horizontal 
thrust Fy are well represented by the wedge theory, i.e. d = 28°, ¢’ = 
33°, B = 2/4 — /2 (Poncelet’s assumption). 

For a wall with surcharge, Feld’s values for the horizontal thrust are 
given with some accuracy by the formula Fg = CywH?, where if the angle 
of the surcharge is a, 





e= . —34° —25° —15° —8 0° +8° +15° + 25° +34° 
Cw . 0-089 0-089 0-093 0-102 0-114 0-131 0-149 0-180 0-212 
nom, i; 3 j } 0:34. «0-35 0-400-40 0-44 
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The inclination of the resultant thrust R’ to the normal to the back of 
the door was (for practical purposes) equal to the friction angle, and its 
point of application was nH up from the bottom. 

Large-scale experiments made by Dr. Terzaghi * at the Massachusetts 
Institute of Technology on clean dry sand, % moisture 2-6 to 1-5, 
thoroughly tamped into place behind a retaining wall, showed that the 
total horizontal pressure on the wall may reach as much as 75 % of that 
due to the same sand considered as a fluid. On allowing the top of the 
wall to move forward 0-1 inch in 7-12 feet, the pressure fell to 10 % of 
the same fluid pressure. A movement of 1/1000th the height of the wall 
reduced the horizontal thrust to its minimum value. Dnurirg this 
movement, a downward vertical pressure was developed on the back of 
the wall rising to about 75 °% of the final horizontal pressure. With 
loosely filled sund, the horizontal 
pressure was about 40% of the 
corresponding fluid pressure, com- 
bined with a downward thrust 
of about 39 % of the horizontal 
pressure. With a forward move- 
ment of the top of the wall of 
0-1 inch, the horizontal pressure 
fell to about 28% of the fluid 
pressure, and the downward thrust 
rose to 50% of the horizontal 
pressure. In all these cases the 
centre of pressure was about ird 
the way up the wall, rising at times Fia. 459. 
to 0-4. With sand saturated with A. Ottawa standard sand, loose, dry. 


water, the horizontal pressure was B. Till pcre ers till, compacted, 
satura . 
equal to the sum of that due to a C. Ottawa standard sand, dense, dry. 


depth of water equal to that of the D. Sand and gravel, compacted, saturated. 
filling, plus an earth pressure due to 

a filling having a weight equal to that of the sand less the weight of water 
displaced. The presence of the water had little effect on the values of ¢ 
and ¢’. The pressure on the back of the wall due to coherent materials 
was very much less than that of the sand. The effect of drainage is 
discussed in the article cited. 

Internal friction experiments showed that , the coefficient of friction, 
was much greater for closely packed than for loose materials. As the 
pressure increased, » decreased, and the difference in question lessened, 
Fig. 459. 

Experiments with Cohesive Earth—-Experiments to determine the 
tangential resistance of cohesive earths have been made by Jacquinot 
and Frontard,% Bell,18 Krey,2® Gilboy,** and others. In Bell’s experi- 
ments on the resistance to direct shear of clays, the apparatus was arranged 
as shown in (i) Fig. 460 ; and typical results are given in (ii). Whereas, 
in the case of sand, the value of ; increased in direct proportion to pn, 


Depth below Surface: Feet. 
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the resistance.of clay is made up partly of a constant shear stress fe, 
partly of a force increasing with the direct pressure pn, thus confirming 


{Pr 


7 7 
| i 


mid T UP age 


LL . 3" 






Fia. 460. 


the form of the cohesion equation, eq. (1), § 333. Some average’ values 
from Mr. Bell’s paper are given in the following Table : 


| 


fs 
tons/sq. ft. 









Very soft puddle clay * . 
Soft puddle clay : 
Moderately firm clay 
Stiff clay : 4 

Very stiff boulder clay 





A pr ER SON Se Re HO 








* Puddle clay = pure homogeneous plastic clay, free from sand or stones. 
t D = diameter of impression made by 1f inch steel ball dropping 1 foot on to 
specimen 1} inch thick. 


In such determinations, time and moisture content are important 
factors Some experiments by Cooling and Smith ® well illustrate the 
latter point. The specimens were in the form of an annulus of clay 
under pure torsion, from which the shear strength was calculated. Some 
typical curves are plotted on a water-content base line in Fig. 461, from 
which it will be seen that the strength decreases rapidly as the water 
content increases. Further experiments, made on cylindrical specimens 
with conical ends [see (iii) Fig. 282, Vol. I] in pure compression,* showed 
that with the plastic clays the compressive strength was just twice the 


* See also Jirgenson, ‘ The Shearing Resistance of Soils,’ Jour. Boston Soc. O.E., 
‘vel. xxi, 1934, p. 242. 
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shear strength, ‘A,’ Fig. 461, and the angle of the shear plane very 
nearly 45° (see § 14, Vol. I), showing that the tangential resistance was 
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BR B Shear Strength 
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Water Content, % of Dry Weight. 
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practically pure shear and the friction small. With sandy clays, ‘ B,’ 
the compressive strength was more than twice the shear strength, suggest- 
ing that friction was playing a part. 


Silt. Clay. 
0-02 to Less than 
0-002 mm. | 0-002 mm. 


Coarse Sand. Fine Sand. 


0-2 to 
2 to 0-2 mm. 0-02 mm. 











Percentage of Dry Weight. 
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65-5 
30:0 
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arama: 


A. Reading Clay 0 3° 
B. Silty Clay, Bagshot Beds 2°0 30 





336. Soil Mechanics.—In recent years, due largely to the initiative of 
Professor Terzaghi, much research has been made into the constitution 
and physical properties of soils, with a view to predetermining their 
behaviour under foundation pressures. A number of special tests have 
been devised in order to investigate these properties, and research work 
is being carried out to correlate these tests with observations made on 
actual foundations. 

The four characteristics on which the behaviour of soil depends are 
(i) consolsdaiton, (ii) permeability, (iii) compressive strength, (iv) shearing 
strength. These in turn depend on (a) iis constituents, (b) its structure, 
the arrangement of the particles and volume of the voids and their 
contents, (c) the water content. 

Foundation pressure on soil produces two main effects, consolidation 
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and lateral flow, in different proportions and at different time rates, 
depending on the kind of soil. Consolidation or volume change depends 
largely on the voids. If these are filled with air, this change takes place 
rapidly ; if filled with water, the rate of change will depend on the rate 
at which the water is squeezed out, i.e. on the permeability of the soil. 
In silts and coarse-grained muds, the process may take only a few years ; 
in heavy clays, some hundreds of years. The larger*the volume of voids, 
the greater the amount of consolidation under given conditions. 

Accompanying the consolidation, and increasing the settlement, is 
the effect of lateral flow, which depends on the resistance to compression 
and shear ; cohesion in the soil is here the important consideration. In 
certain fine-grained silts and clays, when the water content is large, this 
is the chief cause of settlement. An important effect of cohesion is 
that, in soils where the shear strength is great, the settlement produced 
by given unit direct pressure increases in direct ratio to the diameter of 
the loaded area ; in cohesionless soils the size of the area has little effect. 
The ratio of the settlement for a surface foundation, to that for one at a 
depth d, varies as d/D, where D is the diameter of the loaded area; but 
the effect of the ratio d/D on the settlement is less the greater the cohesion. 
In cohesionless soils, a ratio d/D =: 1 almost triples the bearing capacity, 
and reduces the ratio of the two settlements to one-third. 

Space considerations prevent a discussion of the methods of mechanical 
analysis used for soils, or of the different physical tests which have been 
devised. A number of methods of applying the test results to practical 
work have been tried, with some measure of success, but no procedure has 
yet been generally agreed. 
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337. Foundations.—The term foundations designates all the arrange- 
ments made at the base of a structure to transfer its weight to the ground 
on which it rests. 

Two essential conditions for the stability of foundations are: first, 
that the pressure per sq. ft. between the structure and the soil on which 
it rests must not exceed the safe bearing pressure on the latter, or on 
the material of which the structure is composed ; secondly, the centre 
of pressure on any area forming part of the foundations must fall within 
the core of that area (§ 97, Vol. I), so that there may be no tendency 
to develop tension between the base of the structure and the soil. Where 
the base is rectangular in shape, as for example the base of a wall, this 
implies that the centre of pressure must everywhere lie within the middle 
third of the width. In soft ground, every care must be taken to avoid 
unequal settlement, by suitably proportioning the area of base to the 
load carried. In addition, the centre of area should lie well within the 
core, so that the pressure is as uniformly distributed as possible. 

It is also desirable in foundations that the plane of the base should 
be as nearly as possible perpendicular to the direction of the pressure. 
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To prevent disintegration of the soil on which the foundations rest, 
due to the effects of frost and weather, it is necessary to sink the founda- 
tions below the surface of the earth some three or four feet in this country, 
and to greater depths still in countries subject to extremes of heat and 
cold. Efficient drainage is also necessary to carry off the surface water 
and to prevent the soil from becoming saturated. 

338. Safe Bearing Pressures.—The following Table gives the safe 
bearing pressure on various kinds of soil. The figures must be taken as 
rough averages for the kind of soil indicated. In all important structures 
trial borings should be made, and the bearing pressure of the soil deter- 
mined by experiment : 


APPRCXIMATE SAFE BEARING PRESSURES 


Tons/sq. ft. 
Rock. Hard—(Granite 40) j ‘ . 25-30 
Ordinary ; : ‘ 8-16 
Soft, or firm Shale. ‘ ; ; 6-8 
Gravel. Hard and compact ‘ . . 6-9 
Ordinary eel : : 3-4 
Chalk. Hard white . : ; 4-6 2 
Soft 1-14 
Clay. Dry, hard and compact . : 4-6 
Ordinary, moderately dry : 2 
Soft and moist. ; : 1 
Sand. Dry, laterally confined . ‘ ; 2-3 
Wet or loose : : ; 1 
Earth. Alluvial soil, firm . ; ; 11 


339. Types of Foundations.—Foundations may be divided roughly 
into two classes: those suitable for a hard unyielding stratum, hard rock, 
hard compact gravel, etc., and those suitable for a soft yielding soil 
or loose earth. In the former type, little more is necessary than the 
provision of suitable footings of sufficient bearing area. In the latter 
type, special construction is often required. 

When a hard stratum overlies soft ground, it is better, if possible, 
not to penetrate through the hard material, but to provide sufficient 
area to reduce the bearing pressure to that permissible for the hard 
stratum, and to make the depth of the excavation as small as possible. 
When a soft stratum overlies a hard material, it is better to go through 
the soft material and make the foundation on the firm ground, unless 
the soft ground be too deep to permit this, when the foundation must be 
treated as one on yielding ground. 

Rock Foundations.—When a foundation is carried down to the solid 
cock, fit is only necessary to provide a flat surface perpendicular to the 
direction of the pressure, of sufficient area to carry the load. This area 
may be a plane surface, or in steps according to circumstances. The 
rock is cut and dressed level, loose and decayed portions being removed 
and holes and hollow places filled up with concrete. The crushing 
strength of the rock can be ascertained by experiment, and the bearing 
pressure should not exceed one-eighth of this. 

Foundations on Firm Soil.—Foundations on firm compact aeaval or 

2Y 
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hard clay are excavated to a depth of at least 3 ft. in the case of gravel, 
and 4 ft. in the case of clay, to exclude frost. The area is levelled, and 
may or may not be covered with concrete. Suitable footings must be 
provided to reduce the bearing pressure to that allowable. A well- 
arranged drainage system is necessary to prevent the soil becoming 
saturated with water and thus reducing or destroying its stability. 
Gravel makes a good foundation, but clay is often treacherous, especially 
if much subject to wet. 

Foundations in Soft Soil—The requisites for foundations in soft: or 
loose earth are: sufficient bearing area—this usually involves special 
types of construction, § 340 et seq.; a minimum depth of excavation 
below the surface, § 349; an adequate drainage system to prevent 
saturation of the soil. Care is necessary in foundations on a soft yielding 
material that the bearing areas be proportioned so as to obtain such a 
distribution of pressure on all parts of the foundation, that no unequal 
settlement will occur. If the kind of soil differ at different parts of the 
foundation, special consideration is necessary to prevent unequal settle- 
ment. Where the load on a structure is subject to variation, it is desir- 
able to proportion the areas to suit the permanent load, but to provide 
sufficient area that the safe bearing pressure is never exceeded under any 
load conditions. It is perhaps wise to add that the weight of the founda- 
tion structure itself often forms a considerable addition to the load 
from the building itself. 

340. Methods of Spreading the Load.—-The more usual methods of 
increasing the bearing area in foundations are : 


Wide Footings, § 341. 

Concrete in Trenches or Rafts, § 342. 
Inverted Arches, § 343. 

Gillages, § 344. 

Piles, § 345. 


341. Footings.—The area of base of a brick or masonry structure is 
very commonly increased by widening the lower portion of the walls in 










Headers . 





steps, Fig. 462. Such widened courses are called footing courses. The 
lowest course is usually made twice the width of the wall. No footing 
course should project more than } the léngth of the bricks or stones of 
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which the wall is constructed. Each footing course may be from one to 
four bricks in thickness, the latter being suitable for heavy brick walls, 
piers, and abutments. The top layer of each course must consist entirely 
of headers. Footing courses for stone structures are sometimes made 
of brick, and vice versa. 

342. Concrete in Trenches or Rafts.—Foundations for walls of build- 
ings in soft soil are often supported on concrete in trenches, arranged 
to distribute the weight over a sufficient area. 
Such trenches are usually made about a foot 
wider than the lowest course of footings, and 
from 2 ft. or more in depth. Sometimes the 
whole area is covered with a layer of concrete, 
which should nowhere be less than 6 in. in 
thickness, and is made thicker under the 
footings. In the case of sand and other very 
soft material, the area carrying the load must 
be confined between sheet piles to prevent lateral 
spreading, Fig. 463. If the footings rest on a 
hard firm soil, such as a natural bed of gravel, 
concrete is not required. In less firm material, a bed of concrete from 
8 to 12 in. wider than the footings and not less than 9 in. thick is used to 
spread the load. 

343. Inverted Arches.—In brick, masonry, or concrete structures, the 
necessary area for distributing the load may be obtained by the use of 
inverted arches, Fig. 464. This method is useful where openings occur 
in a wall. Such arches may be constructed of reinforced-concrete. 





Fra. 463. 





344. Grillages.—When it is necessary to spread the load over a con- 
siderable area in order to obtain a sufficiently low bearing pressure, a 
grillage is commonly adopted, Figs. 465 and 466. This consists of one 
or more tiers of ¥ beams, arranged as shown in the figures so as to dis- 
tribute the load. The spaces between these beams are filled in with 
concrete. Grillages are particularly useful in cases where a hard stratum 
covers a soft yielding material. The grillage spreads the load over a 
sufficient area of hard soil and prevents penetration. They are also 


% 
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much used as the foundations for stanchions, Fig. 466, where a heavy 
load is concentrated on a limited area. 

The type of grillage used for a wall foundation is shown in Fig. 465. 
The ZX beams are spaced at regular intervals, at right angles to the length 
of the wall, on a bed of concrete, which should not be less than 4 to 6 in. 
thick. The distance apart of the beams usually varies from 9 to 24 in. 
A space of not less than 44 or 5 in. should be arranged between each 
beam so that the concrete filling can be introduced and properly tamped. 
Such an arrangement is spoken of as a single tier grillage. 

The dimensions of the Z beams are found as follows: Let w be the 
weight per unit of length of the wall, including the load upon it ; and / the 
distance apart of the beams. Then the load on one beam is W = wl. 
This load W may be taken as uniformly distributed over the width L, 





of the footings, (i) Fig. 465 ; it is the function of the I beam to spread it 
over an area of width L,, the length of the I beam. There will be, 
therefore, an upward reaction on the I beam equal to W, which is assumed 
to be uniformly distributed over the length L,. If » be the bearing 
pressure on the soil immediately beneath the I beams, W = p/L,, where 
IL, is the area over which one X beam distributes its load ; p must not 
exceed the safe bearing pressure on the soil. Since W = wl, L, = w/p. 
The shearing-force and bending-moment diagrams for the load on the 
ZX beam are shown at (ii) and (iii) Fig. 465. It is evident that the shearing 
force is a maximum at D, the edge of the footings, and is equal to 


WiL,—L 
max. § = 5 |-# I 2 . . ° (1) 


Further, that since the shearing force changes sign at C, the centre of the 
beam, the bending moment will be a maximum there. The upward 
bending moment at the centre, due to the underneath reaction, is WL,/8 ; 
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and the bending moment there due to the downward load is WL,/8. 
Therefore the actual bending moment at the centre is the difference, 


M = WL, - Ly) oe gy 


The two curves bounding the bending-moment diagram are each para- 
bolas. If Z be the section modulus of the beam, and f the safe stress in it, 


Ww 
Zi = ge(Lg — Ly) = ge (La — Ty) - 2 8) 


As will be seen from the following numerical example, however, unless 
the pitch / be otherwise fixed, it is often more convenient to determine 
the bending moment per foot run, rather than per beam, and to arrange 
the pitch to suit the Z of 2 convenient standard X beam. 

Example.—The load on a 27-in. brick wall, including its own weight 
and that of the footings, is 19-4 tons per lineal foot ; and the width of 
the lower course of masonry footings is 54 in. If the safe bearing 
pressure on ‘the soil be 14 tons per sq. ft., find the necessary pitch and 
dimensions of the X bvams forming the grillage under the wall. 

Assume that the concrete containing the I beams is 18 in. thick. 
and that, with the beams, it weighs 150 |b. per cub. ft. Then the spread 
weight of the grillage is 14 x 150 = 225 lb. per sq. ft. = 0-1 ton per 
sq. ft., and the net safe bearing pressure on the soil is 1:5 -- 0-1 = 1-4 
tons per sq. ft. The safe load per foot run on the grillage is, therefore, 
L, x 1 x 1-4 tons. This must equal 19-4 tons, the weight of the wall 
per foot. Hence L, = 19:4 -~+1-4 = 13-9 ft., say 168 in. The bending 
moment at the centre of the beams, per foot run, is 


M -: sei — (168 — 54) = 277 in.-tons ; 


since W = 19-4 tons; L, = 168 in.: and L, = 54 in. The necessary 
Z per foot run, if f is not to exceed 8 tons/sq. in., is 277 + 8 = 34°7 
in.2 To obviate undue deflection, it is undesirable that the depth of the 
beams should be less than ; their length ; i.e. the beam should not be 
less than 168 + 20 = 8-4 in. deep. A 10 x 6 x 40 lb./ft., N.B.S.H.B. 
No. 6; Z= 40-9 in.2; would require to be spaced not more than 
40-9 + 34-7 = 1-18 ft. apart. A14 x 5} x 40 1b./ft., N.B.S.B., No. 12; 
Z = 53-8 in.2; would require to be spaced not more than 53-8 + 34:7 
-= 1-55 ft. apart; say in round figures, 18 in. apart. The latter is the lighter 
and better solution. With a spacing /= 18 in., the load per beam 1s 
W = wil = 19-4 x 1} = 29-1 tons. The maximum shearing force, from 
eq. (1), is 


168 — 54 
: = 9-9 tons. 





aes) ee 
FI Ta «tf 168 
The depth of the web of the beam is approximately 12-4 in., its thickness 
is 0°37 in. Hence the shearing force per sq. in. is 9-9 + (12:4 x 0-37) 
== 2:2 tons per sq. in., a safe figure. 
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The type of grillage used as the foundation for a column is shown in 
Fig. 466. In this particular case there are three tiers of I beams. The 
beams in each tier should be connected together by bolts passing through 
the webs of the beams, with cast-iron separators or gas-pipe distance 
pieces between the webs ; and the flanges of each tier should be securely 
bolted to the flanges of the tier next above or below it. The method of 
calculation will be evident from the following example. 

It is required to design a grillage for the base of a column formed of a 
compound section composed of two 10 x 8 in. B.S. beams with a 18 x } in. 
flange plate back and front, Fig. 466. The load on the column is 260 
tons, and the safe load on the soil is 2 tons/sq. ft. Assume in the first 
instance that the weight of the grillage proper is 4 tons, and that of the 
concrete surrounding it 25 tons. The total weight to be spread is there- 
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fore 260 + 4+ 25 = 289 tons. To limit the pressure to 2 tons/sq. ft., 
an area of 144 sq. ft., say 12 x 12 ft., is required ; and allowing 6 in. of 
concrete outside the ends of the beams, the length of the beams of the 
lowest tier will be 11 ft. 0 in. 

In a direction perpendicular to the flanges of the column, it will be 
convenient to spread the load over a width of column base of not more 
than 2 ft. If the top tier of beams be 5 ft. 6 in. long, it follows from 
eq. (2) that the maximum bending moment on these beams will be 
¥ (Ly — L,) = = (66 — 24) = 1365 in.-tons, 
and at 8 * tons/sq. in. the total Z required will be 171 in.? If four beams 
are used, the Z of each must be 42:8in.2 A13 x 5 x 365 lb. /ft. N.B.S.B., 

* The L.C.C. Regulations of 1932 permit the normal stresses in the beams to be 


increased by 50 per cent. in grillages of the type shown in Fig. 466, if 1 : 6 concrete 
bea used, with a minimum cover of 3”. 
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Z = 43-6, would carry the bending moment. The total load per beam 
is 260 + 4 = 65 tons; and from eq. (1), the maximum shearing force is 
3{7E L,| 65/66 — 24 

L, {| 2( 66 








5 = 20:7 tons. 
The web area of the 13 x 5 is 11-5 x 0-35 sq. in., approximately, and the 
shear stress is 20-7 + 4-0 = 5:2 tons/sq.in. Without taking into account 
buckling of the web, this exceeds the permissible limit, 5 tons/sq. in., 
aud the next size, 14 x 5} x 40 Ib./ft., Z= 53-8, will be chosen. 
The web area of this is 12-4 x 0:37.= 4-6 sq. in., and the shear stress 
is 20-7 + 4-6 =- 4-5 tons/sq. in. Tested by eq. (1), § 174, the resistance 
to buckling is not quite sufficient just at the point of maximum shear, 
and channel stiffeners will be introduced as shown in Fig. 466. These 
will halve the length of the 45° elementary web columns (see Fig. 263), 
tie the upper tier beams together, and help to support the webs against 
the direct crush from the column load. If the channels are 10 in. 
wide, the base of the column perpendicular to the upper tier of beams 
must be 37 in. wide. 

For the middle tier of beams, therefore, L, == 132 in., L, = 37 in. ; 


the maximum bending moment, eq. (2), is ~ (132 — 37) = 3088 in.-tons ; 


and the total Z required is 3088 + 8 = 386 in.* The length of the top 
tier being 5 ft. 6 in., it is possible to get six beams in the middle tier with 
5 in. between them. The Z of each must therefore be 386 -- 6 = 64-4 in.’ 
A N.B.S.B. 15 x 6 x 45 lb., Z = 65-6, will serve. The load per beam is 
260 + 6 = 43-4 tons, and the maximum shearing force, from eq. (1), is 
43-4 (132 — 37 

2 (| 132 

0-38 = 5 sq. in., and the shear stress is 15-6 + 5-0 = 3-1 tons/sq. in. 
In the lowest tier, L, = 132 in., L, = 66 in., the maximum bending 


= 15-6 tons. The web area is approximately 13-3 x 


moment is = (132 — 66) == 2145 in.-tons, and the total Z required is 


2145 + 8 = 269 in In a width of 11 ft., fourteen beams can be placed 
with approximately 5 in. between them. The Z of each must be 
269 = 14= 19-2 in® The nearest N.B.S.B. is a 10 x 44 x 25 Ib. /ft., 
Z = 24-4 in.?; if this be adopted, only 269 + 24-4 = say twelve beams 
(eleven would practically do) are required. The load per beam is 
260 -- 12 = 21-7 tons, and the maximum shearing force is 


21:7 (132 — 66 
| 132 
The web area is approximately 8-6 x 0-30 = 2-6 sq. in., and the shear 
stress is 2-1 tons/sq. in. 

The grillage will rest on a bed of concrete, say 1 ft. thick, and will be 
arranged as indicated in Fig. 466. The lower tiers of beams will be tied 
together by bolts with gas-pipe distance pieces. It is essential in designing 


| = §-5 tons. 
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griilages to leave sufficient space between the beams so that the concrete 
can be inserted and properly rammed. 

345. Pile Foundations.—When foundations have to be constructed in 
soft ground of considerable depth, piles are frequently used, Fig. 467. 
If the soft ground overlies a stratum of firm hard material, at a distance 
not much exceeding 15 ft. below the surface, it is often considered better 
to carry the foundations themselves down to the firm ground; or the 
weight of the superstructure may be supported on piers of brickwork or 
other suitable material carried duwn to the firm ground. If the depth of 
. the soft ground ranges from 15 to 30 ft., piles may be driven down to the 
hard ground, in positions suitable 
for carrying the weight of the build- 
ing. If the depth of soft ground 
exceeds about 30 ft., reliance must 
be placed on the friction between 
the sides of the piles and the earth 
to support the load. 

Piles may be made of timber or 
reinforced-concrete. Timber piles 
are square baulks of timber (common 
sizes 12 x 12 to 16 x 16 in.), the 
lower end is pointed and, except in 
very soft ground, is protected by an 
iron shue, (i) Fig. 468. The upper 
end is hooped to prevent splitting 
while the pile is being driven into 
the ground. Sawn pitch-pine baulks 
can be obtained up to 40 ft. long ; 
Oregon pine up to 60 ft. long. Karri 
and jarrah wood piles are used to re- 
sist the attacks of wood-boring worms 
in tidal waters. The kind of timber 
used depends largely on what can be 
procured in the locality. Rein- Fia. 467. 
forced-concrete piles, (ii) Fig. 468, 
are commonly made 12 to 24 in. square or octagonal, and are reinforced 
by longitudinal rods with suitable lateral binding. They are proof against 
the sources of decay to which timber piles are subject. 

- In designing pile foundations, caré should be taken that the point of 
application of the load coincides as nearly as possible with the centre 
of resistance of the group of piles, so that all the piles are equally 
loaded, thus ensuring that the settlement is fairly uniform all over the 
foundation. In ordinary cases, piles should not be placed closer than 
_3 ft. centre to centre, or 4 ft. for large piles. Maximum spacing about 
7 ft. 6 in. 

Piles are driven by means of drop hammers falling by gravity, or by 
single- or double-acting steam hammers. The weight and fall of the 
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hammer depena on the size and type of the pile, and is usually specified. 
To drive timber piles, a light hammer with a long drop is used; a 1-ton 
hammer falling 6 ft. may be regarded as 
typical. For reinforced-concrete piles, 
a heavy hammer with a short drop is 
used. For a 14-in. pile a 3-ton hammer 
falling 2 ft. 0 in. may be regarded as 
typical.* When driving a_ reinforced- 
concrete pile, a timber dolly is fitted, (iii) 
Fig. 468, with a rope or other mat be- 
tween it and the head of the pile. This 
prevents disintegration of the concrete 
due to the blow. After driving, the 
heads of piles are cut off to the required 
length and embedded in a concrete slab 
on which the footings rest, Fig. 467. 

Concrete piles formed in situ are fre- 
quently employed. / steel tube with 
a loose point is driven into the ground. 
Concrete is poured into the tube and 
tamped down while the tube is slowly 
withdrawn; the concrete spreads and 
fills the hole, Fig. 469. Where necessary, 
reinforcement is introduced before filling 
in the concrete. 

346. Supporting Power of Piles.—The 
supporting power of a pile is made up 
of two parts: (i) the frictional resistance 
of the sides of the pile against the 
earth, (ii) the blunt end or toe resist- 
ance. The magnitude of these resist- 
ances depends largely on the type of soil 
into which the pile is driven. From 
this point of view, Terzaghi ® divides 
soils into two classes: (a) soils, such 
as sand and gravel, easily permeable 
by water; (8) soils, such as fine-grained 
silts and fine clays, almost impervious 
to water. In soils of type (a) the re- 
sistance while the pile is being driven 
does not differ much from the resist- 
ance when the pile is at rest, and 
a fair estimate of its magnitude may 
be obtained from a pile formula (see Fic. 468. 


Timber Dolly 
9 





* The suggestions of the Joint Sub-Committee on Pile-Driving, Jour. Inst. C.E., 
No. 6, April 1936, p. 587, may be consulted régarding the most appropriate driving 
conditions. 
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below) based on the penetration per blow. In soils of type (6), the water 
contained in the voids in the material below the toe is unable to escape 
during the blow, and offers a high resistance to penetra- 
tion. Subsequent blows loosen the pile, which allows 
the water to escape up its sides, where it acts as a 
lubricant. Thus, during motion, the toe resistance is 
large and the friction smail, whilst under static loading 
the friction may be considerable and the toe resistance 
small. Pile formulae based on penetration per blow will 
not apply in such cases; an experimental pila should 
be driven and loaded to find its supporting power. To 
discriminate between the two types of soil, a test pile 
may be driven, and the penetration per blow measured 
before and after a period of not, less than 24 hours’ 
rest. If the two penetrations are eaual, a pile formula 
may be used to determine the suppurtang power. 

Pile Formulae—-Thie energy givei out by the falling 
hammer is expended partly in overcoming the resistance 
to penetration of the ground, and partly in losses during 
driving. In driving a timber pile through soft ground, 
the losses may amount to 25 % of the total energy. In 
driving a heavy reinforced-concrete pile through firm 
ground, they may amount to 75% or more. They 
include (i) the energy consumed in temporarily com- 
pressing the pile and the earth ; (ii) the energy absorbed 
in overcoming the inertia of the pile; (iii) incidental 
losses in the pile-driving mechanism. By equating the 
energy of penctration plus the lost energy to the total 
energy of the falling hammer, a formula for the supporting 
power of the pile can be obtained. Many such pile 
formulae have been devised. Let Fia. 469. 








Tube being withdrawn 


——-R ee 





R = the supporting power of the pile under a static load in tons. 
R’ = the resistance to penetration under impact in tons. 
Wy = the inclusive weight of the pile including shoe, helmet, etc., tons. 

l = the length of the pile in inches. 
a = the area of the pile in aq. in. 

W = the inclusive weight of the falling hammer in tons. 

hand H = the height of the fall in inches and feet respectively. 

8 = the penetration of the blow or ‘set’ in inches. 


Then Terzaghi * gives as a gencral formula for the resistance to penetra- 
tion of piles 
Ea 2, 2Wh(W + mW) 
wg a 4/g WNW nt 
lL say ot €Wiewe 


‘| - . YW 


where m is a coefficient of restitution which ranges from 0 tol; m= 0 
for non-elastic impact ; m = 1 for perfectly elastic impact. For soils of 
type (a), see above, R = R’. 
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Retenbacher’s Formula.—If m = 0 in eq. (1), 


Wh 
= ~~" 2.) 6 SSS 4 Gk Fike e e e 2 
m (W + Wy)(Rl/2Ea + 8) (2) 
Dutch Rule-—IE in eq. (2), Ri/2Ea is put = 0 
2 2 
R= __Wh  _ _—*i12W* . (3) 


(W+ Wp)s (W+ Wo)s 


a commonly used rule for reinforced-conerete piles; s is the average 
penetration per blow for the last six blows in inches. The factor of 
safety for dead loads is from 4 to 6 for concrete piles, and 6 to 8 for 


timber piles. 
Wellington or Engineering-News Formula.—lt m = 1, and Rl/2Ea = c, 
a constant 
R Wh 12WH (4) 


~ @+e 86+e 


c= 1 for a drop harnmer; c= 0-1 for a steam hammer’; s is the 
average penetration per blow for the last 10 blows in inches. A factor 
of safety for dead Inads of 6 is adopted. 

Kas. (3) and (4) are most applicable in the case of light driving where 
s exceeds 0-2 in. 

Hiley Formula.—This formula takes into direct account the actual 
conditions which obtain during the pile driving, and is to be preferred on 
that account. 


R, = B+ W+ Wp = 


pc2 0 ee ‘ . (5) 


where 
R, = the ultimate resistance of the ground in tons. 


7 = the efficiency of the blow 
= (1 + re*)/(1 + 7) when lfe>r; r = Wy/W 
= r(l + e)*/(1 + r)* when l/e <r. 
For steel ram of d.a. hammer on steel anvil. 
e = 0:5 for steel piles ; = 0-4 for timber piles. 


For c.t. ram of s.a. hammer, or drop hammer. 
= 0-4 for r.c. piles without helmet. 
= 0-32 for steel plate cover of wood cap on steel tubes. 
=: 0:25 for wood cap of helmet in good condition, driving r.c. pile; or directly 
on head of timber pile. 
For a wood cap or head of timber pile in deteriorated condition, or for excess 
packing, e = 0. 


=: 0-9hA for single-acting steam hammer. 

== 0-8h for winch-operated drop hammer ; if released by Hi iy he =h. 

=h (W te pA)/W for double-acting steam hammers; where A = piston area, 
sq. in.; » = mean pressure, 1b. /aq. in. = 80 per cent. of boiler pressure. 

= h(pA - W) /W for | sre extraction (hitting upwards). 
Incuned driving, the vertical, u “1, 

= 0-9h (cos 8 — 0-1 sin @) for singietacting steam hammer. 

= 08h (cos @ — 0-1 sin 9) for drop hammer. 


C = temporary elastic compression of cap, pile, and ground = Cz, + Cy + Cy inches. 
* See a letter in The Engineer, December 3, 1926, p. 605. 
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Type of Driving Easy. Medium. Hard. Very Hard. 
P = R,/a Ib./sq. in. 500 1000 1500 2000 








wits ees ee. et Fe ee ames 
— eer a ee ene fe we 


Oo = Temporary Compression Allowance for Pile Head and Cap. 








Head of Timber Pile . | 0:05 0-10 {| O15 , 0-20 

Short Dolly in Helmet 0°05 0:10 | 0:15 | 0-20 
3 to 4in. Packing on Head of | | 

r.c. Pile , . | 0-07 0-15 | 0-22 | 0-30 
1 to 14 in. Mat Pad only on | 
Head of r.c. Pile. ; 0-43 0 05 | 0-075 0-10 | 
Steel Cap for 16 in. Vibro | | 

Piling Tube . . : 0:04 0-08 | 0:12 0-16 

Cy = Temporary Compression Values per 10 ft. Length of Piles. 
| 

Timber Pile. .{ 0-04 | 0-08 | 0-12 | 0°16 

| R.C. Pile , , -{ 0:03 | 0-06 0-09 0-12 

| Vibro Steel Piling ‘Tube | 0-014 0-028 | 0-042 0-056 


| 


DIE 2) Oa Oe 


For  straight-sided Piles, | | 


| 

. 

| 

Cg = Temporary Compression of Ground (average cases). Penetrable Ground. | 
12-18 in. sides ‘ ; 
{ 








te een 

For dead loads a factor of 3 to 4 is used. 

Test loads of 50 °% in excess of the working load should produce no 
settlement. 

Example.—14 x 14 in. reinforced-concrate pile, 40 ft. long, with 
helmet and short dolly but no mat, weight of pile and helmet, etc., 
Wy = 4 tons. Driven by s.a. steam hammer, W = 2 tons; fall 
h = 46 in. Medium driving. Set for 10 blows -- 1 in. Find the safe 
load on the pile if the factor of safety = 4. 

r = Wyp/W=2; e =0-25; lfe=4; lfeis>r; 

n = (1 + re*)/(1 + r) = 0:38; Ne = 0:9 x 46 =. 41-4 in. ; 

Caz Ce + Cp | Co = 0:10 4 4% 0-06 + 0-10 = 0-44; 3 =: 0-10. 
From eq. (3), 

R, = . or 7 2+ 4-= 104 tons; safe load =: 26 tons. 


—- ——— corres ere ee eee eee ee ae 


Piles Cast in situ.--For piles cast in situ, or where a penetration 


formula is inapplicable, the supporting power can be estimated from the 
formula 


: 2 
sale Re App CE ap OED LS ie) iy 
144 144 (1 — sin d} 

A = the surface area, sq. ft.; f the frictional resistance, Ib./sq. ft. ; @ the area 
of cross-section, sq. in. ; p, = the toe resistance lb. /sq. ft. [see eq. (1) § 349]; D the 
depth of the toe below the surface (ft.); w the weight of the earth lb./cub. ft. ; 
¢ the friction angle of the earth ; Pp, should not exceed four times the safe bearing 
pressure on the soil given in § 338. For mud and soft silt f = 100-150; soft wet 


elay or earth, f = 150-180; compact dry clay, f = 300-400; sand and gravel, 
f == 500-600 Ib. /sq. ft. ree ae 
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347. Sheet Piling.—Another method of constructing foundations in 
soft ground is to drive two parallel lines of sheet piles, Fig. 463, thus 
forming a trench in which the material is prevented from spreading 
laterally. Well-rammed sand, thus confined, makes a satisfactory 
foundation. Sheet piles may be made of tongued and grooved timber, 
(i) Fig. 470, or rolled steel sections, (ii), may be used. These interlock 
each with the next and so form a continuous surface. Sheet piling is 
often employed to exclude water from foundations or other excavations. 


jf ts 1 


Waling (i) 
Simplex f-———., 
(ii) 


Universal 


. x3” | Sheet | Piling 


\A 
\A 


Sheet Steet 


Waling 











LPs a} CWA AKA) i Pp— $f 
ISIS I NSE EELS 
Fig. 470. 


348. Cylinder and Caisson Foundations.—The safe load on bridge 
piers, either cylinders or caissons, is usually determined by the safe 
bearing pressure on the soil on which they rest. The friction between 
the soil and the cylinder or caisson, and the displacement or buoyancy 
of the same, is as a rule neglected when calculating the load which the 
pier will support. Such foundations are carried down to a firm compact 
strata well below the disintegrating influences of weather and water 
(see § 247). 

349. Depth of Earth Foundations in Soft or Loose Soil.—The 
relation proved in eq. (1), § 325, leads to a simple method of determining 
the minimum depth of a foundation below the surface in loose earth. 
Suppose that due to the weight of a building there be a pressure p, on 
the area AB of its foundation, Fig. 471. To sustain this direct pressure 


a 
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p, on the earth below the foundation, a lateral pressure p, is necessary, 
as shown at (i), the ratio of p, to p, being given by eq. (1), § 325, 


_ 1—sing 
Pas Pip ain ¢ 


But the lateral pressure p, must in its turn be sustained by a third 
pressure :p, at right angles to p,, as shown at (ii), which is an enlarged 
view of an element C in 
the neighbourhood of the 
point A. From the same 
equation, therefore, 

_ _ 1l—sing. 

Ps me Pej Ze sin d ’ p 

_ op fia sing)? th di) 
or, P3 = Puli th 
P, P, 


Now the pressure p, must 

be produced by the weight 

of a column of earth D P 

in length, where D is the 

depth of the foundation prea 

below the surface. Hence, p, = wD, where w is the weight of a cubic 
foot of earth, and 





1 — sind)? p,{1 — sin d)? 
= D = {1 — sin ¢ ; Dee m l 
B= Pla s| i aa () 
This equation determines the theoretical minimum depth of the founda- 
tion below the surface. 
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QUESTIONS ON CHAPTER XVIII 


“1. Find by Rankine’s rule the total pressure of the earth on the vertical 
back of a retaining wall 20 ft. high if the upper surface of the earth is hori- 
zcatal and level with the top of the wall. Angle of repose of the earth = 30°, 
weight of earth per cubic ft. = 100 lb. 

Ans. 6667 lb. 


2. Using Rebhann’s construction, Fig. 454, find the vertical and hori- 
zontal components of the pressure on the back of the wall in Q. No. 1 if 
¢' = ¢. 

Ans. Hor. = 5152 lb.; vert. = 29765 lb. 

‘3. The vertical sides of a trench 8 ft. deep are supported by piling. Find 
the total load and overturning moment on the piling per foot run due to earth 
having a weight of 120 lb./cub. ft., and an angle of repose of 30°. The upper 
surface of the earth is horizontal. (U.L.) 

Ans. 1280 Ilb.; 3413 ft.-lb. by Rankine’s rule; 1141 lb.; 3165 ft.-Ib. 
by Rebhann’s construction if ¢’ = ¢. 

4. A retaining wall is 30 ft. high and supports earth whose angle of repose 
is 35° which is heaped above the top of the wall at an angle of 25°. Find the 
total pressure per lineal foot against the vertical back of the wall. Draw the 
ellipse of stress for a point at the back of the wall 15 ft. below the surface. 
Weight of earth 110 Ib./cub. ft. (U.L.) 

Ans. 19,270 lb.; acting parallel to the upper surface. 

5. The vertical back of a retaining wall is 30 ft. high. The wall supports 
a bank of dry, loose earth, sloping upward from the top of the wall at an 
angle of 20° to the horizontal. The angle of repose of the earth is 35°. 
Draw a simple diagram, based on Rankine’s theory of earth pressure, which 
gives the ratio of the conjugate pressures in such a mass of earth. Hence 
determine the pressure per foot run on the back of the retaining wall, and 
indicate where the resultant of this pressure acts, and ita direction. Take 
the weight of earth as 90 lb./cub. ft. (1.C.E.) 

Ans. 13,010 lb.; 10 ft. up; parallel to upper surface. _ 

. Find the total pressure on the back of the wall in Q. No. 5-by the wedge 
theory, if ¢’ = ¢. 

Ans. 13,590 lb. making an angle 35° to the horizontal, and acting 
0:4H = 12 ft. up. 

7. Using the data given in § 335, for the retaining walls shown in Fig. 458, 
find the position of the line of thrust at the base level, (i) by Rankine’s theory, 
§ 326; (ii) by the wedge theory, § 330. 

8. A foundation rests on earth having a weight of 120 lb./cub. ft. and an 
angle of repose of 30°. Find the minimum depth at which the base must 
be placed to prevent the earth heaving up, if the load is 5000 lb./sq. ft. (U.L.) 

Ans. 4-63 ft. 

9. A column carrying a load of 250 tons rests on a base 4 ft. square. 
The base is carried by a grillage having 6 I beams in the upper grill, and 
22 


706 MATERIALS AND STRUCTURES 


15 in the lower grill. Assuming that the load is distributed equally to each 
beam in each grill, that the pressure on the ground is 1} tons/sq. ft., and the 
stress in the beams 8 tons/sq. in., find suitable dimensions for the beams, 
and sketch the arrangement. (U.L.) 

10. A circular brick chimney, 120 ft. high above the ground level, 7 ft. 
external diameter at the top, and 15 ft. external diameter at the ground level, 
stands on a concrete base 24 ft. square. The total weight of the chimney 
including lining and footings is 550 tons, that of the concrete base is 290 tons, 
and that of the superincumbent earth resting on the footings and concrete 
is 90 tons. The bottom of the concrete base is 15 ft. below ground level. 
The mean horizontal wind pressure is 30 lb./sq. ft., and the coefficient, allow- 
ing for the fact that the cross section is circular, is 0-52. Assume that the 
chimney tapers uniformly from top to ground level, and find the maximum 
and minimum pressures botween the concrete base and the soil on which it 
rests. (I.C.E.) 

Ans. 1-89; 1-35 tons/sq. ft. 

11. A 12 x 12 in. timber pile, 30 ft. long, weighing 0-6 ton, is driven 
through soft ground by a 1-ton moukey dropping freely through 6 ft. (easy 
driving) to a set of 4 in. per blow. Find the ultimate resistance to penetra- 
tion. 

Ans. 48 tons (Wellington formula); 90 tons (Dutch rule); 78 tons 
(Hiley formula). 

12. A 14 x 14rc. pile, 50 ft. long, weighing with helmet 5 tons, is driven 
by as.a. steam hammer W = 3 tons, drop 2 ft., to a set of } in. in 10 blows. 
A short timber dolly with 3-in. mat are employed. Assuming medium 
driving, find by the Hiley formula the safe supporting power of a pile, given 
a factor of safety of 3. 

sins. 28 tons. 


CHAPTER XIX 


MASONRY, BRICKWORK, AND MASS CONCRETE 
CON STRUCTION 


350. Stone used in Masonry Structures.—The stone employed for 
mgineering work must possess considerable crushing resistance, be very 
durable when exposed to weather, and not be of an absorbent nature. The 
resistance to crushing and to absorption can be determined by experiment, 
§§ 274 and 277; the durability can best be judged from the results of years 
of experience of the behaviour of the stone in actual structures. The 
presence of certain t.ndesirable constituents, however, is indicated by 
chemical and microscopic tests. 

The three kinds of stone usually used are (1) granites, (2) sandstones, 
(3) limestones. The granites are hard stones, very durable, difficult to 
work, but capable of a fine finish. They are employed where much wear 
is to be expected, or where great accuracy in dimensions is necessary. 
Granite is used for the copings of dock walls, the bedstones for heavy 
girders, the sills of graving docks, and like positions, also when a good 
appearance is required. The best quality of stone comes from Aberdeen 
and Coruwall, large quantities are shipped from Norway. Of the 
sandstones, the grits are the best for heavy engineering work. They are 
hard, coarse grained, and very durable, and much used for ashlar work. 
The following are the best-known varieties: Craigleith stone, a fine- 
grained stone containing 98 % of silica, very hard and durable. 
Bramley Fall, the name used to denote the coarse millstone grits of 
Yorkshire, hard and very durable. Corsehill, a hard red sandstone from 
Dumfries, which weathers well; and Darley Dale, a hard compact grit 
from Derbyshire. The limestones are durable stones, softer than the 
sandstones and more porous. The commoner varieties are: Portland 
stone from Dorset, of which the best beds are the Whitbed and True Roach, 
both of which weather well. Bath stone, which is soft and easily worked, 
but must be laid on its natural bed if it is to endure. Bow Ground is the 
best weathering stone of the Bath oolites. The best known Dolomites or 
magnesian limestones are the Mansfield stones and Bolsover Moor stone 
from Derbyshire. 

In addition to the above there are, in many localities, other useful 
building stones. These vary greatly as regards strength, durability and 
porosity. Careful inquiry should therefore be made, before use, as to 
their suitability for the work in hand. Questions of relative cost, 
quantity available, and appearance, must also be taken into account. 


708 MATERIALS AND STRUCTURES 


PROPERTIES OF STONE. 
(Hupson Beare (Ref. No. 25, Chapter XVI, Bib.)]. 


Weight. Crushing | per cent. 
Kind of Stone. Strength. of Dry 


lb. /cub. ft. | tons/sq. ft. | of Stone. 





Granites. r 
Aberdeen, red ‘ ; ‘ -. | 158-163 | 1210-1320 | 0-29-0-42 
oe grey ; ‘ ; ‘ 158-172 850-1360 | 0-09-0- 55 
Cornwall, grey ; : : d 162-165 956-1060 0-12 
Sandstones. 

Bramley Fall, coarse white’. ; 132-2 240 3-70 
Corsehill, red ‘ é 130:4 440 7-94 
Craigleith, grey- -white : ‘ ‘ 138-6 860 3°61 
Grinshill, grey-white ‘ ‘ ; 122-5 210 7-80 

Limeatones. 
Portland, Whitbed * ; ; , 132-2 205 7-51 
Bath, Box Ground * ‘ ‘ ‘ 127-9 98 7-49-8-10 

| »» Corsham Down * : 129-0 05 11-1 

Crystalline limestone (Banchory) ‘ 174-7 950 — 

| Dolomites. 

White Mansfield + . ' ; , 140-1 460 5-01 
Red Mansfield ‘ ‘ 143-2 590 4-58 
Mansfield Woodhouse t. ; ; 145-4 580 4-62 


renege RS Ee tee a ere 
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* Oolitic. { Siliceous dolomite. { Crystalline, yellow; true dolomite. 
A factor of safety of at least 10 should be used (see § 356). 


351. Quarrying and Working Stone.—The stone is obtained from its 
quarry bed by blasting, or by splitting out by means of iron wedges. The 
large blocks thus procured are again split and sawn to approximately the 
required size. Stones like granite, which are granular in structure, 
split equally well along any plane. The aqueous stones split more easily 
along the planes of stratification, spoken of as the planes of cleavage. 
The particles of which these stones are composed were deposited in 
successive layers at the bottom of the sea or a lake, and afterwards 
consolidated into stone by pressure. They are, in consequence, built 
up in layers running parallel to the natural bed or plane on which they 
were deposited ; but owing to subsequent upheavals, this plane may not 
appear at the quarry in its original position. It is most important that 
the blocks for a masonry structure should be so cut and marked at the 
quarry that, when in position, the planes of stratification shall be as 
nearly as possible perpendicular to the direction of the pressure, and that 
only the edges of the layers should be exposed to the weather. Stones 
otherwise arranged disintegrate under atmospheric influences much more 
rapidly, for the layers tend to flake off successively when exposed to 
frost. 

Dressing.—After the stone has been reduced to approximately the 
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required size, the top and bottom surfaces, called the top and bottom 
beds, should be worked true and flat right across. A smooth finish is 
not necessary, but hollow bedding, i.e. making the stones bed true round 
the edges only, should not be allowed. In addition, the vertical joints 
should be worked square and true for at least 4 to 6 in. from the face, 
depending on the size of the stone. The face, or exposed surface, is 
dressed in various ways, depending on the purpose for which the stone is 
intended. In the case of granite, the face may be left as it comes from 
the quarry after being split, the larger protuberances having been 
knocked off with a scabbling hammer. Blocks treated in this manner 
are called quarry- or roct-faced or hammer-dressed. The surface thus 
produced is necessarily irregular, and in order that a close joint may be 
made it is usual to cut a smooth surface with the axe all round the edge 
of the face. Such edges are said to be drafted. If the face is to be flat, 
it must be worked all over as are the top and bottom beds. It may be 
dressed with a pick (2 hammer with a sharp point), picked or close 
picked ; or worked with the axe (a sharp-edged hammer producing a series 
of shallow indentations all over the surface), single-axed ; or the patent 
axe may be used in which there are a number of parallel blades, thus 
producing finer work, patent-axed ; depending on the degree of finish 
required. Granite may also be polished. 

In the case of sandstones and limestones, the blocks, after being split 
and sawn, are worked with a hammer or mallet and chisels of various 
types, instead of being axed. The top and bottom beds and the vertical 
joints are dressed in the manner previously described. If the face has 
a drafted margin, the centre part may be left rough as when quarried, 
rock-faced ; or roughly dressed with a spalling hammer as in the case 
of granite. When a more ornamental treatment is desired, the centre 
part may be worked into ridges and depressions, a type of work known 
as rusticated or vermiculated. If the face is to be flat, the whole surface 
is worked over with a broad chisel. Such surfaces are spoken of as 
tooled, and the tooling may be fine or coarse, and of several different types 
as may be required. The face may be rubbed smooth, but most free- 
stones are too soft to take a polish. The softer varieties of stone may be 
finished with a drag or toothed comb, which produoee a smooth face 
without tool marks. 

Mouldings may be worked on stones, either by hand to template, or 
by machine. In the harder stones, owing to the difficulty of working, 
they should be of simple outline. 

Having been worked to shape, the stones are allowed to season in the 
open air. When freshly quarried, the stone contains a quantity of mois- 
ture called quarry sap. This moisture renders the stone softer and easier 
to work. It should therefore be worked immediately after quarrying, 
and the sap dried out before the stone is built into place. The hardness 
of the stone is increased thereby, and the danger of disintegration by 
frost diminished. Working the stone at the quarry has the additional 
advantage that the cost of carriage to the site is reduced. 


* 
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352. Types of Masonry Work.—The following are the types of 
masonry work commonly used in engineering work: Block-in-Course ; 
Squared Coursed Rubble; Ashlar ; 
and Jtubble Concrete. 

Block-in-Course.— This is the 
type of construction used for har- 
bour walls, embankments, and 
similar heavy work. A _ typical 
example is shown in Fig. 472. 
The stones are usually rock faced, 
squared, brought to good joints, 
and set in cement mortar (1 of 
cement to 3 of sand), or in hydraulic 
lime cement (1 of lime to 2 of sand). 
The blocks are built in courses, the 
height of which usually ranges 
from about 9 to 14 in., and should 
not exceed 24 to 30 in. in the largest 
class of work. All the stones of Course X 
any one course are of the same 
height, but the height of all the 
courses need not necessarily be the 
same, they may diminish regularly 
from the bottom to the top. 

The arrangement of headers and 

stretchers and the method of 

bonding will be clear from Fig. 

472. It is usual to specify mini- Course Y 

mum dimensions for the stones to Fra. 472. 

be employed. No stone should be 

less in width than 1} times its thickness. The length of the headers and 
stretchers should be at least 24 times their thickness. In the smallest 
class of work no stone should have a bed 
area of less than 2 sq. ft., nor less than 
15 sq. ft. in the largest. There should be 
one header for every two stretchers. The 
lap should not be less than the height of 
the course. The joints should not exceed 
from } to 4 in. in thickness. The interior 
stones, called hearting or packing stones, 
should be of the same height as the face 
stones, and of approximately the same size. 
They should be arranged to give the best ourse X 

possible bond and to break joint as far as Fic. 473. 

is possible. 

Squared Coursed Rubble.—This type of masonry, Fig. 473, is used for 
walls and other less massive constructions than block-in-course. The 
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stones are squared, and built in courses of the same height, usually 
ranging from 8 to 14 in., but the individual stones need not be of the 
same height as the course. All the headers or bonding stones should be 
equal in height to the course, and there should be one header to three or 
four stretchers, which header should be at least 2 ft. long. No stone 
should be less than 4 in. in thickness, and there should be not more than 
two stones per course. 

There are other types of rubble masonry, coursed and uncoursed, of 
various degrees of finish. These are chiefly used for the less important 
work, boundary walls, etc. 

Ashlar.—In ashlar work the stones are of large size, carefully worked 
all round to exact dimensions, and set with joints usually not exceeding 
4 to din. in thickness. It is the highest class of masonry work and is used 
where accurate shape and finish are necessary. It is commonly employed 
for dock sills, facing dock walls, quoins (exterior corners of walls), string 
courses, copings, parapets, arches, and wherever accurate workmanship 
and good appearance are 
required. An _ occasional 
course of ashlar is often 
introduced in rubble stone (n) YF 


work to bring the whole as Joggle. 
true and level. In ashlar 
work the courses. are 
usually not less than 12 in. 
in height, and all courses be (") 
eau 


are of the same height. 
The sizes of the stones and 
arrangements of bonding Fic. 474. 

may be similar to those 

for block-in-course given above, but a very usual form of face bond 
for ashlar is similar to Flemish bond in brickwork. Often ashlar is 
used for the facing only of a wall, the backing being of rubble or 
brickwork, (i) Fig. 474. In this case the minimum thickness of 
facing should be 6 in. Fig. 474 shows some typical ashlar work. The 
joints may be plain, rebated, or V joints, (ii). The rebate may be 
formed half on each adjoining stone, or entirely on one stone, when 
it should be arranged to come at the top of the stone. (ili) and (iv) 
show some methods of dowelling and cramping where, as in coping 
stones, some connection between the blocks is desirable. A 1 to | 
cement is used for the joggles, and to bed in the cramps. The latter aro 
made of copper, or wrought iron heavily galvanised to prevent rusting, 
which tends to split the stone. 

Rubble Concrete.—This is a class of construction used for the hearting 
of large mass concrete structures such as masonry dams. Large blocks 
of stone, roughly squared, and weighing up to 8 tons, called plums, or 
displacers, are placed in the concrete, Fig. 475, and arranged roughly in 
courses, so that they break joint both horizontally and vertically. Some 


ro oe V aif (iv) 


712 MATERIALS AND STRUCTURES 


of the stones are made to bond transversely as well as longitudinally ; in 
fact, the construction may be regarded ag a rough rubble wall on a very 
large scale. The stones should be placed 

as close together asis practicable,in order Gar US ee SP 
to increase the weight of the mass and “Gy pseSAiry) 
to save concrete, but with not less than 
6 in. of space between the stones, so that 
the concrete may be properly rammed. Ae: PF 
Care must be taken that all voids are Rock Foundation -. Ses 
filled with concrete, and it is not unusual Fia. 475. 

to work the plums backward and forward 

when in place to ensure proper bedding, an operation known as ‘ waggling.’ 

353. Masonry Structures. Conditions of Stability.—-The conditions 
of stability for a masonry structure are : 

(1) The blocks or voussoirs must not overturn 
at a joint. This condition implies that the line of 
action of the thrust at the joint, called the line of 
thrust or line of resistance, Fig. 476, must not fall 
outside the joint. 

(2) The maximum compressive and _ tensile 
stresses must not exceed the permissible intensity 
for the materials. The permissible compressive 
stress depends on the kind of stone and cementing Fra. 476. 
material used (see Table, § 356). The tensile 
strength of mortar is small, and it is common to specify that no 
tensile stress shall exist in the structure, particularly if it be exposed 
to water pressure. As will be shown in § 354, this implies that the 
line of thrust must lie within a certain 
distance from the centre of area of the 
cross-section. In this case the second con- 
dition of stability includes the first. 

(3) The blocks must not slide one on 
the other. This implies that the tangential 
component of the thrust, F cos @, must not 
exceed the frictional or shearing resistance 
to sliding. 

It is evident that an examination of 
the stability of a masonry structure in- 
volves a determination of the line of thrust. 

354. Stresses in Masonry Structures.— 
Let AB, Fig. 477, be any normal cross- 
section of a masonry structure, and C the 
centre of area of that section. Let F be the 
resultant pressure acting across the section, 
and Q its point of application. Then N = Fsin@ is the component 
normal to the section, and S = F'cos @ the tangential component, where 
@ is the angle which F makes with AB, Apply two equal and opposite 











Fia. 477. 
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forces NN at the centre of area.C, as shown in the figure. Thtse will not 
alter the equilibrium of the conditions. The force N at ©, above the 
line AB, will produce a uniform compressive stress all over the cross- 


section of intensity fa = s = = sin 6, where a is the area of the section. 


The other two forces NN, acting at C and Q, will form a couple of mag- 
nitude Ne, which is the bending moment M on the section. If I be the 
moment of inertia of the cross-section, and v the distance of any point 
on the section from the principal axis through C, the stress at the point, 
due to bending, is 

Mv Nev Fev. 


fo = T == a eas T sin 6. 
The total stress at the point is, therefore, 
f=fa+t+ fo= sind + = sin i ind = 71 + — S| sin. 


The maximum value of f, which occurs where v = + 2, is the maximum 
compressive stress on the cross-section, 


fmax. = a + 88 in 6 = at + “tt . (1) 
The minimum value of f occurs where v = — 2,, and is 
F eve) ev;) : 
Se Sey . (2 
ae =|} - =<? ind = =} “| (2) 


If this value be negative, it implies that the stress is tensile. These two 
. equations give the maximum and minimum stresses on the cross-section 
for given values of F, e, and 0. 
In a masonry structure the cross-section is usually rectangular. If 
the breadth of the rectangle be B and the depth D, 
I BD? D?. _ D 
5 


pel soe 


a BD 12? 


Inserting these values in eqs. (1) and (2), 





froax. = {t+ Shing = f+ Sh - . (3) 
fnin, = ={1 — Fleing = 71-5 : . (4) 


In many masonry structures it is usual to specify that the stress on 
the cross-section shall never become tensile, that is to say, that fmin. 
must never become negative. The limiting condition for this is evidently 


3 ry 
fmin. = 9; or, 1 — Sy = 0, whence = F ~ +. (5) 
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If the ctoss-section be rectangular, B x D, 
2 Dp? 2 =D 
» 12D 6 
It follows that, if no tensile stress is to exist on the cross-section, the 
point of application of the thrust F must fall within the middle third of 
the depth D. This is known as the middle third rule. If the cross-section 
be circular, of diameter D, x? = D?/16, and v, = D/2; hence e = x?/v, 
== D/8, and the point of application of the load must lie within the 
middle fourth of the cross-section. 

The average shear stress on the cross-section will be 


Dn co 5d, . sé ; ; . (6) 
a a 


e= 


If the cross-section be rectangular, the maximum value of the shear stress 
will be : : cos 8 (see § 81, Vol. I). 


355. Tensile Stresses in Masonry Structures.—In structures such as 
masonry dams it is essential that the line of thrust pass within the middle 
third of each cross-section, otherwise cracks will occur on the upstream 
face, which is in contact with the water, and the water will percolate 
into the interior. 

Nevertheless, it is a matter of common observation that in masonry 
structures which have safely carried their load for many years, the joints 
tend to open, showing that some tension exists. On these grounds, in 
structures such as masonry arches, where no question of percolation 
arises, some Engineers consider it sufficiently safe if, under the worst 
combination of external loads, the line of thrust pass within the middle 
half of the cross-section. In this case, for a rectangular cross-section, 
if the line of thrust just fall within the middle half,e = D/4; hence, from 


eq. (4), § 354, Fi 68D os 


There is therefore a tensile stress of intensity equal to one-half the mean 
normal stress fa, acting on the joint. Ifthe mortar has sufficient strength 
to resist this tension, the maximum compressive stress, from eq. (3), 
§ 354, will be F 6 D 
fmax. = =} aE D* 4 
or two and a half times the mean normal stress. Had the line of thrust 
just passed within the middle third, the maximum compressive stress 
would have been equal to 2fg. This increase in the maximum compressive 
stress may be quite as important as the existence of a tensile stress. 

To what extent it is safe, in particular cases, to permit tensile stress 
in masonry structures is largely a matter of judgment and experience. 
In doubtful cases it is best to adopt the middle third rule. 

If the mortar is incapable of resisting the tensile stress, the joint will 


sin g = 24 fa, 
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open, and the distribution of stress will be completely changed. The 
crack, once started, will continue to extend until the centre of action of 
the compressive stress on the cross- 
section falls in line with the normal 
component N of the thrust. Assuming, 
as before, a straight line distribution 
of stress, the state of affairs will then A TO 
be as shown in Fig. 478. The width of 
joint remaining in contact will be JB = 
3(D/2 — e), so that, if the section be 
rectangular, the area in contact will be 


3(5—e) 
9 D — 2e 
Sire ote hopes es Fia. 478. 


The resultant total stress must be equal to N, so that the mean stress 






«. 








_ 
will be N -= (30 5) . The maximum stress will be twice the mean, 
hence 
f 2N _ 4ND =f 4D 
max." D—2e 3a(D— 2e) °* 3(D — 2e) 
sa 2D 


If the line of thrust just fall within the middle half, e = D/4, and 
fmax, = 2%fa, instead of 24 fa had the joint not opened. 

356. Working Stresses in Masonry.—The compressive strength of 
masenry work is much less than that of the stone itself. It depends 
chiefly on the accuracy with which the stones are dressed, proper bonding, 
the thickness of the joints, and the strength of the mortar. Thin joints 
are stronger than thick ones, for the mortar tends to squeeze out under 
load. The following Table gives average figures. 


SAFE COMPRESSIVE STRESSES IN MasonRY, TONS /SQ. FT. 


comers 0 me oe ee eee ere eee 




















ls 
er ; Square ' 
ee * Ashlar, : Boe Coursed Uncoursed 
Stren if t" Joints. }° Joints Rubble, Rubble. 
ae | 1° Joints. 

See ee! es as 
Granite . . 800 40 35 20 . 
Siliceous Sand- A 4 — 
stone or Crys- 0 cee 
talline Lime- 
stone . ; 400 30 30 15 . : 
Soft Sandstone oe 2 lie 
or Limestone . 200 20 20 10 Pp 


* In 1:3 cement mortar. 
In piers, if L/D exceed 5, these stresses should be reduced. 
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357. Masonry Arches.—Fig. 479 gives the terms used to denote the 


different parts of an arch. 





Soffit. 

. Spandrel space. 
Spandrel wall. 

. Voussoirs. 


Fia. 479. 
A. Abutment. J. Springers. 
B. Backing. K. Keystone. 
C. Crown. L. Span (clear). 
D. Rise. M. Springing line. 
E. Extrados. N. Arch ring. 
TI. Intrados. P. Parapet. 


<i dHme 


. Wing wall. 
. Section of wing wall. 


This figure is representative of small arches whether constructed of 
masonry or of brick (see Fig. 500). The space between the roadway and 


the curve of the arch, called the 
spandrel space, is usually filled in. 
Directly on top of the arch ring is 
placed a concrete or masonry backing, 
which tapers up from the abutments 
tangent to the ring. Above this 
backing, the space is filled with dry 
earth filling up to the level of the 
roadway proper, Fig. 479. In larger 
arches, the weight of this filling would 
form an unnecessarily heavy load 
on the structure, and the filling is 
omitted. The roadway is then carried 
on jack arches, Fig. 480, spanning 
between a series of parallel longitu- 
dinal walls called spandrel walls, the 
outer two of which form the face of 





ee ee or rr ere 
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Arch Ring. 
Fia. 480. 


the structure. Very large arches are constructed as shown in Fig. 481. 
The roadway is carried on a series of secondary arches running trans- 
versely to the main arch. The load from these is transmitted to the 
arch ring by a series of masonry piers. The spandrel space is quite open. 
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The arch ring rests at its ends on specially shaped stones called 
springers, J, Fig. 479, the upper surfaces of which are made approximately 
perpendicular to the line of thrust. These transmit the load to the abut- 
ments. The forces from the arch which act on the abutments are shown 
in Fig. 479. To find the total pressure on the foundations, these must 
be combined with the earth pressure acting on the back of the abutment 
wall. In arches of the type shown in Fig. 481, the ends of the arch 
ring may bear directly on the rock forming the sides of the valley, which 
is shaped to suit. Arches of this character, of which the ends are flat, 
and bear over a considerable area, are called rigid arches. In some 
cases, masonry arches have been constructed with hinges or quasi-hinges. 
These may take the form of a lead plate, about 1 in. thick and one- 
quarter the depth of the arch ring, inserted between the voussoirs at the 
crown and springings; or pin joints similar to those shown in Fig. 363 
may be employed. They are attached to the end voussoirs by rag 
bolts. Similar joints have been used for concrete and reinforced-concrete 
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170 ft. = 
Fia. 481. 


arches. The intention is to determine more accurately the line of thrust, 
and to relieve the arch of any temperature and shrinkage stresses. 

Proportions of Masonry Arches.—When designing masonry structures 
it is necessary first of all to fix likely dimensions for the structure, based 
on successful designs, and then to test the stability of the proposal. 
For this purpose a number of rules have been given for the proportions 
of ordinary masonry arches. Let L=the span; R= the radius of 
curvature, and T = the thickness at the crown; D = the rise, and r 
= the ratio rise/span = D/L; all dimensions being in feet. 

Molesworth gives, for railway arches, from 25-70 ft. span: D = L/5; 
T = L/18; width of abutments L/5 to L/4; width of piers L/6 to L/7. 

Rankine gives: T = +/0-12R for a single arch ;- T=+/0-17R for 
a series ; width of abutments R/3 to R/5 (at the springings). 

Perronet’s formula for circular or elliptic arches is: T = L/30 + 1. 

Trautuine’s rule for circular or elliptic arches of first-class cut stone 
is: T=0-25./R+ L/2+ 0-2; for second-class work, multiply by 
9/8; for brick and rubble arches, multiply by 4/3. Width of abutments 
at springings = R/5+ D/10+ 2; at foundations, not less than two- 
thirds the height to springings. 

The above formulae are intended to apply to small or medium span 
arches, designed for light loading. 

Sir EB. Owen Williams has made a study of a series of 200 direction- 
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fixed arches up to 300 ft. span, designed to carry Ministry of Transport 
loading and impact, allowing for a temperature rise of 25° F. and fall of 
20° F. in filled arches, and (on account of less protection from temperature 
changes) of 35° F. rise and 25° F. fall in open spandrel arches. It is 
assumed that the arch proper would be constructed in isolated blocks 
and keyed up after one month, thus eliminating shrinkage stresses. 
Arch shortening is taken into account, but the abutments are supposed 
rigid. The line of thrust is kept within the middle half, but in unreinforced 
arches the maximum tensile stress is limited to 100 lb./sq.in. The follow- 
ing practical rules are given : 

Plain Masonry Arches.—Filled Arches, T = L/50+ 1; maximum com- 
pressive stress fc = 200 + (5-85 4/L)/r; Open Spandrel Arches, T = L/50; 
fe = 500 + L when r=0-15; fc = 400+ L/3 when r= 0-30; stresses 
in lb./sq. in. Thickness and area at springings twice that at crown. 


Prarn Masonry ARCHES: Liurrs or SFANS AND RISES ror VARIOUS MATERIALS. 


Filled Arches. Open-Spandrel. 


Material. Wea se 
Se r= 0-20 | r = 0-30 | x = 0-20 | r = 0-30 
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Ib. /aq. in. feet. feet. feet. feet. 


Cut basalt or granite up to up to 
in cement Oa 750 200 200 te co sp ae 
or 1: 14:3 concrete at least at least 

Cut basalt or granite 
in lime mortar 375 50 100 

Best quality bricks eer 
and rubble masonry 125 to 200 
in cement mortar, 500 100 200 ms at least 


or 1:2: 4 concrete 

Best quality stock} 
bricks or stone, in} 250 50 50 
lime mortar . ap 

Common bricks in 
cement mortar, or - 250 30 50 
1:3: 5 concrete 4 





Norses.—Jt is inadvisable to use plain masonry arches for rises of less than 
r=0-15. With a streas of f, = 750, and r = 0-165, filled arches are possible from 
100-200 ft. span, and open-spandrel arches from 150-200 ft. span. For rises of less 
than 0-20, the arch should be ribbed on the under side at the springings; f, should 
not exceed 750 lb. /sq. in. in unreinforced masonry. 

Reinforced-Concrete Arches.—In all cases: 1% reinforcement at 
crown; thickness and area at springings, twice that at crown, 4% 
reinforcement. The proportions are given in the Tables, p. 719. 


Vartation in Thickness.—The thickness of the above arches is assumed 
to vary from crown to springings as follows : 


Section .. -- 0-0 0-5 1-5 2°5 3-5 4°5 
Thickness .. -- 1-000 1-005 1-015 1-025 1-035 048 
ion 7°5 8-5 9-5 0:0 


| owe BB 6-5 . 
_ Thickness .. .. 1-085 = - 5168 = 1-311 155647)— 1-887 — 
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T xn Feet ror R.-C. FrnueEp ARCHES UP TO 200 Fr. SPAN. 
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Arched Slab full width Arched Slab two-thirds width 
of Bridge. of Bridge. 
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Mix 1:14:3; | Mix 1:1:2; Mix 1:14:3; 














fe = 850 fe = 1100 fo == 850 
0-1 L/55 ; min. 12” | L/40; min. 15”| L/50; min. 12” | L/35; min. 18” 
0-15 L/75; min. 9” | L/60; min. 9” | L/65; min. 9” | L/50; min. 9” 


and upward. 
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a Min. crown | Add to min. | Min. crown | Add to min. 
(all concretes) area per foot | area for every| area per foot | area for every 
“« Of width of | 10 percent. | of width of | 10 per cent. 
bridge, for reduction bridge, for reduction 


T for min. 








depth T. in T. depth T. in T. 
sq. ft. per cent. sq. ft. per cent. 
1-6 (L./200+ 1) L/75 nil. L/60 * nil 
2-0 (L/200+1) L/140 10 L/90 5 
2-5 (L/200+1) L/200 12-5 L/125 , 10 
2:9 (L/200+-1) L/245 14 L/160 12-5 
3-3 ( 





L/200+1){ 1/275 | 15 L/190 15 


* Limited to 250 ft. span. 





In small spans the thickness may be kept uniform. In larger filled 
arches it may be increased 50 % from crown to springings according 
to a linear law, but it is more economical (if possible) to increase 
the depth as the square of the distance from the crown, or even as 
the cube for still larger spans, § 322, and it may be necessary to make 
the depth at the springings twice that at the crown, particularly in 
arched ribs. 

358. The Line of Thrust.— Experiment ® has shown that large masonry 
arches approximate very closely in behaviour to elastic arches with 
direction-fixed ends, and the line of thrust may be determined as in § 222. 
In small arches, bearing in mind that the end conditions are very in- 
determinate, and that the load is transmitted to the arch ring through 
a mass of dry filling, Fig. 479, so that the incidence of the load is quite 
indefinite, an application of the theory for an elastic arch, § 222, hardly 
warrants the labour involved, particularly as experience has shown 
that if, for the given system of loads, a line of thrust can be drawn lying 
wholly within the middle third of the arch, or even within the middle 
half (see § 355), the arch will be perfectly stable in practice. 
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It is necessary to examine the arch in the following conditions : 


(i) loaded with its own weight ; 
(ii) when the moving load completely covers the arch ; 
(iii) when the moving load half covers the arch. 


The arch must be stable under each of these conditions. Ifthe moving 
load be uniformly distributed, condition (ii) includes condition (i). It 
is not usual in such methods of treatment to attempt to determine the 
position of the moving load which produces the worst effect, but allowance 
should be made for impact where necessary. 

Load Diagram.—The method of estimating the loads on a masenry 
or brick arch will be clear from Fig. 482. The data given has reference 
to the arch of Fig. 500. <As- 


sume that the structure is 1 ft. a LL 
wide perpendicular to the Ballast bh b, 100 | Ib/cub. p 1-6" 
re The dua : oe 7 7 , i i sae 
up into a number of vertica. ‘Filling ; 90 lb/!cub ft. : | 

strips, (i) Fig. 482. For each Pry| ney "i ES 





strip, the face area of the arch 
ring, concrete backing, earth 
filling, and road material, 
multiplied by their respective 
weights per cubic foot, will 
represent the weights of these 
materials carried by the arch. 
It is convenient, in order to 
find these weights, and the 
line of action of their resul- 
tant for each strip, to con- 
struct a load diagram, (ii), in 
which the heights of all the 
ordinates in (i) are multiplied 
by the weight per cubic foot 
of the respective materials, 
and the product is set up 
to some convenient scale. 
Thus, comparing any ordi- Fra. 482. 

nate common to (i) and (ii), 

the height a,’b,’ in (ii) is equal to the height a,b, in (i), expressed in 
feet, multiplied by w,, the weight of Thames ballast in lb./cub. ft. 
Similarly, b,’c,’ in (ii) is equal to b,c, in (i), expressed in feet, multiplied 
by w,, the weight of the dry filling in lb./cub. ft., and so on. The unit for 


all these heights is ft. x aa == lb./sq. ft. When the arch carries a live 


load, the height a,’z,’ represents this live load in lb./sq. ft. of area of 
roadway. 
The area 2,'€, in (ii) represdéhte the total load on the second strip, 


iheqh48 ISiBF 3 4 
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and the line of action of this load will pass through the centroid of this 
area. Suppose that in (ii) the horizontal scale be 1” = a, ft., and the 
vertical scale be 1” = a, lb./sq. ft.; then, if the area z,’e,’ be a square 
inches, the total load represented by this area is aa,a, lb., since for the 
purpose of calculation the structure has been taken to be 1 foot wide. By 
finding the areas and centres of area of each strip of the load diagram (ii) 
in turn, the magnitude and position of all the loads on the arch are 
determined. All these loads are assumed to act vertically.. 

Fuller’s Method.—Having found the loads on the arch, the graphical 
method of Professor Fuller may be used to find the line of thrust. Let 
ACB, (i) Fig. 483, represent the arch. For the given system of loads 
W,, We Ws,.... draw any line of thrust AED’QB passing through 
A and B (§ 217), the pole being O,. From the highest point D’ of this 
‘ine of thrust, draw any two lines D’A’ and D’B’ cutiing the base line 
AB produced in A’ and B’; A‘D’‘B’ is to be regarded as a line of thrust 
for the given loads, obtained by some curious kind of projection in which 
the funicular polygon takes the form of two intersecting straight lines. 
Evidently, if the point A becomes the point A’, and the point B becomes 
the point B’, the point E will become the point E’, and the point P the 
point P’, and soon. To obtain the middle third area in the new kind of 
projection, divide the base line AB into a number of parts 1, 2, 3,... 
Through the point 3, draw a vertical cutting FD’ in 3”, project horizontally 
across from 3” to 3’ in the line A’D’, and draw a vertical through 3’. 
Then the vertical through 3” in the old projection will be represented by 
the vertical through 3’ in the new. Project horizontally. across from the 
points where 3,3” cuts the middle third boundary lines of the arch to 
intersect the vertical through 3’. The intersection points so obtained 
lie on the middle third boundary lines in the new projection. By 
repeating this process for all the points 1, 2, 3,...the shaded area 
of (i) Fig. 483 will be obtained, which represents the middle third area in 
the new projection. If, now, a pair of straight lines A,D,B; can be drawn, 
meeting in, D, on the vertical through D’, and lying entirely within the 
shaded area, it is possible to draw a line of thrust lying entirely within 
the middle third of the arch. If more than one solution is possible, 
the pair of straight lines lying nearest the centre line of the shaded area 
should be drawn. These will represent the most ppane line of thrust. 
Draw A,A,, B,B,, horizontal lines; join A,B,. 

To draw a line of thrust corresponding to he straight lines A,D,B,, 
draw Oh in the force polygon parallel to A,B, (0,/ is parallel to AB). 





Make H = H, x D e . Afunicular polygon, drawn with the new pole O 
141 


and passing through D,, should lie wholly within the middle third. 
This is not shown in the figure. 

If in such an arch it is possible to draw a line of thrust lying wholly 
within the middle third, or even (see § 355) within the middle half, of the 
arch ring, the arch may be regarded as stable. If, then, the safe compres- 
sive stress on the masorry be not exceeded, the arch will safely carry 
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the given system of loads. If it be not possible to draw such a line of 
thrust, or if the safe stress be exceeded, the thickness of the arch must be 
increased. 

To demonstrate that the safe compressive stress has not been 
exceeded, the stresses in the material must be found by eq. (3), § 354. 
The thrust F at any section is represented to the force scale by the ray 
in the force polygon parallel to the line of thrust at the section. Its 
point of application is the point at which the line of thrust cuts the section, 
so that both F and e in the equation are known. From the dimensions 
of the arch, the maximum stress can be at once calculated. 

(ii) Fig. 483 is an application of the method to the brick arch of 
Figs. 500 and 482. It is assumed that the left-hand half of the arch 
carries a live load of 400 Ih. /sq. ft. of area of roadway. The load diagram 
1or the case is given in Fig. 482, which shows the loads carried by the 
left-hand half of the arch, and the positions of their lines of action. The 
loads on the right-hand half of the arch and their lines of action are 
found in a similar way but there is no live load. The middle third area 
in Fuller’s projection (ii) Fig. 483, is obtained exactly as in (i) Fig. 483. 
It is just possible to draw two intersecting straight lines A,D,B, within 
this area, and it is therefore possible to draw a line of thrust lying within 
the middle third of the arch, as is shown in the figure. Under this 
condition of loading, therefore, the arch is stable. 

To complete the examination of this arch, lines of thrust for the cases 
in which the arch is unloaded, and when it is fully loaded, § 358, should 
be drawn. 

The maximum stress in. the material, under the conditions of (ii) 
Fig. 483, can be ascertained from eq. (3), § 354, 


foax, = = (1+ ‘4 sin 9 = 7 (1+ 9) . aii 
a T a T 


since the depth of the section is now T. The left-hand reaction, which 
is the greater of the two, is represented by the top outside ray of the 
force polygon, (ii) Fig. 483, and scales 23,700 lb. = 10-6 tons. As will 
be seen from the figure, this force is, practically speaking, perpendicular 
to the end cross-section of the arch (i.e. 8 = 90°, and N = F), and it 
passes through the extreme corner of the middle third area. The arch 
is five bricks thick, hence its thickness T = 22} inches; e = T/6; and 
a = (22} + 12) x 1 = 1-85 sq. ft. Hence, from eq. (1), 
10-6 6T 2 x 10-6 : 
fmax. mas (2 } i Be ogee = 11-5 tons/sq. ft. 

This is the maximum stress anywhere in the arch. The normal thrust 
at the cross-section through D,, near the crown of the arch, may be 
obtained by drawing a ray from the pole O in the force polygon normal 
to that cross-section. This ray scales 13,800 lb. = 6-2 tons, which is the 
value of N. The distance e of the line of action of this force from the 
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centre of the cross-section scales 2? inches, T = 22} inches, and 
a = 1-85 sq. ft., as before. Hence, from eq. (1), 

6-2 ( 6 x 2-75 
1-85 22-25 

To obtain the vertical components of the reactions, a horizontal line 
should be drawn through the pole O in the force pelygon. This line will 
divide the load line into two parts, proportional in length to the vertical 
components of the two reactions. The length of this horizontal line, 
measured to the force scale, is the horizontal thrust H everywhere in the 
arch. The double triangle AA,B,B is the fixing moment diagram, and 
its ordinate uz” at any section, measured to the length scale, multiplied by 
H measured to the force scale, gives the fixing moment at that section 
(see § 222). 

359. Experiments on Arches.—-In 1895 the O6cest. Ing.-u. Arch.- 
Verein ® published the results of some experiments on arches of masonry, 
brickwork, plain and reinforced-concrete, ranging in span from 1-35 to 
23 metres. The largest arches of masonry and brickwork, set in Portland 
cement mortar, had a span of 23 m.; rise 4-6m.; thickness at springings 
1-14 m.; at crown 0-6m. The distortions of the arches under a load 
covering one-half the span were carefully measured as the load increased 
up to the failure point, and were found to agree well with deductions 
from the elastic theory, as did the positions where cracks occurred in the 
arches. The experiments may be held, therefore, to demonstrate that 
the elastic theory, § 222, may be safely applied to brick, stone, and concrete 
arches. This conclusion has been confirmed by the work of the Special 
Committee on Arches of the American Society of Civil Engineers. 

360. Masonry Dams.—Masonry dams are high reservoir walls, built 
across & Valley, for the purpose of impounding water, and thus converting 
the valley into a reservoir. Sections of typical masonry dams are shown 
in Fig. 484. Dams are constructed either of rubble concrete, often faced 
with rubble masonry, or they may be constructed entirely of rubble 
masonry. Concrete is used in many localities owing to the higher cost 
of masonry ; but in such dams, due to temperature stresses and shrinkage, 
cracks may occur, and the water penetrate into the interior, with in some 
cases a damaging effect on the concrete. Various remedies have been 
tried. ‘Plums’ reduce the internal temperature rise, expansion joints are 
fitted at intervals, cooling pipes have been used. In some cases a special 
* low-heat ’ cement has been employed. A rich Portland cement concrete 
reinforced facing tends to prevent percolation.®® 

If the dam is straight in plan, so that the weight of the structure forms 
the real resistance to overturning due to water pressure, the dam is called 
a gravity dam. If the dam is curved in plan, and so constructed that it 
forms an arch resisting the water pressure, it is called an arched dam, 
§ 366. The cross-section of an arched dam may be made much lighter 
than that of a gravity dam, Fig. 499, but the sides of the valley must form 
reliable abutments for the arch. The stresses set up in an arched dam 


fmax. — 


= 5-9 tons/sq. ft. 
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are less determinate than those in a gravity dam, and the effects of 
temperature and shrinkage are more important. A number of experi- 
mental investigations have been made to discover the exact behaviour 
of such structures when under load (see § 366). Some remarkable arched 
dams have been constructed in America and Australia, showing very 
considerable economy in material over the gravity type. 

Constant Angle Dams.—Jorgensen *’ has pointed out that considerable 
economy is effected if the angle 24, Fig. 497, which the arch subtends at 
its centre, is kept constant and made equal to 133°, or for practical 
purposes, equal to 120°. As, owing to the shape of the valley, the dam 
will be wider at the top than at the bottom, this means decreasing the 
radius of curvature of the upstream face from top to bottom in proportion 
to the span. The dam is built as a series of arched rings with varying 
radii of curvature, the back of the dam being stepped to suit. 

Multiple-arched Dams.—When suitable foundations exist, dams are 
sometimes made in the form of a series of arches supported on inter- 





mediate buttresses, (i) Fig. 485. Such dams are called multiple-arched 
dams. The face of the dam may be vertical or inclined. A dam of this 
type would be constructed of concrete, and, although containing much 
less material than a gravity dam, is more expensive per cubic yard to 
build, owing to the necessity of form work during construction. Carried 
out in reinforced-concrete, the arches might be replaced by a series of 
flat slabs, usually inclined, (ii) Fig. 485, supported by the buttresses. 
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In another type of dam, the multiple arches are repjaced by a series of 
egg-shaped domes, of which a horizontal section appears as a series of 
arches. This is called a muli:ple-dome dam. 

When the water is required to flow over the top of a dam, or of part 
thereof, the top and back of the dam are curved, so as to permit a smooth 
flow for the water and to eliminate scouring at the toe as far as possible. 
Such a construction is called a spillway (see the Vyrnwy Dam, Fig. 484). 

The foundations of masonry dains are carried down to the solid rock. 
This sometimes involves considerable excavation and removal of dis- 
integrated rock. Having reached a good foundation, all rubbish and 
debris are cleared away, and any springs which may exist ure stopped. 
The work of building then commences. . 

361. Stability of Gravity Dam.—The criteria for the stability of a 
masonry dam are: (i), that the compressive stress in the material on 
horizontal planes must nowhere exceed the allowed limit, which is 
usually about 8 to 10 tons/sq. ft. for ordinary rubble concrete or rubble 
masonry (in certain Arnerican dams this figure has been much exceeded *) ; 
and (ii), that the ling of resistance of the dam, both when the reservoir is 
full and when it is empty, must lie within the middle third of every 
horizontal cross-section, Fig. 491. This stipulation is of importance in 
masonry dams, in order to avoid cracks in the upstream face, which would 
allow the water to penetrate 
the interior. Knowing the 
direction of the line of resist- 
ance, and the magnitude of 
the thrust, the maximum com- 
pressive stress in the material 
can be determined. These 
criteria are admittedly con- 
ventional, but suffice for the 
safety of the dam (see § 364). 

362. Shape of Cross-Section. 
—The shape of the cross- 
section theoretically necessary 
for a gravity dam is a triangle, 
EVT, Fig. 486. Consider any 
horizontal section AB, (i), of 
this dam when the reservoir 
is empty. Let G be the 
centre of gravity, and W the 
weight of the portion EAB; 
JK is the middle third of .- 
AB. Then, from the geome- V 
try of the figure, G lies in Fre. 486. 


* In the Hetch-Hetchy Dam of 1:3: 6 plum concrete, the stress when the 
reservoir was empty was 25 tons/sq. ft., and 16 tons/sq. ft. when full. In the 
Australian arched dams, a stress of 20 tons/sy. ft. was allowed on granite masonry, 
and 10 tons/sq. ft. on soft sandstone masonry. 
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the vertical through J. This is equally true for every other hori- 
zontal section, and it follows that, in a triangular dam, when the 
reservoir is empty, the line of resistance will always lie just within the 
middle third, and that the stress on the back ET will be zero. Next 
consider the section AB when the reservoir is full up to the level of the 
point E, (ii). Take the length of the dam as unity. Then the resultant 
water pressure on the area EA will be P = }wEA2, where w is the weight 
per cubic foot of the water. The weight of the triangle EAB is 
W = 4w,EA . AB, where w, is the weight per cubic foot of the masonry. 
The force P will act through a point one-third of EA up from A, and the 
weight W will act through G and J as in (i). In this particular case, 
therefore, both forces will act through G. Suppose that R, the resultant 
of P and W, just passes through K ; JK as before is the middle third. 
Then GJK is the triangle of forces for the point G, and 


—_-_ = 
——. —— 


Inserting the values of P and W, 
P AB ~~ 4wEA? 


W ~ BA ~ jw,EA.AB 
whence, 
AB? ow. AB VT _ w 


EA? ww,’ ©’ EA EV -V w, 
But if R passes through K, the line of resistance when the reservoir is 
full lies just within the middle third at the section AB, and AB is any 
section. Therefore, if VT = EV .~+/w/w,, the line of resistance will lie 
everywhere within the middle third, and a dam of these proportions 
would be stable provided that the material of which it is constructed 
has sufficient crushing resistance. Taking w = 62-4 lb./cub. ft., and 
w, for rubble concrete at 160 Ib./cub. ft. (S.G. = w,/w = 2-57), 
VT = SEV. 

This theoretical section for the dam would not be suitable in practice. 
It would be undesirable to reduce the thickness of the masonry to an 
edge. The dam must be carried up a few feet above the highest water 
level, and for convenience it is usual to make a roadway over the top, 
Fig. 484. The top of the dam will therefore be shaped as shown in 
Fig. 487, and there will be an additional weight of masonry W’, acting 
at G’, the centre of area of the hatched portion at the top, to be taken 
into account. Considering the horizontal section AB when the reservoir 
is empty, it is evident that since the line of action of W’ falls to the right 
of G, the resultant of W and W’ will pass to the right of J, and will be well 
within the middle third. At this section the additional weight improves 
the conditions. At a section such as A,B, the reverse is the case, for 
W,, the weight of the triangular portion above UB,, will act through J, 
a8 before, but the line of action of W’ will pass to the left of J,, and the 
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resultant of W, and W’ will pass outside the middle third. To remedy 
this it is necessary to extend the face of the dam to V’, and thus widen 


the middle third. At 
the section A,B,, where 
the line of action of W’ 
cuts the boundary of the 
middle third of the tri- 
angular dam, W, and W’ 
will fall in line. This is 
the limiting cross-section ; 
above it, W’ improves the 
conditions; below it, W’ 
makes them worse. The 
additional width on the 
face of the dam must 
therefore extend at least 
as high as A,B,, or pre- 
ferably a little higher. 
The distance VV’ can be 
found by trial. The effect 
of W’ on the conditions 
when the reservoir is full 
is evidently to improve 
them. 

As the height of a 
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dam such as is shown in Fig. 487 is increased, the maximum com- 
pressive stress on the base also increases, and at a certain height, 


above 100 to 120 ft., the maximum com- 
pressive stress will exceed the allowed 
limit. If it be desired to increase the 
height of the dam still further, it is 
necessary to add material to the toe of 
the dam as shown at TT’ in Fig. 487. 
Some of the earliest investigations 
regarding the correct shape for a 
masonry dam were made by Sazilly, 
Graeff, Delocre, and Bouvier (see 
Bibliography), who applied the trape- 
zium law (ie. the straight line dis- 
tribution of stress, Fig. 477) to 
the problem. Molesworth has given 
formulae from which a cross-section 
can be set out which corresponds very 
closely with Bouvier’s proposed cross- 
section. In Fig. 488, if p be the 


wide 





Lia H+ Jp -—--~j 
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specific gravity of the material of which the dam is composed, and fe 
the permissible stress on any horizontal cross-section in tons per sq. ft., 
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then y= _ 0-05 23 ° % = 0-092 ; 
Se + (0-032) : te 


6=0-4a; minimum value for y is z//p. All dimensions are in feet. 

This outline may be used as a first proposal for the shape of a” 
dam. 

In ordinary circumstances, the limiting pressure on horizontal sections 
ranges from 8 to 10 tons/sq. ft., depending on the class of masonry ; and 
the weight of the material ranges from 140 to 170 Ib./cub. ft. ; p = 2-24 
to 2-72. 

363. Lines of Resistance.—Having decided on the outline of the dam, 
for example, Fig. 491,* the lines of resistance and the stresses on horizontal 
sections may be found as follows: 

Reservoir Empty.—First. suppose 
the reservoir to be empty. Divide 
the height of the dam into a number 
of parallel slices by horizontal planes 
1.1, 2.2, 3.3,... (i) Fig. 489. Given 
w,, the weight per cub. ft. of the 
masonry, find W,, W,, W3,. . ., the 
weight of each slice, on the assump- 
tion that the dam is of unit length 2 
perpendicular to the paper. Find 
also G,, G,, G,..., the centres of 
gravity of each slice. The graphical 
method usually employed for this 3 
purpose is shown at (ii) Fig. 489. 
G lies on the line joining C, and C, 
at a distance up, measured vertically, 





‘W,+ W2+W3 
eee Da 








ce 2a+b 
eae ee ae Then W,, W,, 
W;,...act at the points G,, 


Ga, G3, ... respectively. Consider Fic. 489. 

section 11, (i) Fig. 489. The only 
force acting on it is W,, of which the line of action passes through 
G, and cuts 1.1 at Q,. The thrust on the section 1.1 is therefore WwW; 
and its point of application is Q,; Q, is a point on the line of thrust. 
Consider next the section 2.2. The force acting on it is the resultant 
of the two weights W, and W,. Suppose the line of action of this 
resultant to cut the section 2.2 at Q,. Then the thrust on section 2.2 
is (W, + W,), its point of application is Q,, and Q, is a point on the line 
of resistance. If x, and x, be the distances of G, and G, from the vertical 
through L, and 2” be the distance of Q, from the same line, then 


Wt, + W222. 
W,+ W, 


* This outline is taken from the Periyar dam.1? 


Wir, + War, = (W, + W,)2”, and 2” = 


MASONRY 731 


In a similar way, the thrust on the plane 3.3 is W, + W,+ W,, and its 
point of application is Q, distant x”’”’ from the vertical through L, where 


a! W 2, + Wat, + W5%, 
W,+ W.+ Ws 
Q, is a point on the line of thrust ; and generally, for any other section, 
the distance from the same vertical of the point Q, which is the inter- 
section of the line of resistance with that section, is 


on Witit Wetgt -.- Wate _ 2% We 
Wit W.+... Wa 2 W 
The line joining the voints Q,,Q,,...is the line of resistance when 
the reservoir is empty. : 
Reservoir Fuli.—To dyaw the line of resistance when the reservoir 


is full, the forces P,, P,, P3,... representing the water pressure on the 









/ 


P, 
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upstream face, must first be found. The magnitudes of these forces may 
be calculated from the mean depths of water on the face areas 0.1, 1.2, 
2.3,...(i) Fig. 490, but it is simpler to calculate their horizontal 
components P,’, P,’, P,’,..., which may be determined by assuming 
the water to act on the vertical areas 0.1’, 1.2’, 2’.3’,.. Thus 


wH, w (H, + H,) 
9 D 


, w(H,+ H,) 
Pp,’ = - er 3 


P/ = "—) x (length 0.1’); P,’ = x (length 1’.2’) ; 


x (length 2’.3’). 


w denotes the weight per cub. ft. of the water; the dimensions are in 
feet. Set off these forces along the horizontal line 0, 1’, 2’, 3’,... 
(ii) Fig. 490, and draw the line 1, 2, 3,... at right angles to the face of 
thedam. Then 0.1 represents the force P,, 1.2 the force P,, 2.3 the force 
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P,, and so on. Along the vertical 0, 1”, 2”, 3’,...set off 0.1” = W,, 
1’.2"=W,, 2”.3"=W,... These weights have already been 
calculated. Join 1.1", 2.2”, 3.3”,...as shown in the figure. Transfer 
_ the points Q,, Q,, Q;, . . . from (i) Fig. 489 to (i) Fig. 490. 

On the top slice of the dam, two forces, W, and P,, act. The resultant 
of these is represented by the diagonal 1.1”, (ii) Fig. 490. The line of 
action of W, is the vertical through Q,, (i) Fig. 490 {see Fig. 489) ; the 






Lines of Resistance 
nhs ai 
Reservoir Full 
4 AN4 
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line of action of P, acts at a point two-thirds of 0.1 down from 0. The 
resultant R, will pass through the intersection of W, and P, and is 
parallel to 1.1” in (ii). Since R, is the resultant of the only two forces 
which act above the section 1.1, R, is evidently the thrust on that section, 
and D,, its point of application, is a point on the line of resistance. 
Above the section 2.2, four forces act : W, and W,, the weights of the two 
top slices; P, and P, the water pressures on the areas 0.1 and 1.2. In 
(ii) Fig. 490, 0.2” represents (W, + W,). A line joining 2.0 (not shown) 
represents P, ,, the resultant of P, and P,. The line 2.2” represents R, ,, 
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the resultant of all four forces. The line of application of (W, + W,) is 
the vertical through Q, already found (see Fig. 489). Since the batter 
on the upstream face of a masonry dam is very small, the force P,, 
may be assumed to act at a point on the face two-thirds the way down 
from 0 to 2. Strictly speaking, its line of action should be obtained by 
taking inoments of the forces P, and P, about 0, but this is an unnecessary 
refinement. Make 1.2’ = 4 of 0. 2’, draw the horizontal /m; then m may 
be taken as the point of application of P,, which will act parallel to the 
line 2.0 in (ii). Produce the line of action of P,, to cut the vertical 
through Q, inn. Then R, .,, drawn parallel to 2.2”, will act through n. 
Since R, , is the resultant of all the forces above the section 2.2, it is the 
thrust on that section, and D,, its point of application, is a point on the 
line of resistance. Above the section 3.3, six forces act: W,+ W,+ W; 
acting along the vertical through Q, is the resultant of the three weights 
W,, W,., and W,. The resultant P, ,, represented by 0.3 (not shown) in 
(ii), is the resultant of the three water-pressure forces P,, P,, and P3. 
This resultant may be taken as acting at a point on the face two-thirds 
the way down from 0 to 3. Make p.3’ = 4 of 0.3’, draw the horizontal 
pq; then P, , acts through q, is parallel to 3.0 in (ii), and intersects the 
vertical through Q, in r. R,., in (ii) represents the resultant of all six 
forces. Itacts through r in (i), and its point of application D, is a point on 
the line of resistance. A line drawn through D,, Dz, D,, ... is the line 
of resistance for the dam when the reservoir is full. It is to be understood 
that Figs. 489 and 490 are much distorted to make the construction clearer. 

The calculations for the Periyar dam are given in tabular form below. 
The weight of the material (concrete with rubble masonry facings) is 
taken at 145 lb./cub. ft. The lines of resistance are shown in Fig. 491. 
These lie within the middle third, showing that the dam is stable both 
when the reservoir is empty and when it is full. 


RESERVOIR Empty. 











te Weight of 
Section Slice = W. 




























Tons Feet. 

0.0 
W,= 91 6-0 | 54-6 | 

1.1 54-6 6-0 
W, = 18-8 7-5 | 141-0 | 

2.2 195-6 70 | 
W, = 53-9 14-0 | 754-6 

3.3 950-2 11-6 
W,= 95:0 22-8 | 2,166 

4.4 3,116 17-6 
W, = 146-2 35-5 | 5,287 

5.5 8,413 25-8 
W, = 195-6 48-7 | 9,526 

6.6 17,938 34:4 


| 
W, = 231-0 61:0 | 14,091 
1.7 32,029 42-6 
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; | ‘ 
; Height of Water Point of 
Section. Slice. H | Pressure. =P Application.* 
Nee a arate tees I eae eee aren 
Feet Feet. {| Tons. Tons. Fee 
0.0 0 | 
10 | Py= 14 : 
Ll 10 | 1-4 166:°3 
20 P,’ = 11-1 
2.2 30 12-6 153-0 
30 P,’ = 37-5 | 
3.3 60 50-0 133-0 | 
30 P, = 62 
4.4 90 112-5 113-0 
30 Pp,’ = 87: 5 
5.5 120 200-0 93-0 
27-5 P,’ = 102-2 
6.6 147-5 302-2 74:7 
25-5 Py’ = 113-5 
1.7 173-0 415-7 57-7 | 
! ail 








* Above section 7.7, ciGastied on line AB. 


The stresses on horizontal planes can be determined from eqs. (3) 
and (4), § 354. 

N Ge N 6e | 

tet eam ak : : Let 

fmax. =| = Bt fmin, = 4 DI 

Considering section 7.7 at the base of the dam, when the reservoir is 

empty, the line of resistance intersects that section at a point 18-4 ft. 

to the left of the centre, i.e. e = 18-4. The weight of the dam on this 

section is 752-6 tons, which evidently is the value of N, the normal 

component of the thrust. The width of the dam at this section is 
D = 142 ft.; hence, from the above equatious, 


752 -6 { 6 x 18-4 
eee ] ee — 9-42 t e « 
fmax, 149 149 ons/sq. ft 
752-6 6 x 18-4 
1 — —- ~- —_— 1-18 t ® e 
Jmin, 149 {1 - 143 ons/sq. ft 


The distribution of stress is shown at the bottom of Fig. 491. 

When the reservoir is full, the line of resistance cuts section 7.7 at a 
point 13-3 ft. to the right of the centre. Hence e = 13-3 ft., the other 
factors remaining as before. The stresses are 





752-6 6 x 13-3 
ee ee _ ners — 8-28 t ° e 
fmax, 49 | iB . ons/sq. ft 
752-61 6 x 13-3 : 
. ee eee -- omen — 2- e e 
froin. a 1— a 32 tons/sq. ft > 


This distribution of stress is shown in Fig. 491. 
The stresses on other horizontal sections can be found in a similar 


way. 
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364. Experimental Determination of the Stresses—The simple 
theory for the stresses in masonry dams, cn which the methods of 
§ 363 are based, is admittedly only approximate. That the distribution 
of norma] stress follows a straight-line law is an assumption, and the 
effects of the shearing stresses are not taken into account. In 1904 
Atcherley and Pearson published a memoir ?’ on the stresses in dams in 
which the conventional methods of design were criticised, and in which 
it was suggested that the critical sections of a dam are not the horizontal 
sections, but the vertical sections near the’ outer toe, and that failure 
would occur due to tension on these sections. Further, it was suggested 
that the shear on the horizontal sections was an important consideration. 

These conclusions led to a number of investigations, experimental and 
otherwise, of the stresses in dams. From experiments on a model dam 
made of gelatine, Sir Benjamin Baker inferred that the stresses at the 
hase would be greatly influenced by the behaviour of the rock foundation 
on which the dam was built, and that the shear stress on the base was 
approximately uniformiy distributed. 

Ottley and Brightmore,*? from a con- 

sideration of deformation measurements 
on a model dam of plasticine, confirm 
Baker’s opinion that the shear stress 
on the base of the dam is approxi- 
mately uniformly distributed ; but con- 
clude that on horizontal planes at higher 
levels, the intensity of shear stress 
varies very nearly uniformly from zero 
at the inner face to a maximum at the 
outer face. There is a gradual change Fic. 492. 
from the one distribution to the other. 
They also conclude that it is near the inner toe, not the outer, where 
tension in the dam and its rock foundation may be expected. Fig. 
492 shows the distribution of normal and shearing stresses on a plane 
AB, sufficiently high above the base of the dam for the effect of 
the foundations to be negligible, as determined from the model dam, 
which was of triangular cross-section, the width at the base being equal 
to the height divided by the square root of the specific gravity of the 
material (see § 362). The distribution of stress on the base proper is 
different, because the mass of the rock foundation cannot deform (i.e. 
be displaced in a horizontal direction) to the same extent as would the 
dam proper, and this prevents the base of the dam from so deforming. 
As a result, tensions are set up on thé vertical planes near the inner toe, 
both in the dam and in the rock, which tensions modify the distribution 
of.shear stress, making it much more nearly uniform. 

Wilson and Gore ** experimented on model dams of india-rubber, 
loaded so as to reproduce the effects of gravity and the water pressure. 
The models represented dams resisting a head of water of 125 ft., designed 
according to the middle third rule. Two profiles were used; C, Fig. 493, 
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with sharp corners where it joins the foundations, and B, in which the 


corners were well rounded. 
The strains in the rubber were 
ascertained, and from these 
the stresses were calculated. 
(i) Fig. 493 represents the dis- 
tribution of vertical pressure 
on horizontal planes, thus 
found, in profile C; and (ii) 
the distribution of shear stress 
on the same planes. The 
foundation of the dam is 
supposed to be supported all 
round, as indicated by the 
shading. 

Vig. 494 shows the ellipses 
of stress for the same condi- 
tions, indicating the directions 
of the major and minor prin- 
cipal stresses in the dam, and 
their relative magnitudes. 

Some of the authors’ con- 
clusions are as follows: ten- 
sile stresses exist at the inner 
toe in all cases. In profile 
C these stresses act parallel 
to the faces of both founda- 
tion and dam, and are nearly 
of equal intensity (see the 
ellipses of stress in (ii) Fig. 
494). These were the maxi- 
mum tensile stresses in profile 
C. The stresses at the outer 
toe are compressive in all 
directions. In profile C these 
stresses act parallel to the 
faces of both dam and founda- 
tion, (iii) Fig. 494. They are 
nearly of equal intensity, and 
are the maximum compressive 
stresses in profile C. They con- 
siderably exceed the ‘stresses 
assumed in the design. 
Rounding the corners, as in 
profile B, considerably re- 
duces the stresses near the 
toes. Near the downstream 
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face, (i) Fig. 494, the major axes of the ellipses of stress are tangential to 
the profile, showing that the maximum principal stresses near this face 
act on planes normal thereto. Near the upstream face, the major axes 
are normal to the profile, showing that the maximum principal stresses 
occur on planes parallel to this face. The maximum intensity of shear 
stress at each face occurs on planes at 45° to the face. 

On sections above the base line 6.6 the distribution of vertical 
pressure on horizontal planes, (i) Fig. 493, while not unlike that found 
by the trapezium law (i.e. the ordinary straight line variation of stress), 
usually reaches a maximum near the line of resistance, and is lower 
towards the faces. This maximum never exceeds that calculated oy the 
trapezium rule. Tension on the horizontal planes at the inner toe was 
observed in each case, and was of considerable magnitude in profile C. 
The maximum horizontal pressure on vertical planes occurs at the outer 
toe. Tension on these planes was observed at the inner toe. The 
distribution of shear stress on the upper horizontal sections is, roughly 
speaking, triangular, (ii) Fig. 493, but the junction of the dam with its 
foundation greatly af:ects the distribution of shear stress there. 

Except near the foundations, the experiments do not indicate the 
existence of stresses which would imply weakness in dams of the usual 
type ; and it appears that the ordinary method of design may with safety 
be used to determine the strength and stability of such dams. This 
opinion is generally accepted, and provided that the lines of resistance 
lie within the middle third, and that the stresses on horizontal planes do 
not exceed the usually allowed limits, the dam may be regarded as safe, 
despite the possibility of tension near the inner toe, which in practice 
has not hitherto given cause for WL 
anxiety. — 

365. Uplift.—In all the pre- 
ceding work it has been assumed 
that the dam is perfectly water- 
tight. The necessity for avoiding 
cracks on the upstream face has 
been emphasised. If the dam be 
designed in the manner indicated, 
and properly constructed on an 
impervious foundation, no water 
should penetrate the _ interior. 
Even if, due to bad workmanship, 
a hole be left in the face of the 
dam, the stability of the dam will 
not be impaired so long as the 
tensile strength of the cement be 
not overcome. If the cement 
should crack, the water pressure, 
acting on the bottom of the portion above the crack, would help to over- 
turn it, Fig. 495. A similar tendency will exist if the rock foundation 

38 
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be not impervious to water, for then the water pressure, acting on 
the base of the dam, produces an overturning moment. This action 
is spoken of as uplift. With permeable foundations, it is usual to 
make allowance for uplift in the calculations. An assumption some- 
times made is that the uplift pressure varies from full reservoir head 
at the inner toe to full tail-water head at the outer toe, but only 
acts on one-third the length of the base. From sqme uplift measure- 
ments made by the U.S. Bureau of 
Reclamation “ it would appear that for 
the portion of the Wellwood dam founded 
on shale there was no uplift. For the 
portion founded on sandstone, the uplift 
pressure varied roughly as a straight line 
from full tail-water head at the outer 
toe, to full tail-water head plus one- 
quarter the difference between the re- 
servoir and tail-water heads at the inner 
toe, Fig. 495. Corresponding measure- 
ments at the American Falls dam showed 
@ similar variation in head, but the 
uplift pressures were slightly higher. For ; 
8 semi-graphical method of estimating Fra. 496. 

uplift pressures, see Shulits.“® 

In certain large masonry dams, drains are provided inside the 
dam to relieve any interior pressure due to penetration of water, 
Fig. 496. 

366, Arched Dams.—In an arched dam, § 360, the water pressure 
will be carried partly by arch action and partly by the cantilever action 
of the dam, Fig. 499. Except, perhaps, near the base of the dam, no 
great error is introduced by assuming that horizontal slices of the dam 
act as circular arches spanning between the sides of the valley, and 
subjected to radial water pressure, Fig. 
497. Professor Cain*® has given an 
analysis for such arches, the results of 
which are as follows: If p, be the 
water pressure lb./sq. ft., and R, the 
radius in ft. at the extrados; R the 
mean radius; T the uniform thickness 
in ft.; and N, the normal thrust at the 
crown in lb. ; then, for a rectangular slice Fia. 497. 


1 ft. in depth, 
2p sing p,R,T? 
x  12R ; - (1) 














(p,R, — No) = 


where 


x= (4 Ra) ebe SP) 2a aa 8) 
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If Mx be the bending moment in ft./lb., and Nx = the normal thrust in 
lb. at any point K (R . 6), Fig. 497, 


Mx = (p,R, — No) (se — cos 9) R . ; . (3) 
Nx = p,R, — (p,R, — No) cos 8 : . (4) 
Extreme fibre stresses = ae + +5 aD . . (5) 


a 


For a temperature rise of ¢° F. : = 0:0000055 for concrete), 
2 sin Pe Elat 








Hy = YR : . (6) 
Atcrown, My=+ Hi: (1 — — | ; 
at abutments, My = — Hy (= — COS $) R . (7) 
Extreme fibre stresses 
at crown, = H;/T + 6M,,/T? ; . 
at abutments, = H; cos ¢/T + 6M,,/T? . (8) 


As the dam is under water, shrinkage stresses are sometimes neglected. 
Any exact method of design must of necessity take into account both 
arch and cantilever effects, and to gain some exact knowledge as to the 





Fia. 498. 


way in which such structures really react, and also as to the effects of 
temperature alterations, construction joints, and cracks, an experimental 
arch, radius 100 ft. and height 60 ft., was constructed at Stevenson 
Creek, California.54 The cross-section was of the thin arch type, the 
radial thickness being 2 ft. from the crest to 30 ft. above the base, below 
which level there was a curved batter, the thickness increasing to 7 ft. 6 in. 
at the base. Fig. 498 shows the deflection curves under a head of 60 ft. 
on the developed vertical face, looking upstream. Maximum deflection 
= (0-388 in. 
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A method of analysis for arch dams, termed the trial-load method, has 
been developed by the Engineers of the U.S. Bureau of Reclamation, 
Denver, Colorado. Starting from an assumed partition of load between 
the arches and cantilevers, the distribution is modified until the radial 
deflection of each system towards the centre of the arc is the same. 
Further adjustments are then made to take into account the shears and 
twists in the structure. From a series of such adjustments, a close 
approach to the true distribution of load can be obtained, giving deflections 
within about 3 % of the observed values.* 

Fig. 499 shows the outline of the Pacoima arch dam, California, 
372 ft. high (Engineering, January 18, 1929, p. 70), and the calculated 
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partition of load between the arches and cantilevers. The former carry 
most of the load. The deflection curves for arches and cantilevers show 
satisfactory agreement. 
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367. Bricks.—Ordinary bricks are made of clay of a suitable character. 
The clay is kneaded into a stiff paste, and then pressed into a mould. The 
brick, thus formed, is left to dry, and is afterwards burnt hard. The 
common types of bricks are hand-made bricks, wire cuts, and pressed bricks. 
Hand-made bricks are so called because the clay is pressed into the 
mould by hand; they are formed with a frog or depression on one side. 
For wire cuts, the clay is kneaded in a pug mill, forced through a rectangular 
die, and cut up into bricks by means of a series of wires. They may be 
recognised by the absence of frogs. Pressed bricks are made from 
unburnt wire cuts. The soft brick is placed in a metal mould and then 


* See Arch Dam Investigation, vol. ii, New York, 1935, for model teste in 
confirmation. 
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compressed. The overall sizes are thus slightly increased, and a frog is 
formed top and bottom of the brick. A superior brick is obtained by this 
process, having sharp edges and square faces. Such bricks are usually 
employed for facing ordinary brickwork. 

A variety of makes of brick are employed in engineering work. The 
most common are Staffordshire blues, a hard, durable brick used for 
first-class work where great strength and resistance to wear is necessary. 
The outer skin is of a vitreous character, rendering the brick very 
impervious to moisture. Red bricks of good quality are used where 
appearance is required. Stock bricks (common bricks burnt in clamps) 
are used for interior work, and the heartings of masonry and brick 
constructions. Many special kinds of brick are used for particular 
purposes ; glazed bricks, hollow bricks, and moulded bricks where ornamental 
shapes are required. 

The characteristics of good bricks are: strength and durability ; 
uniformity of shape, size and colour ; rectangular faces ; freedom from 
cracks and flaws; scund and uniform texture when broken. Bricks 
should ring clearly when struck sharply together ; a dull sound indicates 
a soft or shaky briik. In an absorption test, § 277, a brick should not 
absorb more than 20 % of its own weight of water. In pressed bricks 
this value may be as low as 2 %. 

368. Mortars.—The mortar used for brickwork in engineering 
structures should either be a cement mortar consisting of a 1:3 or 1:4 
mixture (by volume) of Portland cement and sand; or a lime mortar 
composed of one part by volume of lime and two parts by volume of 
sand. For good work in lime mortar, blue lias or other similar grey stone 
lime is employed. The sand should be clean and sharp. Cement mortar 
is used where strength is necessary ; for example, in arch rings. The 
crushing strength of a 1:3 Portland cement mortar may range from 
1800 to 3800 Ib./sq. in. ; and its tensile strength from 150 to 450 Ib. /sq. in. 
The crushing strength of a 1:2 lime mortar will be of the order of 
100 lb./sq. in. ; its tensile strength is negligible. 

369. Strength of Bricks and Brickwork.—The results of some experi- 
ments, taken from a Report on Brickwork Tests by a Committee of the 
R.I.B.A.©, 1905, are as follows : 


AVERAGE CRUSHING STRENGTH OF BRICKS (TONS/SQ. FT.). 


eS Oe RS OO RT NS TY pre ieee eee i 








Kind of Brick. Cracked at Crushed at 
London Stocks, with frog : : ; 76-2 84-3 
Burham Gaulta . ‘ . ‘ 4 : 102-3 182-2 
Leicester Red, no frog . ‘ ‘ 248-1 382-1 
Staffordshire Blue, wire cut, no ‘o frog : ; 471-6 701-0 
Fletton, machine pressed, with frog : ; — 220-8 
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Compressive tests on bck werk piers, 18 in. square and 6 ft. high, 
gave the following results. Two kinds of mortar were used: lime 
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mortar, one part grey stone lime, well slaked, two parts of washed river 
sand ; cement mortar, one part Portland cement, four parts washed river 
sand. 

STRENGTH OF BRICK PIERS (rons /8Q. ¥FT.). 














In lime mortar. In cement mortar. 


» 
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Kind of Brick. | 
Commenced Total Commenced Total 
to fail. Failure. to fail. Failure. 
London Stocks 12:5- 18-6 | 9-0-27-4 17-0— 39°3 
Burham Gaults 21-6— 31-1 | 18-7-37-2 30-0— 61°3 
Leicester Red . 34-1-— 45-4 | 23-1-62-3 | 50-4— 83-4 
Staffordshire Blue 73-7-114-3 | 36-9-85-0 35-4 


30-7 
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Fletton, pressed 
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The lower figure represents the strength with ordinary workmanship, the higher 
figure that when the workmanship was especially good. 


To obtain the crushing strength of a brick, the frog is filled with a 
1 : 3 cement mortar, and the brick is tested flat. The crushing strength 
thus obtained is very variable; differences of the order of 50 % of the 
mean value are common. 

The crushing strength of brick piers and walls, uniformly loaded, is 
roughly dependent on the mean crushing strength of the bricks. Bragg ® 
suggests the formula fp = cfg, where fp is the mean crushing strength of 
the pier, and fg that of an individual brick tested flat. For piers built 
with a 1:3 cement mortar, he gives the value c=0-27. Beyer and 
Kreyfield,®® for 12 x 12 in. piers built with a 1:3 Portland cement 
mortar, find that c = 0-424 for a height of 40 in. (nominal L/B, = 3-4), 
and c = 0-38 for a height of 84 in. (nominal L/B = 7). Glanville and 
Barnett,”® for 18 x 18 in. brick piers, built with 1:3 Portland cement 
mortar, 8 ft. high (nominal L/B = 5-3), obtain the value c = 0-33. 
Bragg’s value, c = 0-27, represents the lower limit of these experiments 
for values of fg < 10,000 lb./sq. in. For higher values of fz, due 
probably to the smaller relative strength of the mortar, c = 0:2 for the 
lower limit. This limit, for the whole range, may be represented by 
fe = fp (45,000 — fg) /155,000 lb./sq. in. As in the case of the individual 
bricks, the crushing strength of brickwork is very variable, and differences 
of the order of 25 °% are common. 

The above values all have reference to first-class materials and work- 
manship. Stang, Parsons and McBurney 7 found that the strength of 
such brickwork was from 30 to 50 % greater than that of unsupervised 
commercial bricklaying (cf. the R.I.B.A. tests given above). 

Increasing the strength of the mortar above 2000 Ib./sq. in. does not 
much increase the strength of brickwork constructed of ordinary bricks, 
fs < 3000. Brickwork in lime mortar is considerably weaker than that 

in cement mortar (of. the R.I.B.A. tests). 
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The effect of the value of L/B on the strength of brickwork piers has 
been investigated at Watertown Arsenal,®4 by Kreuger ® and others. 
The strength appears to fall rapidly from L/B = 2 to L/B = 12, and 
thenceforward at a much reduced rate up'to about L/B = 25, the limit 
of the experiments. 

The L.C.C. Code of Practice (1932) gives the following safe values for 
the pressure on brickwork, L/B not exceeding 6: 


Strength of Brick.* Mortar.. Safe Pressure. 
10,000 Ib. /sq. in. 1: 3 cement 20 tons/sq. ft. 
5,000 1:3 4; 15 
3,000 12 4745 10 
1,500 1:4 ,, 8 
1,690 1: 2 lime 4 


* Tested after soaking until absorption is complete. 


Glanville and Barnett 7? show from the lower limit of thcir tests 
that the above safe pressures imply a factor of safety of 5 for con- 
centrically applied uniform loads ; reduced to 3} if the workmanship is 
poor. 

If L/B = 8 use 80%; L/B= 10 use 60%; L/B= 12 use 40 % of 
the above safe pressures. 

371. Construction in Brickwork.—The nominal size of burnt bricks is 
8} x 4} x 2? in., so that with }-in. mortar joints they make up9 x 4} x 3 
inches. With pressed bricks the joints are slightly thinner. There are, 
therefore, four courses per foot. Since all bricks are of a definite size, 
the dimensions of a brickwork structure must be made to correspond. 
Thus the thickness of a wall depends on the number of bricks in the 
width, and a wall is specified as a one-brick, two-brick, or three-brick 
wall, as the case may be. All vertical dimensions will be multiples of - 
3 inches, and longitudinal and lateral dimensions will be multiples of 
4} inches. 

The brick is made twice as long as it is wide to facilitate bonding. 
There are two common types of bond, English and Flemish. In English 
bond, as seen from the outside of the wall, each alternate course consists 
entirely of headers or stretchers. In Flemish bond, tho alternate bricks 
in all courses are headers and stretchers. English bond is usually used 
for engineering work as it is considered to be somewhat stronger than 
Flemish, but the latter has the better appearance. The correct arrange- 
ment of each course, necessary to secure proper bonding, is illustrated 
in all books on Buiiding Construction. In very thick walls, all the interior 
bricks are laid as headers; it is then usual to lay the interior bricks of 
every sixth course diagonally, to improve the bonding. This is called a 
raking course. 

372. Typical Brickwork Structures.—Brickwork is one of the com- 
monest materials used in structural work, particularly in railway con- 
struction. Arches, viaducts, tunnel linings, sewers, retaining walls, 
bridge piers and abutments, foundations, buildings of all kinds, may all 
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be satisfactorily carried out in brickwork. Fig. 500 shows a typical 
brick arched viaduct; Fig. 501 a retaining wall constructed of brick. 
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Foundations in brickwork are illustrated in Fig. 462. The method of 
constructing brick arches may be seen from Fig. 464. The arch is built 
up of superimposed rings one half-brick in thickness. The bricks are 
placed on edge, laid as stretchers parallel 
to the axis of the arch, and properly bonded. 
To tie the rings together, lacing courses are 
introduced. These consist of headers ex- 
tending through two rings, thus forming a 
bond between them. 

373. Calculations for Brick Structures. — 
The dimensions of many brickwork struc- 
tures, particularly those of moderate size, 
are usually proportioned by empirical rules 
based on successful practice. In_ larger 
structures, calculations similar to those for 
masonry structures should be made. The 
criteria for stability are the same in both 
classes of construction, § 353. The line of 
thrust should be determined; it should lie 
within the middle third, since it is not de- 
sirable to permit tensile stresses of any magni- 
tude in brickwork, particularly if set in lime 
mortar. The maximum stresses should also 
be ascertained. ‘The procedure for the arch 
shown in Fig. 500 is given in Figs. 482 and 483. Fig. 482 is the load 
diagram for the arch. The line of thrust for the case in which a live load 
_ of 400 Ib. sq. ft. of area of roadway covers the left-hand side of the arch 
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is determined in (ii) Fig. 483. This line of thrust lies wholly within the 
middle third of the arch. The stresses in the brickwork, both at the 


springings and at the crown, are determined in 
§ 358. In each case they lie within allowable 
limits. To complete the investigation of the 
stability of the arch, the conditions when the 
load completely covers the arch should be 
similarly tested. 

374, Mass Concrete.—Ordinary plain ¢on- 
crete is composed of materials easy to obtain ; 
it is simple to make, requiring no highly 
skilled labour; it is easily moulded to any 
required shape, and when hardened is durable 
and not subject to corrusion. These proper- 
ties have led to its extended use as a 
structural material, particularly in mass con- 
struction. Its resistance to tension and shear 
is small, and it should not be subjected 
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to stresses of this r.ature of any considerable magnitude. Temperature 
and shrinkage stresses sometimes cause cracks and weakness, § 360. 
Plain concrete is much used for foundations. A 1:6 mixture is 
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commonly employed. The concrete is laid in trenches and properly 


punned. The safe load on such concrete is : 
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Figs. 479 and 480 show two typical applications of plain concrete to 
mass constructions. Fig. 502 shows the cross-section of the quay wall 
used for the King George V Dock, London.* This wall was built of a 
1:8 cement concrete faced with a 1:4 mixture, brought up together. 
Fig. 503 shows the cross-section of the breakwater for the Admiralty 
harbour at Dover.f In this instance the 1 : 6 concrete was pre-cast into 
blocks weighing from 25 to 41 tons; which, after hardening, were lifted 
into place by a crane. The blocks were bonded, and further secured by 
joggles. 
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QUESTIONS ON CHAPTER XIX 


“1. A solid masonry wall 14 in. thick and 12 ft. high above the ground is 
found to lean 2 in. out of vertical at the top. Find the greatest and least 
pressures on the horizontal section of the wall at the ground level, taking the 
weight of masonry as 140 Ib./cub. ft., and assuming that the pressure varies 
uniformly across the section. (U.L.) 

Ans, 16:7; 6:7 lb./sq. in. 

2. The section of a brick pier is rectangular and hollow, the dimensions 
of the external and internal rectangles being 54 x 45 in., and 36 X 27 in. 
respectively. Find the maximum lateral distance from the centre of the 
point through which the line of action of the resultant thrust may pass, in 
order that there may be no tension in the section. (U.L,) 

Ans. 10:7 in. 

3. AB = 3 ft. is a joint between the voussoirs of a stone arch, which, 
for the purpose of calculation, can be taken as | ft. in thickness at right 
angles to the paper. The thrust across the joint is 10 tons, and its line of 
action cuts AB at a point 1 ft. 1 in. from B, and makes an angle of 8° with 
the normal to AB. Find the maximum compressive stress on the joint. 
(I.C.E.) ; 

Ans. 6-05 tons./sq. ft. 

4. A masonry pier is built up of cubical blocks of 8 ft. sides, the joints 
of which are perfectly bedded but no mortar is used. It supports a load of 
100 tons at a distance of 2 ft. from one edge, and equidistant from the 
adjacent edges. Find the maximum compressive stress in the material, and 
the point at which the compressive stress becomes zero. What will be the 
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maximum compressive and tensile stresses in the material when the joints 
are perfectly cemented ? Neglect the weight of the masonry. (U.L.) 

Ans. 4:17 tons/sq. ft.; 2 ft. in; 3-90 comp.; 0-78 ten. tons/sq. ft. 

5. At any cross-section in a masonry structure let e = the perpendicular 
distance of the point at which the line of thrust cuts the section from the 
principal axis about which bending occurs; r = the radius of gyration of 
the section about that axis; and y = the perpendicular distance of the 
extreme point on the contour of the section, where the stress is least, from 
the same axis. Prove that if no tensile stress is to exist on the cross-section : 

2 
e< — 
y 
Hence find the shape and size of the area within which the line of thrust 
must pass in the case of a cross-section of a circular brick chimney 15 ft. 
ees diameter, and 3 ft. thick, if no tension is to exist in the brickwork. 
(I.C.E.) 

Ans. A circle 5-1 ft. diam. 

-’6. A mass concrete retaining wall 
with « vertical back, 30 ft. high, has 
to support a bank of earth without 
surcharge weighing 100 Ib./sq. ft. 
The width of the wall at the top is 
3 ft. and the weight of the concrete 
140 lb./cub. ft. Using the ‘ wedge ’ 
theory, find the necessary width of the 
base if the resultant pressure is not to 
pass outside its middle third. Take 
the friction angle ¢ of the earth, and 
on the back of the wall ¢’, as 30°, and 
assume that the resultant pressure 
acts at a point 0-4 H up the back of 
the wall. 

Ans. 10} ft. 


7. Fig. 504 gives the section of a Fic. 504. 
large dam for sustaining water pres- 
sure. The two curved faces are plotted from the vertical line. The weight of 
the masonry is 125 lb./cub. ft., and that of the water is 62:5 lb./cub. ft. Draw 
the lines of resistance with the reservoir empty and full, and report whether 
there is a tensile stress at any section, and whether the greatest compressive 
stress exceeds 6 tons/sq. ft. (U.L.) 


8. A straight wall of rectangular section has water on one of its vertical 
faces and the water is level with the top of the wall. Show with diagrams 
how to obtain the principal stresses and the principal axes of stress at a point 
near the centre of the base of the wall. State what assumptions are involved 
in the inethod employed. (U.L.) 


9. Design for a Masonry Arch carrying a public road (cf. Fig. 481), 150 ft. 
span, rise 35 ft., roadway 20 ft. wide, with two 5-ft. side walks, Fig. 480. 
Ministry of Transport loading § 23; proportions § 357; material, cut granite 
in 1: 3 cement mortar, max. compressive stress 40 tons/sq. ft. ; rock founda- 
tions. Follow the methods of § 322. 





CHAPTER XX 


EXPERIMENTAL DETERMINATION OF THE STRESSES 
IN STRUCTURES 


375. Experiments on Riveted Joints.—Experiment has shown that 
the conventional assumptions regarding the behaviour of riveted joints 
by no means hold in oractice. In the ordinary theory it is assumed that 
the load on the joint is carried by the shearing resistance of the rivets, 
that the load is sharec. equally between the rivets, and that the stress 
distribution throughout the joint is uniform. These assumptions may 
be approximately true near the point of failure, 
but are quite incorrect in the neighbourhood of 
the working load. 

Frictional Resistance and Slip—Fig. 505 ‘r+ 
represents the result of a tension experiment by 
Rudeloff? on a butt joint with double cover 
straps and 15 rivets on each side of the joint. 120 
Up to a load of about 70 tons, the joint approxi- 
mates in behaviour to an elastic body, but at the 
point S slipping occurs, and the rate of extension gp 
suddenly increases. This happens when the 
growing load overcomes the frictional resistance 
of the joint, which frictional resistance is the con- 
sequence of the compression between the plates, 
resulting from the longitudinal tension in the 
rivets due to cooling after closing, and also to Extension, cmxi0" 
the pressure used to close the rivets. That the 6! §9 100 150 
resistance under low loads is predominantly due Fic. 506. 
to friction has been proved by making experi- 
ments on joints in which the holes are oval and isieee than the rivets. 
Edwin Clark * found that a j-in. iron rivet in a large oval hole, hand 
driven, carried 5-59 tons before slipping occurred, equivalent to a stress 
in the rivet of 9-3 tons/sq. in. 

As the result of slip in a normal joint, more and more rivets begin 
to bear against the sides of their holes, and the resistance of the joint 
increases up to the point R, Fig. 505. Thenceforward the shearing 
resistance of the joint comes into play, and the total resistance rises 
rapidly. 

* The Britannia and Conway Tubular Bridges, 1850, vol. i, p. 393. 
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Many experiments have been made to determine the resistance to 
slip. With plates less than § in. thick, of wrought iron or ordinary mild 
steel, the results obtained range from about 5 to 12 tons/sq. in. of 
rivet area, averaging from 7 to 8 tons/sq.in. The type of joint and 
method of closing the rivet do not appear much to affect this result. 
With thick plates, unless special precautions be taken, it is found difficult 
to ensure close contact between the plates, and the resistance to slip is 
lower, averaging, according to Montgomerie’s experiments,‘ from 5 to 6 
tons/sq. in. ; the variation in slip resistance is also much greater. With 
thick plates, hydraulic riveting, where great pressure is used to close ‘he 
rivets, ensures better contact between the plates and gives higher slip 
resistance than does either hand or pneumatic riveting. 

Partition of Load.—A second point established by experiment is that 
the load is not equally shared between the rivets in a joint. It is found 
that the extreme rivets in a 


line are more heavily loaded (i) 4 2 3 4a 5 t’ 
than the intermediate ones. 
Professor Batho® has deter- 


mined experimentally the 
partition of load between 
the rivets in a butt joint 
with double cover straps in 
a flat bar, and has shown 
that the said distribution 
can be obtained theoretically 
from strain-energy considera- 
tions. Fig. 506 represents 
some of his results. For a 
joint, (i), with five rivets in 
line, in which the covers are 5 Rivet 
one-half the thickness of the Fra. 506. 

bar, each of the two end 

rivets of the group carries about 40 % of the load, (ii) ; if the covers 
are equal in thickness to the bar, the extreme end rivet of the joint 
carries over 60 % of the load, (iii). Batho’s theory indicates that when 
the number of rivets in line is five or more, the load on the extreme rivet 
is practically the same no matter how many rivets there be, the inter- 
mediate rivets carrying little of the load. This would suggest that it is 
uneconomical to put more than five rivets in line. 

In explanation of these results, it is evident that if the rivets were 
perfectly rigid, the two end rivets would take all the load; it is only 
by yielding slightly that they are able to pass some on to their neighbours. 
By finding the strain energy stored in the system, and using the principle 
of least work, Batho determines the load on each rivet in terms of a 
quantity K which depends on the action of the rivet and the proportions 
of the joint. He obtains values of K from the experiments. The dotted 
lines in Fig. 506 show the theoretical partition calculated in this manner, 


Proportion of Load 
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and as will be seen, the method gives values which agree closely with the 
experimental observations indicated by the full lines. The results of 
similar experiments by Hertwig and Petermann show general agree- 
ment with Batho’s results. The distribution of load, thus determined, 
holds until the working load has been far exceeded ; but with increasing 
load the overstrained end rivet begins to yield more and more, and the 
other rivets take up a larger share of the load. Unequal partition persists, 
however, at least up to the yield point of the joint. 

Fitted bolts behave in a similar manner to rivets, but the distribution 
in load is affected by the amount of tension in the bolts occasioned 
by the tightening up. The behaviour of joints with black bolts (bolts 
which do not fit the holes) is also found to be generally similar tc riveted 
joints up to the point at which slip occurs. A general redistribution of 
load between the bolts accompanies slip; when no more slip can take 
place, and the yield point of the joint is approached, the partition of the 
load is almost uniform. For experiments on joints with black bolts see 
Batho and Samawi. They find that the average coefficient of friction 
between unpainted surfaces is 0-35, and point out that it is not possible, 
when working at a .hear stress in the bolts of 4 tons/sq. in., to tighten up 
such bolts sufficiently to prevent slip. 

Stress Distribution.—Measurements of the stress at different parts of 
riveted joints have been made, and as might be expected the distribution 
is by no means uniform. 

D.E.V. Experiments.—A number of tests of riveted joints have been 
made by the Deutscher Eisenbau-Verband,* which tests have been 
supplemented by others made by Dornen®’. These experiments 
confirm in general the conclusions set forth above ; the following additions 
may be noted. In some experiments on flat bar specimens with double 
cover straps, fracture took place indifferently either by the bar tearing _ 
or by the rivets shearing when the ratio 


net area of the bar at 
So ae ee ee ee ee ee 0 . 74, 
area of rivets in shear dg 


For riveted joints, also in double shear, Dérnen found that when 
at/ag= 0-71 the angle failed; when at/ag= 0-85 the rivets failed. 
Using hard steel rivets, so that failure by shear was obviated, he found 
that for equal strength in tension and bearing 


net area of the bar === at 3 
bearing area of the rivets ab , 


but in such circumstances the distance of the rivet from the edge of the 
bar should be at least 34d. 

In the D.E.V. experiments, the load at which slip began was on an 
average 142 % in the case of toggle-joint riveting, and 54 % in the case 
of pneumatic riveting, greater than in the case of hand riveting. The 
ultimate strength of the joint was not influenced by the method of riveting. 
The resistance to slip was appreciably greater in riveted than in bolted 
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connections, but the ultimate strengths of the two kinds of joint were 
approximately the same. The arrangement of the rivets in a flat bar 
butt joint with double covers made no appreciable difference to the slip 
resistance of the joint, but the slip resistance is a very variable factor 
even with joints having the same arrangement of rivets. The load at 
which slip begins averages approximately 20 % of the shear strength of 
the joint. In a tie bar, the slip between the angles and the gusset at 
the extreme rivets was found to be nearly four times as great as at the 
two middle rivets. , 

Both in the D.E.V. and in Dérnen’s** experiments, it was found 
that, in an angle section tie bar with a supplementary cleat, (ii) Fig. 216, 
the slip between the tie bar and the gusset was much greater than between 
the tie bar and the cleat, showing that most of the load is transferred 
direct from tie bar to gusset. Dérnen found that when three rivets were 
used to connect both tie and supplementary cleat to the gusset plate, 
(ii) Fig. 216, the measured slip of the tie bar was about three times as 
great as that of the supplementary cleat. Lengthening the cleat and 
increasing the number of rivets connecting the cleat to the tie bar from 
three to five, (iia) Fig. 216, reduced the measured slip between the tie 
bar and cleat by about one-half. 

Type of Joint—Some tension experiments by Gayhart® on butt 
joints in 2-in. plates, with double cover straps 4 in. thick, are instructive. 
The rivets were 1 in. diameter in 1,-in. holes, spaced 4} in. apart. 
Three classes of material were used for the plates : medium 60,000 lb. steel, 
high tensile 80,000 lb. steel, and a specially treated steel. Both medium 
and high tensile steel was used for the covers and rivets. 

. Seven types of joint were tested: (A) double riveted; (B) treble 
riveted ; (C) quadruple riveted ; (D) treble riveted with the pitch doubled 
in the outer row; (E) quadruple riveted similarly arranged ; (F) as (D), 
but with cover straps of unequal width; (G) as (E), but with unequal 
straps. Great care was taken to ensure a tight joint and completely 
filled rivet holes. Comparing the ultimate strengths of the medium steel 
joints: type A was weakest but 12 % stronger than its theoretical worth, 
actual efficiency = 85 %. The respective efficiencies of the three treble- 
riveted joints were: B, 84%; D, 81%; F, 85%. B was 10% 
stronger than its theoretical worth ; D was 5 % weaker, which suggests 
that the omission of the alternate rivets in the outer row does not improve 
the joint (these joints were designed for plate failure). The results for 
the quadruple-riveted joints were practically identical, and the addition 
of the fourth row of rivets did not improve the joint. The two joints 
F and G with the unequal cover straps and omitted rivets had the 
highest efficiency. 

The results for the high-tensile steel were similar. The joint B with 
three complete rows of rivets was slightly stronger than D with the 
omitted rivets. The strongest of all was the quadruple-riveted joint G 
with unequal covers and the omitted rivets. 

Comparing the stresses (in lb./sq. in.) in the plates themselves when 
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slip first occurred: for the medium steel joints this was 6700 in joint A ; 
9400 in joint B; 8500 in D, and reached a maximum of 11,000 in E. 
The high-tensile steel showed up badly in this respect, the stresses at 
first slip being generally less than one-half those in the medium steel 
joints ; due, it is suggested, to less perfect plate contact. The stress in 
the special-treatment steel plates at first slip was 5200 lb./sq. in. with 
medium steel rivets, and 2400 Ib. /sq. in. with high-tensile steel rivets. 

With medium steel rivets, at low intensities of plate stress, the outer 
row of rivets carried a larger portion of the total load than the others. 
At the design stress, in treble- and quadruple-riveted joints, the load is 
equalised between the rows. When alternate rivets were omitted in the 
outer rows, the distribution was not so uniform. In double-riveted joints, 
even at high stresses, the outer row carried two-thirds of the load. The 
distribution in the case of high-tensile steel rivets was not very different 
from the above. 

376. Snap Head v. Countersunk Riveting.—The relative strength of 
riveted joints with snap head and countersunk rivets, respectively, has 
been investigated by Kommers.!2 The specimens were lap and butt 
joints in tension and bending. The average ultimate shear strength of 
the countersunk riveting was at least equal to that of the snap riveting, 
but the permanent slip (the residual elongation when the load was 
reduced to 1000 lb.) at working stresses was 3 to 6 times as great in joints 
with one countersunk head, and 5 to 8 times as great when both heads 
were countersunk, as in joints with snap heads. The corresponding 
elongations were from 1-7 to 2 and 2 to 4 times as great in the respective 
cases. In the bending tests, at working stresses, the deflection of the 
joints with countersunk rivets was from 10 to 80 % greater than in those 
with snap heads. The ultimate strength was about the same with each 
kind of head. 

Kommers concludes, therefore, that for strength, either countersunk 
or snap-head riveting may be used. For rigidity, snap heads are prefer- 
able. For joints subjected to impact, where high capacity for absorbing 
energy is requisite, countersunk riveting should be employed. 

377. Rivet Heads in Tension.—Young and Dunbar™ made a 
number of tests on rivet heads subjected to pure tension, tension combined 
with flexure, and tension combined with shear. The rivets had cup 
(snap) heads. They found that in pure tension an increase in the grip 
length diminished the ultimate strength. As the diameter of the rivet 
increases, the ultimate tensile strength per square inch decreases. In 
general, machine-driven rivets gave higher resistances than did pneumatic 
percussion riveting. In many cases, no observable extension of the rivet 
occurred until a considerable load had been applied, showing that it is 
the initial tension in the rivet which carries the load, until the increasing 
applied tension exceeds the initial tension. 

The combination of tension with flexure considerably reduced the 
tensile resistance of the rivets. Applying the load with an eccentricity 
of 1% in. from the centre line of the rivets produced a marked reduction 
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in the strength; but doubling the eccentricity did not lead to a pro- 
portional decrease in the resistance. With 1}-in. eccentricity, machine- 
driven riveting was superior to pneumatic riveting, but when the 
eccentricity was increased to 2} in. there was little difference between 
the strength of the two kinds. The larger the rivet the less was its 
strength per square inch. 

From the results of the tension combined wjth shear experiments, it 
would again appear that the average ultimate strength per square inch 
decreases as the diameter of the rivet increases. Increasing the grip 
length also diminishes the strength. Pneumatic riveting was inferior to 
machine-driven riveting when the shearing force S was one-half the tensile 
force T, but when S = T there was little to choose between them. The 
following formulae are suggested to give the permissible tensile stress on 
rivet heads, based on a factor of safety of 4 on the ultimate strength : 
For the combination of tension with flexure, 


pt = 21,000 — 8000d — 5500,/e 
where 


pt = the permissible tensile stress on the rivet in lb./sq. in. on the 
area before driving. 

d = the diameter of the rivet before driving in inches. 

e = the eccentricity of loading in inches. 


For the combination of tension and shear 
pt = 21,000 — 8000d — 6750 (S/T)?. 


S is the total shearing force due to all causes in lb. 
T is the total tensile force due to all causes in |b. 

It is pointed out that this combination of loading was accompanied 
by incidental] flexure of undetermined magnitude. 

In the experiments, the diameter of the rivets ranged from § to 
% in., and the holes were punched }, in. larger than the rivet. 

378. Stresses in Semi-stiff Frames.—Before a rational method of 
designing semi-stiff frames, such as a steel-framed building, becomes 
possible, some definite knowledge is required regarding the degree of 
rigidity which the commonly emnvloyed connections possess. A number 
of experiments have been made with this end in view ; one of the earliest 
series was that made at the University of Illinois and reported in 1917.16 
Fig. 507 shows the types of specimens employed ; the method of loading 
is indicated at A4d. Assuming the joints to be perfectly rigid, certain 
changes of slope will take place under this loading ; these can be calculated. 
The actual changes of slope at specific points on the specimen can be 
measured. The differences between the calculated and observed values 
are assumed to be due to slip and distortion at the joints. In this way 
an estimate of the rigidity of the joints is obtained. That distortion of 
the parts of a joint has considerable effect in reducing its rigidity may be 
inferred from the manner of failure. Thus in A3 and A4 the cleats opened. 
In A5 the cleats opened and the rivets failed in tension ; in A6 the cleats 
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opened. In Al the column buckled, suggesting that distortion at the 
joint was not large, but in A2 (a joint similar to Al but in which the 
gusset was attached by long cleats to one flange of the column) the gusset 
plate buckled. 

Speaking generally, in types Al and A2 the assumption of perfect 





Fia. 507. 


rigidity leads to no serious error. A3, A4, A5, and A6 must not be 
regarded as rigid joints, though A5 showed some indications of rigidity 
under low loads. 

More recently, a number of experiments have been made by Berg,* 
Batho and Rowan,!® Rathbun,”! and others. A reference to Batho and 
Rowan’s experiments will 
be found in §3784. The Spec. N°18 
test-piece used is of the -== 
form shown in Fig. 508, 
which represents one of 
Rathbun’s specimens. This 
is supported beam fashion 
at each end, and loaded 
with a central load as in- 
dicated ; alternatively, four- 
point loading may be employed to give pure bending at the connections. 
The angular change between the horizontal beam and the vertical column 
is observed, and plotted against the bending moment producing it (see 
Figs. 509 and 5104). In Rathbun’s experiments, three types of connections 
were used: (i) plain web cleats ; (ii) flange cleats top and bottom of the 
beam, with or without web cleats; (iii) split I connections, Fig. 508. 
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In types (i) and (ii) the column of Fig. 508 was.replaced by a vertical 
plate. 

The cleats in type (i) deformed badly under load, without much visible 
distress in the rivets or Z beams. This type can be subjected to con- 
siderable angular defor- 
mation without seriously 


affecting the capacity to Ss ~ N° 12 i 
carry vertical loads. In 6x10" ; 6x6 x co 43x10 
type (ii) the chief defor- in.tb 6 x4 x % jCleats in. Vb. 
mation occurs in the /| 4x3%x% Web 

flange cleat placed in 50 s 


tension, and in some cases 


Bending Moment 


ns N°? 2 and 12 


in the rivets therein, 
anes : “TILL é 
working range of this 
constructed with a central 


Cleat 
[ / Spec. N°18 
not in the EZ beams. gore 2-0 
which were # in. thick. 
type was much less than Spec.N°2 
1 
vertical plate instead of = ] 
lumn, the rivet . 
an X column, the rivets | pa sapnin Botinak: 


This suggests that the .*° / 

construction could be oo 
strengthened by thicken- z, 
The deformation in the 

in type (i). In type (iii), 6x4 36 Web Cleats. 
failed in tension, or those 


in the horizontal beam 0 0-005 0-01 0-015 0-020 
sheared. The flanges in 0 0:002 0004 0-006 
the beam showed distress Fic. 509. 


long before failure. In 

Exp. 18, Fig. 508, the column became distorted long before the connections 
passed the yield point. The stress was high in the central rivets and low 
in the outer ones. Type (iii) forms a relatively rigid connection. 

In Fig. 509 the angular deformation is plotted against the bending 
moment. The connection for the 8-in. beams 
in Exp. No. 2 consisted of double 6 x 4 x 
#-in. web cleats. For the 12-in. beams in 
Exp. No. 12 the flange cleats were 6 x 6 x a 
jin. and 6 x 4 x jin.; the web cleats were Transverse lax5 
4x 34 x #in. Specimen No. 18 is shown Fic. 610. 
in Fig. 508. 

In some experiments by the D.E.V.!" on cleated bolted connections 
between E beams, there were three longitudinal spans of 3-6 m. in line, 
which were freely supported at the extreme ends, the intermediate 
supports being transverse beams to which the longitudinals were attached 
by two-hole web cleats of the usual type, Fig. 510. The ends of the 






Long! 
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transverse beams were freely supported. Each longitudinal span was 
loaded at the $ points of the span, and the loads were increased in steps 
up to failure. The experimental conditions were made to correspond 
exactly with ordinary practical conditions. From the observed de- 
flections, the fixing moments at the intermediate supports were calculated. 
The experiments proved that the beams were partially direction-fixed, 
and that under working loads the direction-fixing moments increase the 
carrying capacity of the longitudinal girders by at least 10%. The 
tensile and shear stresses in the bolts rerhain within permissible limits, 
but attempts to find the tension in the bolts by direct measurement of 
the extensions proved ubortive, due to the initial tightening-up tensions. 

Owing to the eqvaiisation in the partition of the load which takes 
place with bolts, and to the greater rigidity of riveted joints and conse- 
quent greater inequality in the load partition, the conclusion is reached 
that bolts are to be preferred to rivets. 

378A. Report of the Steel Structures Research Committee.—The 
final Report (1936) of che Committee 22 contains the results of their investi- 
gations into the behaviour 
of steel-frame ‘uildings 
under vertical loads, and : 
proposed methods of design. 
This work is summarised 
in a paper by Professor 
Baker read before the Insti- 
tution of Civil Engineers,?* 
from which the following 
abstract has been mado :-— 

The Committee find 
that, due to the semi- 
rigidity of the joints be- 
tween the beams and stan- 
chions, the bending moment 
on the beams is reduced, 
but that considerable bend- 
ing moments are imposed 
on the stanchions. Ex- 
cepting where, due _ to 
unsymmetrical conditions, 0 2 4 6 8 10x” 
sway takes place, § bending Angular Change, Radians., 
is the rule in the stanchions, . 

‘ : Fig. 510A. 
the maximum bending 
moment occurring at their ends; the ordinary column formulae, therefore, 
are inapplicable. 

From observations on actual structures, and experiments in the testing 
machine (Batho and Rowan, 2nd Report), they find that, though far 
from rigid, the ordinary cleated connections will transmit a considerable 
bending moment. Measurement of the change of angle between beam 


Moment, Inch-1b 


we | 
AT | 
Flange Cleats. 
del 
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and stanchions shows that the deformation is not elastic (Fig. 510a). 
It is made up partly of deformation of the cleats, partly of elongation of 
the rivets, and partly of local deformation of the members connected. 
The yield point is exceeded in the cleats under relatively small moments, 
but in the structures themselves the probable angular change is 
sufficiently small not to be dangerous. On removal of the moment, 
permanent deformation is found to exist. The angular change for a 
given moment varies not only with the type of connection, but also with 
the workmanship, differences in the tension in bolts and rivets, and with 
abnormalities in the shape of the cleats. Bolted connections show more 
variation than riveted. The Committee propose lower limit curves for 
the purposes of design. 

Calculations of the bending moments in a steel-frame building, made 
on the assumption that the joints are rigid, gave results which, though 
similar in character, differ considerably in magnitude from the experi- 
mental observations. Using the experimental curves for the semi-rigid 
connections, the Committee show that it is possible to interpret the 
observed bending moments with success. 

They find that the filling in the floors and walls, and the encasement 
of the beams, connections, and stanchions, have much influence on the 
moments and stresses; the most important effect being to eliminate 
eway due to want of symmetry. The addition of encasement diminishes 
the bending moment on the floor beams, but may increase the bending 
moments in the columns when the connections are light ; it may diminish 
them when the connections are rigid. Encased connections in the testing 
"machine act almost as rigid joints until the concrete cracks ; afterwards 
the effect of the encasement is small. 

The Committee propose to replace the usual conventional calculations 
for steel-frame buildings by a more rational process based on their 
observations. Considerable simplification, however, was found necessary 
to make the procedure manageable. For a detailed account of the 
experiments, and of the proposed method of design, the references cited 
should be consulted. 

379. Stresses in Braced Frames.—A number of experimental studies 
have been made on the stresses in braced frames under specific load 
conditions. Generally speaking, these may be said to justify the usual 
elementary methods of finding the primary stresses in framework, even 
when the framework has stiff riveted joints; but, in addition, these 
experiments demonstrate the existence of secondary bending moments 
of considerable magnitude resulting from the stiffness of the joints. If 
the stresses due to these secondary moments be taken into account, and 
properly combined with primary stresses, a close agreement between the 
theoretical and experimental stresses is obtained. 

A notable experimental study of this character was made by Wyss 7° 
on the riveted girder shown in Fig. 513, the details of construction being 
similar to (i) Fig. 190. Some of the results of this research are discussed in 
7 9,§ 118. Wyss measured the deformations in the members and gussets 


EXPERIMENTS ON STRUCTURES 761 


of his experimental girder, and from these measurements calculated the 
stresses everywhere. Making certain assumptions regarding the semi- 
stiffness of the gussets, he was able to interpret his measured values with 
considerable success. His memoir is worthy of careful study ; it must 
suffice here to mention one or two points of interest. 





Fia. 511. 


Fig. 511 represents the stress trajectories or lines of principal stresses 
in a typical gusset. From it, a conception may be obtained of the way 
in which the forces in the web members increase the forces in the flange, 
and the action of the gusset in this relation. 


a1 54t 





Oo O10 90 9 





Fia. 512. 


The measured loads on the rivets in the ends of typical web members 
are shown in Fig. 512. .It will be seen that the force in the members is 
by no means equally distributed between the rivets; the tendency for 
the load to concentrate on the end rivets will also be observed. 
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(ii) Fig. 513 shows the deflection curve, and (iii) the ascertained 
secondary bending moments. In view of its bearing on the column 
theory, the point of inflexion, indicating S-bending in all the members, 
should be noted. For diagrams of the distribution of stress in all parts 
of the girder, the original memoir must be consulted. 
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380. Model Analysis. Begg’s Deformeter.—In statically indetermin- 
ate structures with many unknowns, the analysis becomes so involved 
that recourse is often made to experiments on models, in order to determine 
the stresses in the structure. The deformeter method devised by Professor 
Beggs *° is convenient for this purpose. The stresses in any type of plane 
framework can thus be found, provided that all the forces act in the plane 
of the frame. The theory is based on the Maxwell-Betti theorems, 
§ 84, and the statically indeterminate unknowns are found by measuring 
the relative displacements of points on a flat model of the structure. 
This model, which must be correctly proportioned as to area and/or 
moment of inertia of its parts, may be of thin celluloid, or of a good 
quality cardboard. To eliminate friction as far as possible, the model 
is supported on small steel balls resting on a sheet of glass; a number 
of small weights are used to hold the model down and to prevent warping.* 

Let Fig. 514 represent two bays of a stiff portal frame with direction- 
fixed feet. At each foot there will be a vertical reaction V, a horizontal 
force H, and a support moment M. There are thus nine statically 


* For a number of desirable precautions in making the experiments, see Lobban, 
‘Lrans. Inst. Engrs. and Shipbuilders, Scotland, vol. ixxvii, 1933-4, p. 169. - 
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indeterminate unknowns. To find the magnitude of these when a load 
W, acting in any direction, is applied to the portal at any point D, the 
procedure is as follows: Give to the point A a definite vertical displace- 
ment AA’ = Aga without permitting the foot to rotate, measure the 
displacement Adg of the point D along the line of action of W. Then by 
Betti’s theorem, 


Aaa 


Similarly, to find H, give the point A a horizontal displacement Aga 
without permitting it to rotate, and measure the displacement Ada of 
the point D along the line of | 
action of W. Then as before, 


V . Aga = W . Aga; or, V= WAM | : . (4) 


H= wh? , . (2) 
aga 


The horizontal thrust in two- 
hinged arches euld be thus 
obtained. Thirdly, to find 
the moment M, give the foot 
A an angular movement 
Aaa/c, keeping the point fixed 
in position. Then if P be 
the force, acting at leverage 
c, necessary to produce this 
angular movement, and Ada 
ba the corresponding displace- 
ment of D along the line of 
action of W, 


P, Aaa =W. Ada. 
Multiply each side of the 





equation by c. Then Fia. 514. 
Be Aaa! Ween and M = Pe = We .  . @) 


In this manner the support moments in direction-fixed arches could be 
found. 

From eqs. (1), (2), and (3), V, H, and M at A can be found, and 
similarly for the feet Band C. If the experiment be repeated for a number 
of different positions of W, and W be put equal to unity, influence lines 
for V, H, and M can be plotted, from which their magnitudes for any load 
condition can be ascertained. This merely entails measuring Ada at a 
number of points along the structure, having once set up a displacement 


The method used to produce the displacements is shown in Fig. 515. 
Attachments for the feet of the structure are provided of the form shown 
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in (i) Fig. 515. These consist of two bars J and K kept together by 
springs. The top bar J is attached to the board on which the model is 
mounted, the feet of the structure are attached to K. The bars are held 
apart by plugs as indicated. To produce a vertical movement without 
rotation, the normal plugs at one of the feet are replaced by others of 
smaller diameter, (ii). Horizontal 
displacements are produced by 
ihserting rectangular plugs, (iii), 
and angular movement by using 
two plugs of different diameters, 
(iv). The wedges are used to sepa- 


rate J and K for the purpose of on 0) oo 
inserting the plugs. Deflections to - 
an accuracy of 1/40,000 inch can SS " Ss 
be thus produced. To measure the (iv) 5 
displacement of D, filar micrometer =, = 
microscopes are employed.* Fia. 515. 

To find the force F, in a re- 
dundant bar MN, Fig. 516, suppose it replaced by two equal and opposite 
forces Fy’ and F,”, each equal in magnitude to Fy. If Fy’ alone be 
applied to the frame, it will produce at M a displacement Amm along the 
line of action of Fy’, and a displacement Adm at D along the line of action 


of W. If F,” be applied alone, it will produce corresponding displace- 
ments at N of Ann, and at D of Agn. From the Maxwell-Betti theorems 


F,’ x Amm = Wx Adm 
Fr” x Ann = W x Adn 


When the bar is in place, both F,’ and F,” will act together, and since 
each is equal to F,, 


Fr (Amm + Ann) = W(Adm -+ Adn) 


creme XPAXIX 


where Amn = (Amm + Ann) = the N 
approach of M to N; and Ap Fic. 516. 
= (Adm + Adn) = the total displace- 
ment of D. To find F, by means of the experimental apparatus, 
therefore, omit the redundant bar MN and cause M and N to approach 
by an amount Ayn. Measure Ap, the corresponding displacement of D 
along the line of action of W. Then, if W = unity, 


Fy = Ap/Amn. 





* Pippard and Sparkes show that, in simple cases, reasonably accurate results 
can be obtained from models cut from sheet xylonite, with displacements of such 
magnitude that they can be measured with a finely divided scale. Jour. Inst. C.K, 
November 1936, p. 79. 
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F,’ acting at M will also give rise to a displacement Anm at N, and F;,’ 
will produce a displacement Amn at M. Since F;’ and F,” are equal, and 
act in opposite directions along the same line of action, Anm = — Amn, 
the sum of these displacements is zero, and they do not affect the value 
of Ann. 

Other Methods.—Professor Coker * uses flat nitro-cellulose models of 
structures, and by a combination of optical determinations with polarised 
light (see § 253, Vol. I), and lateral measurement of the change in thickness 
under load of the model, the direct stress, bending moment, and shear 
stress at any cross-section can be found. 

A variation of the Beggs method due to El-Wahed, and termed by him 
the ‘ link-method,’ may be mentioned.™ 

Satisfactory results have been obtained, both in this country *? and 
in America, by constructing a suitably proportioned model structure, 
preferably of metal, and measuring the deflections and slopes produced 
under load by means of a micrometer microscope. From the observations 
thus obtained, the bending moments in the members of framed structures 
can be calculated directly from the slope-deflection equations, eqs. (25) 
and (26),§ 105. An application of this method to 13 storeys of a building, 
by Large, Carpenter, and Morris, may be consulted (see Ref. No. 37, 
Bibliography, Chapter ITT). 
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APPENDIX 
PROPERTIES OF ROLLED STEEL SECTIONS 


Tue following Tables are reproduced with the kind permission of 
Messrs. Dorman, Long & Co., Ltd., Middlesbrough, from their Handbook 
for Constructional Engineers, and with the consent of the British 
Standards Institution. 
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DORMAN, LONG & CO. LIMITED. 





a 


BEAMS. 


DIMENSIONS AND PROPERTIES IN INCH UNITS.. 


Standard 
Weight} Thicknesses 
Reference S:ze per 


Mark Inches foot 
Ibs. Web nenee 





BSB 140] 24x7!2{ 95 1°011 
« 189] 22x7 75 ‘834 
» 138] 20x74 89 1 010 
» 1837] 20x6%] 65 ‘820 
» 136] 18<8 80 950 
« 135] 187 75 928 
» 134] 186 55 757 

133] 16.8 75 938 
» 182] 16x6 62 847 
» 181] 16«6 50 726 
» 180] 15.6 45 655 
» 129] 155 42 647 
» 128) 14x8 70 ‘920 
» 127] 1476 57 873 
n 126] 14x6 46 698 
» 125] 18x95 35 604 
» 124) 128 65 904 
» 12387 12x6 54 ‘883 
» 1227 12.6 44 717 
121] 12x5 32 ‘550 
« 120] 10x8 55 "783 
» 119] 10x6 40 769 
« 118} 10<5 30 .552 
117} 10x4%] 25 505 
116 9 7 50 825 
1ld 9x4 21 457 
114 8x6 35 ‘648 
113 8x5 28 "575 
112 8x4 18 898 
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DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Area 
Square 
Inches 


27°94 
22°06 
26°19 
19°12 
23°53 
22°09 
16:18 

22°06 
18°21 
14°71 


13°24 
12°36 


20°58 
16°78 
13°59 


10°30 


19°12 
15°88 
13°00 

9°45 


16°18 
11°77 
8°85 
7°35 
14°71 
6:18 
10°30 
8°28 
5°30 


DORMAN, LONG & CO. LIMITED. 


Moments of Inertia 


About 
X-X 


2533 04 
1676°80 


1672°85 
1226°17 


1292°07 
1151°‘1'3 
841°76 


973 91 
72505 
618 09 


491°91 
428°49 


705 58 
533 °34 
442°57 


283°51 


487-77 
375°77 
316°76 
221°O7 


288°69 
204°80 
146°23 
122 34 


208°13 
81°13 
115°06 
89°69 
55°68 


About 
Y-¥ 


82°54 
41°07 
62°54 
32°56 
62°43 
46 56 
23°64 


68°30 
27°14 
22°47 


19°87 
11°8] 


66°67 
27°94 
21°45 


10°82 


65°18 
28°28 
22°12 

9 69 


54°74 
21°76 
9°73 
6°49 
40°17 
4°15 
19°54 
10°19 
3 51 


BEAMS 


Radii of 
Gyration 
Inches | 


a 


Section Moduli 


. 





211°09 
152°44 


167°29 
122°62 
143°56 
127°91 
93'53 


121°74 
90°63 
77 26 


65°59 
57°13 
100°80 
76°19 
63°22 
43°62 
81°30 
62 63 
52°79 
36°84 


57°74 
40°96 
29°25 
24°47 
46°25 
18°03 
28°76 
22°42 
13°91 






















































About 
YY 


16°68 
11°73 
16°68 
10°02 
17 36 
13°30 
7°88 
17°08 
9°05 
7°49 
6°62 
4°72 
16°67 
9°31 
7°15 
4°33 
16°30 
9°43 
1°37 
3°88 
13°69 
7°25 
3°89 
2°88 
11°48 
2°07 
6°51 
4°08 
1°75 





Size 
Inches 
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DIMENSIONS AND PROPERTIES IN INCH UNITS. 


sa 







“— Thickness Radi —— 

Reference Size 
Mark Inches foo Holes 
a iid tiekic 


BSB 111 








110 
» 109 
108 









107 
106 









105 
» 104 
103 









102 
101 





SPECIAL BEAMS 


DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Reference Size 
Mark Inches 


DLB 25a 
DLB 20a 


Standard 
Thicknesses 








DORMAN. LONG & CO. LIMITED. 









BEAMS 


DIMENSIONS AND PROPERTIES IN INCH UNITS 


Inches Abdeut 


7°37 
5 89 
3°53 


5°88 
3°26 


1°91 
2°04 
1°47 


2°52 
1°18 


{ 





X-X 


39 51 


43 69 
34°71 
20'99 


25°03 
13°68 


6°73 
7°79 
3°66 
3°81 
1°66 


¥-¥ 


3°37 


"7°10 
5°40 
1°46 
6°59 
1°45 

°26 
1°33 

‘19 
1°25 

‘13 


SPECIAL BEAMS 


Moments of Inertia Section Moduli 
Area Gyration 
Square Size 





2°89 
2°44 
2°43 
2 44 


DIMENSIONS AND PROPERTIES IN 


6x6 
6x4% 
6x3 


5x4% 
5x3 


4%x1% 


4x3 
4x1% 


3x8 
3x1\ 


INCH UNITS. 










DORMAN, LONG & CO. LIMITED. 


CHANNELS. 
DIMENSIONS AND PROPERTIES IN INCH UNITS. 






Weight 

Reference Size a 

Mark Inches oot 
Flange! Root 
ibs. t, r, 
BSC 120a] 17x4 51°28 | °60* | ‘68 | °60 
120 17 <4 44°34 | °48 ‘68 1°60 
119al t5x4 42 491 °53" | -62 1°60 
119 154 86°37 {| °41 "623 1°60 
118a}l 18%4 38°92 | °53* | ‘62 1°60 
Vv » 118 13x4 83°181°40 {| ‘62 | °60 
» l17al 12x4 36°63 | °53* | ‘60 | 60 
117 12x4 31°38 1°40 | ‘60 | °60 
» 1i6al 12x8% | 80°45 |-48*] -50 | -54] 
» 116 12x3% | 26°37] '°88 | °50 | °54 

X- ats jpceinn dei insciemome 

t I cota cate 115a} 11x3% | 80°52 | °48* | “58 | -54 
<I » 115 113% 26°78 1°38 | °-58 1°54 
ll4a}] 10x83% | 28°54 |] °48* | °56 | °54 
. 114 10x8% | 24°46] °386 | 66 | ‘'54 
118aj 10x83 21°33 ] °388* | *46 | 48 
» 118 10x3 19°28 1'°32 | "45 | 48 
» 1128 9x3% | 26°63 1°45" | °54 | °54 
» 112 @x3y, | 23°49 1°38" | °54 | °54 
» Lily 9x3% | 22°27] “34 | °54 | “64 
« Llla] 9x3 | 19°91] °38*| -44 |] °48 
» 111 9x3 17°46] SO | °44 1°48 
« 1100 8x3% | 23°20] °43* "52 °64 
» 110 8x8¥% |} 20°21 1°32 | °52 | .54 
we 109 8x3 18°68 °38* °44 °48 
“ 109 8x8 15°96} '°28 | °44 1°48 
wv 108a 7x34 20°18 *“38* *650 "54 
«» 108 7x3% 118°281°80 | °50 | °54 
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*Thickness obtained by raising rolls. 





DORMAN, LONG & CO. 


LIMITED. 









CHANNELS. 
DIMENSIONS AND PROPERTIES IN INCH UNITS. 


































Radii of Gyration 
Inches 


Moments of Inertia Section Moduli 


Area 


569°31 | 1396 
520°13 | 15°26 


5°28 17>4 
4°96 1744 


382°85 14 97 
349°10 13 34 


4°71 154 
4°40 15x4 


270° 66 14°51 
246°86 12 76 


4°64 13x4 
431 138x4 


218°81 13 80 
200°09 12 12 


4°44 12x4 
|; 412 12x4 


174°13 7°96 
159°73 715 


2°86 12x3% 
2°68 12x3% 


152° 96 8°86 
141°87 7°93 


3°30 11x3% 
3°08 11*8% 


119°52 8°50 
109°52 7°42 


3°17 10x3% 
2°93 10~ 3% 


87 66 4°31 
82°66 3°98 


1°85 10.8 
1°76 10>3 


89°30 7°86 2.98 9x3 
85'05 7°26 2°85 9*3% 
82 62 6°90 2°76 9x Sie 
67°38 4°18 1°80 9x3 
62°52 3°75 1°69 9x3 
65°27 7°30 2°81 8.8% 
60°57 6°37 2°60 8x3 
50°99 4°11 1°79 8x3 
46°72 3°58 1°65 83 
45°12 6 48 2°58 Tx3% 


42°83 Tx 3% 
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= mane = ps a 













CHANNELS. 
DIMENSIONS AND PROPERTIES IN INCH UNITS. 





17 O7 
14°22 


BSC 107a 
107 






18°52 
1 16°48 


17°53 
16 51 


13 64 
12 41 


11°24 
10°22 
791 
7 09 
5°11 
4 60 


















SPECIAL CHANNELS. 
DIMENSIONS AND PROPERTIES IN INCH UNITS. 











Standard 
Weight | Thickness Dimen- 
Reference Size per sion 
Mark Inches oot 
Ibs. Flange] cot Pp 


SPECIAL 






SPECIAL 






te Fy 
4%x«1%113°'48 | 68 | ‘68 1°44 "461 
4x2, | 10°66 | 38 388 | 38 766 
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cosmenl fet 













CHANNELS. 
DIMENSIONS ANDO PROPERTIES IN INCH UNITS. 


- Moments of Inertia ica a Section Moduli 
rea 
square 
_ past | et a se 












SPECIAL CHANNELS. 
DIMENSIONS AND PROPERTIES IN INCH UNITS. 


Moments of Inertia | Radlo of Gyration Section Modull 


3°964 | 9°048 "548 *372 4°019 “637 | 44xK1% 
3136 | 7°344 1°782 *754 3°672 1°027 4x2% 
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Size 









Moduiil 


Minimum 
Section 


Moments 


of Inertia 


IN INCH UNITS. 


sions 


Centre of Gravi iy ; 


Dimen- 


N 
‘ 
, 


~ 





UNEQUAL ANGLES 


DIMENSIONS AND PROPERTIES 
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IN INCH UNITS. 


UNEQUAL ANGLES 


DIMENSIONS AND PROPERTIES 


(CONTINUED) 





xy 
Is 
ig 
ed 
iS 
iS 
3 
I§ | ao 
____¥7i lw 
eo) 
tA 
7 = 
i 4 
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il 
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Minimum 
Section 
Modulli 


- Dimen- | Moments 





- vv» & && ses 
ee we £*& @& 


SS83ER 


SALIRA 


ROABanRR 


PRK ELEE 
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oer fF ef = 


BSUA 1111443 x 
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111 iy 





SSASAR 
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UNEQUAL ANGLES. 
DIMENSIONS AND PROPERTIES IN INCH UNITS. 


(CONTINUED) 


s 


Minor Axi 


treof Gravity 


uojyesky Jo 
SnIPCY )SEC] 


Minimum 
Section 
Moduli 


Moments 
of Inertia 


e 
a 
$3 
a" 


900] 10d Z 
IPM 


Thickness 


SSBB 


*wxlhx & 


BSUA 103 | 2 
108 " 


108 |, 
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EQUAL ANGLES. 


DIMENSIONS AND PROPERTIES IN INCH UNITS. 
(COnTINUED) 






na Centre of Gravity 
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cam an wes ee oe 
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Reference Size and 
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Area 
Weight 
Mark | Thickness | S4UATC | por foot 
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BSEA 110 1: 3 61 ] °78 
ve 110 1- 4-26 ] -78 

» 110 1- 4°87 1 -78 

" 110 t " % 1: 5:46 1: ‘78 

" 110 \- 6-02 2: “77 
110 " " Ve l 6°56 2° °77 

¢ " te 1: 7°08 2: 77 

" * % 1: 7°57 2° ‘77 





































1-69 -95 1:94 -76 69 

fe | 2-09 ‘97 | 2°38 94 68 

moon % | 2-49 1:00 | 2-80 | 1-12 | -68 
fe ye | 2-87 1:02 | 3-20 | 1-29 -68 
: % | 3:25 { 05 3°57 | 1°46 68 
3-62 107 | 3-93 | 1-62 68 

3:99 1:09 | 4:27 | 1-27 68 

1°44 4°89 83 1-20 ‘55:— -59 

1-78 6-04 ‘85 1°47 -68 -58 

2°11 7:17 -88 1-72 -81 -58 

2:43 8-28 ‘90 1°96 93 ‘58 

2°75 9-35 ‘92 | 2:18 | 1-05 -58 

3:06 | 10-40 ‘95 | 2-39 | 1-16 -58 








DIMENSIONS AND PROPERTIES IN 


Réference 
Mark 


BSEA 107 


107 


BSEA 102 
» 102 
102 


BSEA 101 
iy 101 
» 101 
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EQUAL ANGLES. 


“71 
°94 
1-15 
1-36 


-62 
Bl 
1-00 


"Oo 
69 
°84 


30 
°43 
56 


-23 | 
°34 
44 





Weight 
per foot 
Lbs. 
4 Of [ -27 
4 96 | -27 
5:90 | -27 
6 79 27 
7°65 | -27 
2°75 | 26 
3:61 26 
4°45 26 
5 26 26 
24 24 
3 19 24 
3 92 } °24 
4 62 24 
211 23 
2 76 23 
3°39 23 
19 ] °21 
2°34 21 
2°85 | ‘2i 
1 Ol 20 
1 47 20 
1-91 | :20 
-80 18 
1:15 | -°18 
1-49 | -18 
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Radii 
Dimen 
sion 


Toe 








INCH UNITS. 


(CONTINVEDO) 


Moment 
of 
Inertia 


About 
X-X 


x» Minimum 
& Section 


YSRes 
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Numbers refer to pages. 


ABRAMS, Duff, 591, 502, 594 
Admiralty ‘D' steel, 124 
Alloy and high-renaile steels, 134, 151 
Chromador, 14, 135 
Nickel, 134, 359 
Rivet steel, 134, 744 
Silicon, 134, 359 , 
Aluminous cement, 588, 596, 600 
American Building Cor a for Fusion Weld- 
ing, 323 
American Railway *‘ngmeering Associa- 
tion (A.R.E..A.), 124, 369, 301, 578 
American Steel Column Research Com- 
mittee, 131, 348, 355, 356, 357, 362 
Arches, 474 
Abutment displacements, 200, 499 
Basket-handle type, 498 
B.-M. diagrams, 476 
signs, 477 
Brick, 691, 744 
Cantilever, 545 
Circular or segmental, 488, 738 
Definition, 474 
D.-F. arches (q.v.) 
Eddy’s theorem, 477, 482 
Effect of direct thrust, 498, 652 
Elliptic, 498 
Hell Gate, 202, 544 
Horizontal thrust, 475 
I = I, sec 8, 487, 509, 513 
Influence lines for (q.v.) 
Linear, 474 
Line of thrust, 474, 478, 719, 721 
Masonry arches (g.v.) 
Paic of rafters, 476 
Parabolic, 476, 487, 509, 513 
Reaction loci, 512 
Reinforced-concrete, 644 
Segmental, 488 
Spandrel-braced, 480, 546 
Influence lines for, 506 
Reaction loci, 513 
Stress diagram, 481 
Unit panel-point load method, 509 


Stresses on cross-section, 503, 505, 658, 


723 
Sydney Harbour, 134, 544 
Temperature stresses, 499, 657 
Three-hinged (¢.v.) 
Tied, 195, 456, 544, 546 
Travelling loads on, 501 
Two-hinged (¢.v.) 


ee mr rr er ee en pr rere TT TUN 


ain asterisk indicates a footnote. 


Arches—continued 
. Unsymmetrical, 481, 502 
Use of core theory, 504, 506 
Arrol’s Bridge and Structural Engineers’ 
Handbook, 121, 460, 556 
Asimont, 359 
Atcherley and Pearson, 735 


Baker, J. F., 258, 759 
Baker, Sir Benjansin, 116, 132, 145, 735 
Bar chain, 39 
Bateman, 258, 304 
Batho, 304, 336, 752 
Batho and Samawi, 753 
Batho and Rowan, 757, 759 
Beams and girders, design of, 370 
Beck, 123* 
Begg’s deformeter, 762 
Betti’s law, 191, 762, 763 
Black bolts, 373, 753 
Bollman truss, 14 
Bow’s notation, 2 
Braced frames, experimental studies, 
760 
Partition of rivet loads, 761 
Secondary B.-M., 284, 762 
Stress trajectories, 761 
Braced girders, 404 
Counter bracing, 408 
Deformation stresses, 278 
Details of construction, Chapter Xl 
Influence lines (q.v.) 
Types— 
American long span, 407 
Baltimore, 406 
Bow and chain (Saltash), 407 
Bowstring, 407 
Continental type, 407 
Double Warren, 14, 405 
Howe, 405 
Lattice, 14, 405 
Linville, 14, 405, 406 
Multiple web, 406 
lattice, 406 
N, 17, 404, 406, 423 
Pratt, 404 
Warren, 405 
With curved flanges, 406 
Braced piers, 554 
Braced portals, lateral load, 218, 223 
Hinged feet, 21 
bD.-F. feet, 220, 224 
3 E 
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Braced portals—continued 
General cases— 
Hinged feet, 226 
D.-F. feet, 228 
Knee-braced portal, 225 
Plate girder portal, 226 
Bracket loads on stanchions, 2U8 
P.-F. ends, 208, 214 
P.- and D.-F. ends, 209, 215 
P.-F. each end, D.-F. at lower end, 
211, 216 
P.- and D.-F. at lower end, free at 
upper end, 216 
A closer approximation (deep brackets), 
B.-M. and S.-F. diagrams, 208 (217 
Deflection curves, 213 
The continuous stanchion, 2/2 
Bricks and brickwork, 740 
Construction in, 743 
Experiments on— 
Beyer and Kreyfield, 742 
Bragg, 742 
Glanville and Barnett, 742, 743 
Kreuger, 743 
R.1.B.A., 741 
Stang, Parsons and McBurney, 742 
Watertown Arsenal, 743 
Mortars, 741, 742 
Safe preasure on, 743 
Strength of bricks, 741 
of brick piers, 742 
Types of bricks, 740 
Typical structures, 743 
calculations for, 744 
Bridges and bridge construction (see 
under the different types) 
Bridge floors, 413, 426 
Desiderata, 413 
Free floors, 413 
Jack arches, 415, 716 
Open floors, 416 
Plate floors, 413, 440 
R.-C. floors, 415, 645 
Solid floors, 413 
Tied floors, 413, 415 
Trough floors, 207, 414, 443 
Britannia Bridge, 539 
British Bridge Stress Committee, 67, 
138, 140, 143 
British Standards Institution, references 
to Specifications, 66, 137, 323, 358, 
441, 584-6 
Broad-fianged beams, 311, 36U 
Bryan’s formula, 292, 355, 356 
Buchanan, column experiments, 353, 356 
Buckled plates, 413 
Buckling of flat plates (see Flat plates) 
Buildings— 
Semi-stiff frames, 756 
Cleated connections, 756-9 
Steel-framed— 
Z beams, 371 
Working stresses, 373 
Stanchions, 345, 351, 759 
Strut formula, 358 
Welded connections, 329 











ee re ~ nm ane A A 


mae 


MATERIALS AND STRUCTURES 


Buildings—continued 
Wind pressure on, 119, 122, 123 (q.v.) 
Workshop, 451, 457 
Roof trusses, 446, 447 
Built-up columns, 352 
Bulb angles, 311 


Carn, 675, 738 
Calculated stresses, conventional charac- 
ter, 129 
Cantilever arch, 545 
Cantilever bridges, 540, 544 
Forth Bridge, 112, 544 
Influence lines, 541 
For anchor arm, 541 
cantilever arm, 543 
Reaction, 541 
Quebec Bridge, 544 
Cast Iron, 134 
beams, 370, 401 (Q. 2) 
Catenary, 519 
Cements, 582 
Hydrated lime, 582 
Hydraulic, 582 
Portland (q.v.) 
Roman, 582 
Slag, 582 
Lime, 582 
Rapid-hardening, 588 
Aluminous, 588, 596, 600 
Portland, 588, 595, 596 
Characteristic Points, 103, 209, 239, 256, 
263, 268, 657 
Chettoe and Adams, 69, 645,* 658* 
Chromador steel, 134, 135 
Circular or segmental arch, 488, 738 
Cleated connections, experiments on, 
756-9 
Cohesion in earth, 680 
“quilibrium due to, 680 
Experiments on, 685 
Moisture content, effect of, 686 
Ratio of lateral to direct pressure, 683 
‘ Columns,’ 343, 347, 349*, 350, 354 
Columns, design of, 342 
American Steel Column Research 
Committee (q.v.) 
A.R.E.A. experiments, 361 
Asimont's device, value of ‘g,’ 359, 360 
Batten plates, , 343 
Batten plate columns, 362 
Bridge compression members, 342, 365 
Built-up columns, 352 
Deformation stresses, 347 
Direction-fixing, experimental deter- 
mination, 351, 368 (Bib.) 
Eccentricity of loading, 363 
Elastic breakdown at yield, 355 
End conditions, 346, 351 
Integral action, 355 
Lateral vibrations in, 303 
Johnson’s, parabolic formula, 353, 357, 
358, 360, 363, 468 
Large columns, 342, 353, 357 
Lattice bars, 344, 355 
strength of, 361 
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Columns, design of—continued 
Magnitude of the imperfections, 352 
Outstanding plates, 355 
Practical columns, 345 
Practical formulae, 357 

A.R.E.A. mild steel, 358 

alloy steel, 359 

B.8.8. No. 153, 1933. .358 

Perry, 358 
Reinforced-concrete, 642 
S-bending, 286, 347, 356, 361 
Secondary flexure, 346, 352 
Shearing force in, 360 
Slab bases, 345 
Solid columns, 342 
Stanchions in buildings, 345, 351, 759 
Tertiary flexu.e, 354 
Types and classification, 342 
Value of q in practical sviumns, 349 
Web buckling, 355, 356 
Worked examples, 363 

Combined arch and chain bridges, 407, 546 

Combined welded and riveted joints, 326 

Compression flanges, .ateral deflection 

of, 374, 401 (Bib.) 

Concrete, 589 
Aggregates, 590 
Best proportions, 590 
Cements, 590 
Curing, 596 
Crushing tests, 596 

Variation with age, 597 
Elastic constants, 597 

Modulus of elasticity, 598 

Poisson’s ratio, 598 
Fineness modulus, 591 
Grading, 591 
Manipulation, 596 
Mass concrete, 745 
Plastic flow or creep, 599 
Shrinkage, 599 

in R.-C. arches, 658 
Slump test, 593 
Temperature effects, 600 
The material, 589 
Water-ratio theory, 592 

Considére, 658* 

Continuous girder bridges, 539, 544 
Britannia Bridge, 539 
Ohio Bridge, Sciotville, 544 

Cooling and Smith, 686 

Cooper’s E72 loading, 66 

Co-planar forces, 1 

Cormack, 677* 

Corrosion, 133 

Counterbracing, 408 

Cross girders, 411, 426 
Impact on, 145 

Cross, Hardy, 258 

Cylinder bridge piers, 556, 701 

Dams, see Masonry Dams 

Defiection— 

Curves for bracket loads on stanchions, 


13 
Formulae for beams (Thorpe), 397 
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Deflection—continued 
of framework, 26 
Graphical methods, 26 
Strain-energy methods, 156 
Williot diagrams, 27 
Williot-Mohr diagrams, 29 
Polygons 
Effect of web members, 34 
Elastic-weight method, 32 
Kinematic chain method, 39 
Worked examples, 36, 41 
Deformation stresses, 132, 256, 270, 347 
Calculation of, 271, 282 
From displacements, 275 
from elongations, 272 
Comparison with experin.ants, 284, 
285 
Deformation angles, 273, 284 
In braced girder, 278 
Mohr’s method, 275 
Temperature changes, 273 
Worked examples, 274, 277, 278 
Delaware River suspension bridge, 545 
Dimes, 112, 113 
Dines’ tube, 111 
Direction-fixed arches, 490 
Analytical treatment, 
arch, 495 
Conditions of equilibrium, 492 
Effect of direct thrust, 499, 652 
Elastic centre, 495* 
Influence lines, 513, 649, 653 
Line of thrust, 490, 494 
R.-C., design of, 644 
Temperature stresses, 500, 657 
Displacement or Williot diagram, 28 
Displacements of node points, 1n framed 
structures, 156 
Drilling, 314 
Dryden and Hili, 122 
Duchemin, 118 
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EARTH PRESSURE, 667 

Angle of repose, 667 

Coefficient of friction, 683, 684, 685 

Cohesion in earth, 680 

Experiments on (q.v.) 

| On retaining walls (q.v.) 

Rankine’s theory for loose eerth, 668 
Horizontal upper surface, 668 
Sloping upper surface, 669 
Rankine’s construction, 671 
Wilson’s experiments support, 684 

Soil mechanics (q.v.) 

Stability of earthwork. 667 

Earth pressure, experiments on, 683 
Bell (cohesion), 685 
Burgoyne, 684 
Feld. 684 
Jenkin, 675, 677, 680 
Takabeya, 675 
Terzaghi, 685 
Wilson, 684 

Earth pressure on retaining walls— 
Experiments on (see above) 
Formulae for, 675 
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Earth pressure on retaining walls—con- 
tinued 
Friction on back of wall, 672*, 675, 
684, 685 
Point of application of pressure, 677, 
680, 685 
Pressure on back of wall— 
Experimental values, 680, 684-5 
Cohesive earth, 685 
Rankine’s theory, 672 
with surcharge, 672 
without surcharge, 672 
Sliding, 683 
Special cases, 674 
Wedge theory, 675 
Rebhann’s construction, 677 
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Factor of safety, 131 

Fatigue (see Repetition of stress) 
in Bridges, 145 
in welds, 324-5 

Fink truss, 14 

Fish, 331 

Flachsbart, 115 

Flachsbart and Winter, 116 

Flat plates— 

Buckling ‘under edge thrusts, 290 
Bryan's formula, 292, 355, 356 
Paes plates, clamped edges, 

5 
Strain-energy methods, 292 
Outstanding plates, 355, 383 
Web buckling due to shear, 381, 332, 


308 (Bib.) 
due to shear plus compression, 382-3 
Flat plate floor, 413, 440 


Eddy’s theorem, 477, 482 
Elastic stability problems, 290 
Elastic vibrations— 


| 
| 
Howland’s method, 302 
In framed structures, 302 
Lateral vibrations in columns, 303 
Open web girders, 301 | 
Elastic-weight method, 32 
Electric arc-welding, 319 
Admiralty practice, 321 
American Welding Society, 322 
British Standards, 323 
Butt welds, 320, 322, 323, 324 
Combined welded and riveted joints, 
326 
Common faults, 320 
Contraction stresses, Distortion, 325 
Fatigue in welds, 324 | 
Fillet welds, 321, 323, 324 
Freeman’s experiments, 322, 325 
Mechanical tests, 323 
Method of calculation, 326 
Braced frames, 329 | 
Plate girder, 327 ! 
Roof truss, 329 | 
Steel-framed buildings, 329 
Ties and struts, 327 | 
Method of operation, 320 | 
Non-destructive tests, 323 | 
Rigidity, 326 
Shape of joint, 325 ; 
Slot welds, 321, 323 
Step-back welding, 326 
Strength of welds, 322 
Stress concentrations, 325 | 
Stress-raisers, 324 | 
Type of weld, 320 
Typical welded construction, 326 | 
V.D.1. fatigue experiments, 325 | 
Working stresses, 323 | 
X-ray examimation, 323 
Emperger, 362 
End bearings in bridges, 388, 419, 438, 441 : 
Engesser, 362 
Equating components, 16, 17 | 
Co-planar forces, 18 | 
Non-co-planar forces, 19, 20 
Space frames, 21 | 
Erection stresses, 132 
Kye bars, 339 


Fleming, 123, 258 
Féppl, 306 
Forth Bridge, 112, 544 
Foundations, 688 
Cylinder and Caisson, 556, 701 
Depth in soft or loose earth, 6838, 701 
in firm soil, 689 
in soft soil, 690 
Methods of spreading the load, 690 
Concrete in trenches or rafts, 691 
Footings, 690 
Grillages, 691 
for colurnns, 694 
for walls, 692 
Worked examples, 693, 694 
Inverted arches, 691 
Piles (q.v.) 
Rock, 689 
Safe bearing pressures, 689 
Types of, 689 
Froeman, F.R., 322, 325, 359* 
Freeman, R., 513 
Iuller, 721 
Funicular polygon, 2 
through three given points, 478 


GELSON, 143, 422 
George Washington Bridge, 545 
Gerber parabola, 147, 149 
Girder bridges, construction, 404 
Camber, 441 
Definitions and types, 404 
Deck Bridge, 404, 419 
Fixed span, 404 
Floor system, 404 
Half-through bridge, 419 
Main girders, 404 
Opening bridges, 404 
Bascule bridge, 404 
Rolling lift bridge, 404, 408 
Swing bridge, 404, 408 
Traversing bridge, 404 
Vertical lift, 404 
Railway bridge, 404 
Road bridge, 404 
Secondary bracing, 404 
Substructure, 404 
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Girder Bridges—continued _ Impact in bridges—continued 
Definitions and types—continued , Cross girders and rail bearers, 136, 137, 
Superstructure, 404 145 
Through bridge, 404 , Dynamic magniticr, 142 
Details of construction— ' Effect of locomotive springs, 140 
Compression members, 342, 357, | Effect of rail joints, 137, 143 
358, 365, 410, 433 Factor, 67, 136 
Counterbracing, 408 ' Formulae, 136 
Cross girders, 145, 411, 426 A.R.E.A., 137 
End bearings, 388, 419, 438, 441 British Standard (M_ of T.), 137 
End posts, 410, 433 Indian Railway, 137, 145 
Flanges, 409, 431-2 Pencoyd, 136, 145 
Floors, 413 (q.v.) Turneaure’s, 137 
K-bracing, 417, 544 Hammer blow, 137, 138, 139 


Main girders, 404 
Plate web, 388, 498 
Open wek, 409, 410, 431, 438 - 
440 (see Braced gir lers) Road bridges, 145 
Portal and sway brac:ng, 418, 419 Short spans, 143 


Inglis formulae, 140 
| 
{ 

Rail bearers, 412 423 Web members, 144, 145 
{ 


Lurching, 133, 137, 143, 140 
‘Range of stress forinwae, 135, 136 


Tension member., 337, 433 Incomplete or imperfect frames, 4, 566 
Wind bracing, 417, 435 Indian Bridge Standards Cuomnnittee, 
Impact (q.v.) 137, 138, 143, 422 
Initial distortion, 13:* Infiuenee lines, 71 
Lateral framing, B.-M. in, 256 Arches, 501 
Loads on bridges, «20 Direction tixed, 533, 649, 653 


Centrifugal loads, 422 Normal component of thrust, 511 
Live load and impact, 421 | }i..-C. arch, J.-F. ends, 649, 653 
Longitudinal forces, 422, 437 Shearmy force, 512 

Weight, 420 Spandrel-braced, three-hinged, 50t 


Stresses on cross-section, 503 
Three-hinged, 501 (q.v.) 
Two-hinged, 509 (q.v.) 
Unsymmetrical arch, 502 
Use of core theory, 504, 506 
Stresses, permissible, 423 Worked example, 505 
Secondary and combined, 423, 437 Beam supported at ends, 71 


Wind pressure, 123, 435 (q.v.) 
| 
| 
| 

Stress sheet, 430-1 | Series of concentrated loads, 73 
| 
| 
| 


Natural frequency, 139 
Railway bridges (q.v.) 
Resonance in, 139 
Road bridges (q.v.) 


Torsion in, 306 Worked example, 76 
Worked examples Single concentrated load, 71 
open web bridge, 423 Uniform load— 
to B.S.S., 441 longer than span, 79 
Golden Gate Bridge, 545 , 47 
(ioodman, 371 
Grillages (see Foundations) 


shorter than span 
Braced girders, 87° 
continuous, 101 
Curved flanges, 91 
Haicu, 131*, 135, 148, 150, 151, 324 Setting out I.L., 93 
Haigh diagram, 147, 151 Use of, 94 
Haigh aud Beale, 150 Parallel flanges, 87 
Haigh and Robertson, 150 Cantilever bridges, (q.v.) 
Hayden and Clark, 565 Continuous beaitns, 98 


Hell Gate arch bridge, 202, 544 Braced girder, 101 
High tension steel, 134, 151, 754 Beam on three supports, 98 
Hiley, 699 B.M.I.L., 100 


Reaction I.L., 99 
S.F.I.L., 100 
Use of characteristic pumts, 103 
Direction-fixed beans, 9) 
D.-F. both ends, 97 


Howard, 353, 356 

Howland, 302 

Hudson Beare, 579, 580, 581, 708 
Hutton, 118 


Impact in Bridges, 67, 135 b.-F. one end, 95 
Allowances, 140 Elastic displacements, LOS 
American experiments, 127 | Miscellaneous structures, 551, 559, 5605 
Approximate values, 143 | Panelled girders, 82 
British Bridge Stress Committee ex- Particular cases, 85 


periments (q.v.) | Reactions, 80, 99 
Causes of, 137 Sumsnation 1.L.. st 
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Influence linea—continued 
Suspension bridges (q.v.) 
Use of, 80 
Inglis, 140 
Initial stresses, 132 
Instantaneous centre theory, 29 
Irminger, 119 
Irminger and Nekkentved, 120 


JENKIN, 675, 677, 680 
Jensen, 361 
Johnson (weight of crowd), 422* 
Parabola (see ‘ Columns ’) 
Johnson, Bryan and Turneaure, 513 
Joints in flat tension members, 340, 
751-2 
Riveted (q.v.) 


K-Bracine, 417, 544 
Katzmary and Seitz, 117 
Kayser, 326, 351 
Kinematic chain, 39 
Krivoshein, 202, 204, 546 
Krohn, 366 


LatTERAL framing of bridge, B.-M. in, 256 

Lateral stability of deep beams— 
slender cantilever, 297 
Timoshenko’s results, 301 

Lattice girder, 14, 405 
wind pressure on (q.v.) 

Least work, principle of, 169 
Application, 179 
General theory, 178 

Link polygon, 2, 523 

Linville truss, 14, 405, 406 

Load position for maximum B.-M.— 
at any section, 69 
under particular load, 70 

Lobban, 762* 

Long-span bridges, 539, 544 
Choice of type, 546 
Types, 544 

Loudon, 338 

Lurching, 133, 137, 143, 145 


MAIN girders of bridges, 404 (see also 
Braced girders) 

Manufacture of structural steelwork, 310 
Drawing office work, 312 
Erection, 316 
Finishing, off, painting, 318 
Girder shop, 311 
Marking off, 313 
Planing and cutting to length, 313 
Practical points affecting design, 318 
Punching, reaming, and drilling, 314 
Riveting, 317 
Smithy, 316 
Sorting and straightening material, 

313 

Template shop, 312 

Marshall, 355 

Wartin, 207 

Masonry arches, 716 
Austrian experiments, 724 
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Masonry arches—continued 
Definitions, 716 
Large, 716 
Line of thrust, 719 
Fuller’s method, 721 
diagram, 720 
Proportions of, 717 
Molesworth, 717 
Perronet, 717 
Rankine; 717 
Trautwine, 717 
Williams, 717 
Masonry dams, 724 
Arched dams, 724, 738 
Cain’s formula, 738 
Constant angle, 726 
Model dam experiments, Stevenson 
Creek, 739 
Multiple-arched, 726 
Pacoima dam— 
Partition of load, 740 
Trial-load method, 740 
Gravity dams, 724 
Experimental determination of 
stresses, 735 
Atcherley and Pearson, 735 
Baker, Sir Benjamin, 735 
Ottley and Brightmore, 735 
Wilson and Gore, 735 
Line of resistance, 730 
Reservoir empty, 730 
Reservoir full, 731 
Molesworth formula, 729 
Periyar Dam, calculations for, 733 
Shape of cross-section, 727 
Stability of, 727 
Stresses in, 727 
Multiple dome, 727 
R.-C. dams, 726 
Spillway, 727 
Temperature stresses, 724 
Uplift, 737 
U.S. Bureau of Reclamation, 738, 740 
Masonry structures, 712 
Arches (q.v.) 
Conditions of stability, 712 
Dams (q.v.) 
Line of thrust or resistance, 712, 719, 
730 
Masonry work, types of, 710 
Ashlar, 711 
Block-in-course, 710 
Rubble concrete, 711, 724, 727 
Rubble masonry, 724, 727 
Squared coursed rubble, 710 
Stone for (g.v.) 
Stresses in, 712 
Safe working, 715 
Tensile, 714 
Mass concrete, 745 
Material qualities (variable nature), 130, 
359 


Maximum §.-F. and B.-M. diagrams, 
53 
Equivalent uniform load, 55, 58, 63, 
6 
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Maximum §&.-F. and B.-M. diagrams— 
continued 
for single concentrated load, 53 
series of concentrated loads, 63 
two loads, / apart, 58 
uniform load— 
longer than gpan, 55 
shorter than span, 56 
Tracing-paper method, 63 
Maxwell’s theorem, 105, 189, 762, 763 
Application to statically indeterminate 
structures, 95, 193, 203 
for angular displacements, 191 
Simple examples, 192 
Use for influence lines, 95, 105, 193, 
203 
Melbourne Univorsity, experiments on 
wind preseure, 114, J15, 117 | 
Method of sections, 15 | 
Mild steel, 132, 134, 149, 160 
Miscellaneous structvices, 551 
Moberley, 338 
Model analysis, 258, 76‘. 
Boegg’s deformeter, 762 
Coker, polarised lic ht, 765 
El-Wahed link mevnod, 765 
Large, Carpenter and Morris, 765 
Modulus of rupture, 573 
Mohr, 29. 32, 105, 185, 275, 280 
Williot-Mohr diagram, 29 
Work equation, 32, 35*, 185, 187 
Molesworth, 717, 729 
Molitor, 194, 514 
Moment distribution, 258, 268 
Lateral and unsymmetrical loads, 260 
Theory, 258 
Worked examples, 259, 268 
Moncrieff, 684 
Mortars, 589, 741, 743 
Muir, 131 
Miller-Breslau, 194, 362, 513 


NETWORKS, 257 
Moment distribution, 258, 268 
Slope-defiection method, 265 
Use of characteristic points, 263, 268 
Niagara Falls, spandrel-braced arch, 513 
Nickel steel, 134, 359 
Nokkentved, 115, 120 
Non-co-planar forces, 19, 24 


Onro Bridge, Sciotville, 544 
Overstraining and recovery, 131 


PARABOLIC arch, 476, 487, 509 
Parallelogram of forces, } 
Partition of load in riveted joints, 752, 
755, 761 
Pencoyd formula, 136, 145 
Perronet, 675, 717 
Petersen and Jennings, 324 
Piles and pile foundations, 696 
Cast in situ, 697 
Supporting power, 700 
Driving, 697 
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Piles and pile foundations—continued 


Formulae, 698 
Dutch rule, 699 
Hiley, 699 
Retenbacher, 699 
Terzaghi, 698 
Wellington or Engineering News, 699 
Sheet piling, 701 
Supporting power of, 697 
Types, 696 
Pippard and Sparks, 764* 
Plate Girders, 373 
Box girder, 374 
Calculation of A, 385 
Deflection and camber, 389 397 
Distribution of S.-F., 387 
‘Ends and supports, 388 
Fish-bellied, 373 
Flanges, 375 
Grouped joint, 377 
Joints, 375 
Unsupported length, 374 
Flange angles, 378 
Joints, 378 
Force in flange diagram, 394 
Hog-backed, 374 
Longitudinal rivet pitches, 384, 394 
Quantities, 399 
Riveting, 384 
Types and proportions, 373, 374 
Wall plate and bedstones, 388 
Safe bearing pressures, 389 
Web, 379, 393 
Shear per inch of depth diagram, 
382, 393 
Stiffeners, 380 
Thickness, 381 
Formula for, 382 
Timoshenko’s theory, 382 
Weight of (Unwin’s formula), 390 
Welded, 327 
Wind pressure on, 117 
With curved or sloping flanges, 390 
Working stresses, 391 
Worked example, 391 
Poisson’s ratio for concrete, 598 
Polygon of forces, 2 
Poncelet, 447, 675, 684 
Portals and portal bracing, 216 
(see Braced portals and Stiff portals) 
Portals and sway‘bracing in bridges, 418 
Portland cement, 583 
Chemical composition, 584 
Manufacture, 583 
Mechanical tests, 584 
Cement and sand, 585 
Fineness, 584 
Le Chatelier, 587 
Sumpling, 584 
Setting time, 586 
Soundness, 587 
Tensile strength, 584 
Normal consistency, paste of, 584, 585 
Quick-setting, 587 
Rapid-hardening (q.v.) i 
Vicat needle, 585, 586 
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Principals (Roof) (see Roof trusses) 

Properties of rolled steel sections (see 
Appendix) 

Pulsations, [see Chapter LV (Bib.)] 

Punching, 314 

Purlins, 445, 451, 470 


Quauity of matenal, conventional tests, 
130 
Quebec bridge, 544 


Ratt Bearers, 412, 423 
Railway bridges— 
Cross girders and rail bearers, 412 
Floors, 413-16 
Impact, 135 e¢ seq. 
Standard loadings, 66 
Weights, 416, 420 
Wind pressure (qg.v.) 
Worked example, 423 
to B.S. requirements, 441 
Rapid-hardening cements, 588 
Aluminous, 588, 596, 600 
R.-H. Portland, 588, 595, 596 
Strength of concretes, 589, 596 
Rankine, 717 
Earth pressure theory, 668 
Rayleigh, 119, 301 
Reaction loci (arches), 512 
Rebhann’s construction, 677 
Reciprocal displacements— 
Maxwell and Betti theorems, 189 
Reciprocal figures, 3 
Redundant frames (see Strain-energy 
theory) 
Reinforced-concrete, 604 
Advantages and disudvantages, 604 
Arches, 644 
Proportions, 718 
Cover and arrangement of bars, 606 
Experiments on, 607 
Forms, 605 
Materials and :mnanufacture, 604 
Modular ratio, 607 
Reinforcement, 605 
The material, 604 
Working stresses— 
Concrete, 606 (Table, 6038) 
Steel, 610 
Reinforced-concrete beams—- 
Anchorage, 625 
Beams with double reinforcement, 615 
Bending stresses (beams with single 
reinforcement), 607 
Moment of resistance, 610 
Neutral axis, 609 
Bond stress, 625 
Combination of 
bending, 621 
Stress wholly compressive, 621 
Worked examplo, 622 
Stress wholly tensile, 623 
When both tension and compression 
occur, 623 
Worked example, 624 


direct stress with 


Na ne ee eee 


MATERIALS AND STRUCTURES 


Reinforced-concrete beams——continued 
Continuous beams, 630, 631, 645 
Graphs, 611 
Moment of inertia and section modu- 

lus, 617 
Worked example, 619 

Shear stress, 624 
Continuous beams, 630 
Diagonal bars, 627 
Distribution of, 625 
Haunches, 630 
Reinforcement for, 627 
Safe shearing force, 628 
Stirrups, 628 

Tee beams, 613 
Moment of resistance, 614 
Noutral axis, 613-14 

Reinforeed-concrete bridge floor, 415, 645 

Reinforced-concrete columns, 642 
Axially loaded, 643 
Practical rules, 644 
Short, 642 
Spiral reinforcement, 643 

Reinforced-concrete designs— 

Arch with direction-fixed ends, 644 
Effect of direct thrust, 652 
Influence lines, 649-55 
Shrinkage, 658 
Stresses, 658 
Temperature effects, 657 

Retaining wall, 635 
Proportions, 635 

Slab and beam floor, 630 
Floor beans, 632 
Floor slah, 631 

Relative displacements, 187 

Remfry, 113, 124 

Repetition of stress— 

Effect of holes and yield, 149 

Experiments, 149, 324 

in bridges, 145 

in welds, 324, 325 

Range of stress formulae, 135, 136 

Résal, 675 

Retaining walls, 

Brick, 744 

Earth pressure on (q.v.) 

Reinforced-concrete with countertorts, 

635 

Rhine suspension bridge, Cologne, 545 

Rigid-frame bridges, 565 

Riveted joints— 

Experiments on, 75) 

Batho, 752 

Batho and Samaw), 753 
Clark, Edwin, 751 
D.E.V., 753, 754 
Dornen, 753, 754 
Gayhart, 754 

Hertwig and Petermann, 753 
Kommers, 755 
Montgomerie, 752 
Rudeloff, 751 ' 
Young and Dunbar, 705 

Frictional resistance and slip, 751, 733, 

boded 
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Riveted jounts—continued 
Partition of load, 752, 755, 761 
Rivet heads in tension, 755 
Snap v. countersunk heads, 755 
Stress distribution, 753 
Type of joint, effect of, 754 

Riveting, 317 

Road bridges— 

Cross girders and rail bearers, 412 
Floors, 413 
Reinforced-concrete, 415, 645 
Trough, 414, 444 
Impact, 145 
M.T. standard loading, 67 
Curt . 68 
Reinforeed-conerete arch, 644 
Weights, 420 

Roark, 355 

Robertson, 358 

Rolled beam socts.ns, 

pendix 
Broad-flanged beams, 311, 300 
Compound beams, ‘ 73 
Proportions, 373 
Use of, 371 
Working stresses, 373 

Rolling lift bridge, 404, 408 

Roofs, design of, 445 
Construction, 445 
Coverings, 457 

Asbestos sheets, 459 
Corrugated sheeting, 457 
Strength of, 458 
Duchess slates, 459 
Glass, 457 
Slates, 459 
Tiles, 459 
Weight of, 459 
Zinc sheets, 459 
Curved, 121, 448 
Drainage, 471 (Bib.) 
Forces in members of, 11, 460 
Hipped, 446, 472 
Knee braced, 463 
Louvres, 455 
Principals (see Roof t russes )}— 
Spacing and proportions, 448 
Weight of, 460 
Purlins, 445, 451, 470 
Saw-tooth, 446, 447 
Secondary rafters, sash bars, 454 
Slope and pitch, 448 
Snow and/or wind, 466 
Temperature effects, 461 
Ventilators, 455 
Very large, 456 
Wind bracing, 445, 454 
Wind pressure, 119, 121 
Negative, 119, 462, 464 
Worked example, 466 

Roof trusses, or principals, 445 
Camber of tie bar, 448 
Details of construction, 448, 449 
Forces in members of, 11, 460 
Gussets, 451 
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Roof trusses, or principals—continued 

Knee braced, 463 

Hinged feet, 463 

General case, D.-F. feet, 464 
Reactions, 461 
Riveted connections, 449, 450 
Safe stresses, 466 
Saw tooth or workshop, 446, 447 
Sections used, 450 
Shoes, 451 
Spacing and proporticns, 448 
Stress diagrams for, |, 11 
Types— 

Curved, 8, 448 

English, 446 

Fink, 447 

King and Queen post, 446 

Trussed rafter, 447 
Ventilators, 455 
Weight of, 460 
Welded, 329 
Worked example, 466 
Worksho; buildings, 451 

Ross, 348 


SALTASH Lridge, 407 
Scott, W. L., 65&* 
Seccndary flexure, 133 
in. cOlurans, 352 
compression flanges, 432 
S-bending, 286, 347, 356, 361 
Secondary rafters and sash bars in roofs, 
454 
Secondary stresses, 270 
Deformation stresses (q¢.v.) 
Experimental determination, 285, 760 
Self-stressed frarnes, 188 
Semi-stiff frames, stresses in, 756 
Semi-stiff joints, 284, 756 
Ixperiments on cleated connections— 
Batho and Rowan, 757, 759 
1). E.V., 758 
Rathbun, 757 
Steel Structures 
mittee, 759 
University of Illinois, 756 
Separation of frames, 14 
Shear per inch of depth diagram, 382, 
393 
Shear Stress in R.-C. beams, 624 
Sheor legs, 22° 
Silicon steel, 134 
Simpson, 113 
Shp m riveted joints, 701, 753, 755 
Slope-deflection methods, 230 
Applications, 243, 265 
Conventions and signs, 233, 235 
Ecuations, 235 
Worked example, 265 
Soil mechanics, 687, 704 (Bib.) 
Consolidation, 688 
Lateral flow, 688 
Effect of depth, 688 
Water content, 686, 687 
Southwell, 22 
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Space frames, 19 
Equating components, 19, 21 
Forces in members, 20, 46 (Bib.) 
Sheer legs and tripods, 22 
Tension coefficients, 22 
Williot diagram for, 46 (Bib.) 
Space polygon of forces, 19 
Spandrel-braced arches (see Arches) 
Standard loadings, 66 
Cooper E.72 (American), 66 
for highway bridges, 67 
for railway bridges, 66 
Ministry of Transport equivalent load- 
ing curve for highway bridges, 68 
Stanton, 113, 115, 119 
Statically indeterminate structures, 194 
Conditions of indeterminateness, 194 
External conditions, 195 
General equations for, 198 
Framed structures, 198 
Plate-web systems, 198 
Maxwell’s law, application of, 193 
Multiple indeterminateness, 200 
Principal statically indeterminate 
system, 196 
Choice of, 197 
Reaction displacements, 200 
Redundant frames (see Strain-energy 
theory) 
Solution of probleme, 196 
Temperature stresses, 133, 183, 195, 
200 


Two-hinged arch, outline design, 201 
Stee!-framed buildings (see Buildings) 
Steel Structures Research Committee, 


Steinman, 560 [759 
Stiff Joints— 
Deformation and secondary stresses, 
132, 270 


Effect of, 270, 284 
Framework with, 230 (q.v. 
Slope-deflection methods, 230, 235 
Stiff portals, 235 (q.v.) 
Vierendeel girders, 560 (q.v.) 

Stiff portals, 235 
Application of characteristic points, 

239 


Any lateral load— 
Direction-fixed feet, 253 
Hinged feet, 251 

Single lateral load— 
Direction-fixed feet, 249 
Hinged feet, 247 

Vertical load, symmetrical conditions, 
Direction-fixed feet, 237 
Hinged feet, 235 

Vertical loading, general case— 
Direction-fixed feet, 244 
Hin feet, 241 

Stone, 578 

Dolomites, 579, 580, 707 

Dressing, 708 

Effect of physical conditions, 582 

Elastic constante, 580 

for masonry structures, 707 

Granites, 578, 580, 581, 707, 709 
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Stone—continued 
Limestone, 578, 580, 581, 707, 709 
Oolite, 579, 580 
Natural, 578 
Natural bed, 708 . 
Properties and strength of (table), 708 
Quarry sap, 709 
Quarrying and working, 708 
Sandstone, 578, 580, 581, 707, 709 
Tests, 579 - 
Absorption, 581 
Acid, 581 
Crushing, 579 
Load-contraction diagrams, 580 
Density, 580 
Microscopic, 581 
Stone, Range of stress formula, 136 
Strain-energy theory, 155 
Deflection of framed structures, 156 
Displacements of node points, 156 
Internal work in framed structures, 155 
Principle of least work, 169 (q.v.) 
Redundant frames, 4, 163 
Displacements in, 176 
General case, 168 
More than one redundant member, 
166 
Stresses in, 163 
Worked example, 173 
Statically indeterminate 
(g.v.) 
Stress diagrams, 4 
Conditions of practicability, 4 
For plane frames, 4 
General case, 6 
Roof truss, 8, 11 
Spandrel-braced arch, 481 
Wind on roof, 13 
Hints on drawing, 9 
Reciprocal figures, 3 
Spe-ial devices, 9 
Stresses in semi-stiff frames, 756 
Stress raisers, 148, 324 
Stress sheet for bridge, 430 
for roof truss, 12 
Structural material, 310, 311, Appendix 
Structural steelwork— 
Manufacture of, 310 
Practical points affecting design, 318 
Struts (see Columns) 
Summation influence lines, 81 
Suspension bridges, 523, 545 
Exact theories, 548 (Bib.) 
Parabolic chain, 522, 526, 527, 532 
Self-anchored, 545, 546 
Stiffened chain, 524 
Stiffened roadway, 524 
Stiffening girder, no central hinge, 532 
Influence lines, 538 
S.-F. and B.-M. diagrams, 537 
Temperature stresses, 538 
Stiffening girder, stresses in, 525 
Parabolic chain, 526 
Uniformly distributed load, 527 
Stiffening girder, with central hinge, 
Influence lines, 529 (527 
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Suspension bridges—continued 
Stiffening girder, with central hinge, | 
Maximum §&.-F. and B.-M. dia- | 
ms— 
Single concentrated load, 530 | 
Uniformly distributed load, 531 | 
S.F. and B.M. diagrams, 529 ; 
Three-span, 545 
Suspension chains, 519 | 
Catenary, 519 
Worked example, 521 
Link polygon, 523 
Parabola (uniformly distributed load), 
Swing bridge, 404, 108 [522 
Sydney Harbuur bridge, 44 
Silicon steel 1or, 134 
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TAKABEYA, 258, 375 
Talbot and Muore, 352, 361 
Tall masts, wiad pressure on, LIT 
Tee beams, reinfore:-d-concreta, 6133 
Tee sections, 311 
Temperature effects a'.d stro: ses— 
Deformation stresses due to, 273 
In arches, 499 
Beams and girciers, 419 
Roofs, 461 . 
Statically indeterminate structures, | 
133, 183, 195, 200 
Williot diagrams, 32 
Tension coefficients, 22, 25 
Tension members, ties. 333 
Experiments on, 336 
Eye bars, 339 
Flat bar ties, 334, 340 i 
Joints in, 340 
Y.arge ties, 337 
Net area of, 338 
Stiff ties, 334 
Types, 333 
Welded, 327 
Terzaghi, 685, 687, 698 
Thorpe— 
Allowance for rivet holes, 396* 
Deflection formula, 397 , 
Weight of bridges, 420 
Three-hinged arch, 478 
Analytical treatment, 479 
Horizontal thrust, 479, 502 
Influence lines, 501 
For horizontal thrust, 502 
normal component of thrust, 412 
reactions, 502 
shearing force, 512 
spandrel-braced arch, 5ti 
vertical shear, 502 
unsymmetrical arch, 402 
Line of thrust, 478 
Spandrel-braced, 480, 506, 509 
Stresses in, 503, 505 | 
Use of core theory, 504, 506 
Temperature effects, 500 
Unsymmetrical, 481, 502 
Tie bars (see Tension members) 
Tied arch, 195, 544, 546 | 
as roof truss, 456 
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Timber, 569 
Beans, 371 
Characteristica of good, 570 
Classification, 569 
Defects in, 570 
Density or specific gravity, 571, 575 
Elastic constants, 574 
Felling and seasoning, 570 
Influence of physical condition on 
mechanical properties, 575 
, Density, 575 
Moisture content, 578 
Percentage of autumn wood, 578 
Position in tree, 578 
Rate of growth (rings pe ‘ inch), 576 
iXnots, 572 
Moisture content, 572, 578 
Percentage of autumn wood, 571, 578 
Rings per inch, 571, 576 
Strength of, 571, 577 
Structure, 569 
Tests, 572 
Bending, 573 
Compression 573 
Effect of size of test-piece, 572 
Modulus of rupture, 573 
Results of (table), 577 
Shear, 573 
Special, 575 
Ball indentation, 575 
Notched bar, 575 
Splitting or cleavage, 575 
Tensile, 572 
Time effects, 575 
Working stresses, 578 
Timoshenko, 301, 382 
Torsion in thin cylindrical shells, 304 
in framed structures, 306 
Tower Bridge, 113, 404, 525 
Tracing paper method, 63 
Trautwine, 717 
Travelling loads, 53 
Influence lines (q.v.) 
Maximum B.-M. and S.-F. diagrams 
(q.2'.) 
Triangle of forces, 1 
Tripods, 22 
Trough flooring, 207, 414, 444 
Trussed beams, 551 
Turneaure, 137 _ 
Two-hinged arch, 483 
Analytical treatinent, 485 
Circular or seginental, 188 
Conditions of equilibrium, 483 
Effect of direct thrust, 498 
xraphical procedure, 484 
Horizontal thrust, 484, 487, 510 
I = I, sec 6, 487, 509, 513 
Influence lines, 193, 509 
For horizontal thrust, 510 
Gencral case, 510 
Parabolic arches, 509 
Symmetrical arches, 510 
Normal component of thrust, 51! 
Shearing force, 512 
Integration device, 186 
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Two-hinged arch~—continued 
Line of thrust, 484, 485 
Outline design for, 201 
Parabolic arch, 487, 509, 513 
Reaction loci, 512 
Temperature stresses, 500 
Worked example, 489 


Unoxp, 258 

Unwin’s formula (weight of girders), 
390, 393, 421, 428 

U.S. Bureau of Reclamation, 738, 740 

U.S. Bureau of Standards, 355, 356 


VARIATION in material properties, 130, 
V.D.I., 325 [359* 
Viaducts, 546 
jictoria Falls arch, 513 

terendeel girders, 560 

(Welded), 329 

Formulae, 563, 564 
Virtual load, 159 
Virtual work, 183, 184 

Law of, 185 


WADDELL, 546 
Wall crane, 556 
Warren girder, 14, 405 
Watertown Arsenal, 356, 743 
Web buckling, 381-2 (soe Flat Plates) 
Weight of — 
Bridge floors, 420 
Br.dge material, 421 
Karth, 667 
Roof coverings, 459 
Roof principals, 460 
Timber, 577 
Stone, 708 
Wichert truss, 559 
Williams, arch proportions, 648, 717 
Williot diagram, 27, 28, 279 
Temperature effects, 32 
Williot-Mohr diagram, 29 
Wilson and Gore, 735 
Wilson and Haigh, 149 
Wilson end Maney, 258 
Wilson, Richart and Weiss, 258 
Wind bracing in bridges, 417 
in roofs, 445, 454 
Wind pressure, 111 
American Committee, 120, 121 
Baker (Sir Benjamin), experiments, 116 
Coefficient C, 113, 114, 115 | 
Coefficient K, 118, 120, 121 
Drag coefficient, Ky, 115, 122 
Effect of position and neighbouring ! 
buildings, 122 
b 
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Effect of shape, 114 
Formulae— 

Duchemin’s, 118, 466 

Hutton’s, 118, 119, 466 

Rayleigh’s, 119 
Forth Bridge records, 111, 112 
‘Flachsbart’s (and Winter’s) experi- 

ments, 114°, 115, 116, 435 

Gusts, Dynamic action of, 113 
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Wind pressure—continued 
in British Isles, 112 
in India, 112 
Internal pressure, 119, 120 
Irmingex’s (and Nekkentved’s) experi- ‘ 

ments, 119, 120 
Lateral variations, 112 
Melbourne University experiments, 
115, 117. 
N.P.L. experiments, 119, 120, 123 
on airship shed, 121 . 
Bridges, 123, 124, 435 
Buildings, 119, 122, 123 
Circular chimneys, 122 
Curved roofs, 121 
Cylinders, spheres, prisms, etc., 114— 
115 
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Flat plates, 111, 114, 117 
Inclined surfaces, 117 
Lattice girders, 115, 116 
Parallel plates, 115 
Plate girders, 117 
Roofs, 119, 120, 121 
Negative pressure, 119, 462, 464 
Structures and buildings— 
Practical assumptions, 123 
Tall masts, 117 
Tall buildings, 127 (Bib.) 
Practical assumptions, 123 
Shielding, 115 
Stanton’s experiments, 113, 115, 119, 
435, 468 
Synchronous vibrations, 113 
Tower Bridge experiments, 113 
Wind pressure and velocity, 111 
Wind structure, 112 
Work done in deforming a framed struc- 
ture, 155 ; 
Working stresses, 129, 134 
Alley steels, 134 
Brickwork, 743 
Electric arc-welds, 323 
Masonry, 715 ° 
Mass concrete, 745 
Mild steel, 134 . 
Normal, 134, 135 
Reinforced-concrete, 606, 608, 610 
Steel castings, 135 
Structural steelwork, 134, 373 
Timber, 578 
Workmanship, faulty, 132 
Workshop buildings, 451 
Wragge, 138* 
Wynn and Andrews, 594* 


| Wyss, 284, 760 


YIELD point— 
as standard of quality, 130 
Effect of plastic flow at, 150, 355 
in Columns, 355 
Upper and lower, 130, 133 
Variation in, 130, 133, 359* 
Young, 338 
Young and Dunbar, 755 


Z sections, 311 
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